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This paper deals with a portfolio selection problem with transaction costs and two levels of decision-
making. It is assumed that the decision making structure is twofold: there is a broker-dealer that controls
the fees to be charged on the different securities in order to maximize his benefit and there is an investor
who chooses his portfolio trying to minimize risk while ensuring a minimum level of return. This struc-
ture gives rise to an implicit hierarchical competition that consists in anticipating the rational decision
of the other agent in order to optimize the decision-makers’ own criteria. We analyze different situa-
tions depending on who is first in the hierarchy: the broker-dealer or the investor. We present different
nonlinear and nonconvex mathematical programming models for the different situations and develop an
extensive computational study in which we discuss the ensuing economic insights for the models based
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1. Introduction

Mathematical optimization problems are pervasive in the fields
of economics and management science, and the importance of de-
veloping realistic models to delve into the understanding of com-
plex economic settings has long been recognized. In particular,
bilevel optimization models have attracted a lot of attention since
the pioneering work by von Stackelberg [40]. However, realistic
models often result in difficult optimization problems and, thus,
a compromise is required between realism and solvability of the
model. Quite often the analyst is confronted with a nonlinear and
nonconvex optimization problem, in which finding globally optimal
solutions may be an extremely challenging task.

One of the contributions of this paper is to illustrate how
proper modeling skills may allow to efficiently solve complex op-
timization problems, enabling the development of qualitative and
quantitative economic analysis in problems that, otherwise, would
be hard to tackle. In order to do so, we formally study two novel
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bilevel portfolio design problems and show how one can rely on
well-established approaches to reformulate them as single-level
problems that can be fully solved with state-of-the-art optimiza-
tion software.

Historically, the main criterion to design an optimal portfo-
lio was to find the configuration of assets that generated the
highest expected return. However, this perspective changed in
1952, when Harry Markowitz introduced a new variable along
with the expected return: the risk of each portfolio [28]. There-
after, analysts began to incorporate a risk-return trade-off in their
models.

The model proposed by Markowitz only focuses on finding an
optimal portfolio from the investor’s point of view. The literature
is plenty of papers with similar approaches, as for instance [6,7,12—
14,20,26,31,32], to mention a few. However, real markets are gen-
erally more complex, since there is another decision-maker who
can set fees on the transactions of the securities to profit from
anticipating the rational behavior of investors. Transaction costs,
those incurred by the investors when buying and selling assets
on financial markets, have been widely studied in papers such as
[3,4,18,26,43,45], among others. In this work we study these situ-
ations in which the investor, when deciding his optimal portfolio,
has to consider the transaction fee to pay to an agent: the broker-
dealer, hereafter, the broker. The broker makes decisions regard-
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ing fees associated to the assets, trying to maximize the resulting
profit.!

One of the main contributions of this paper is methodological:
introducing a single-period hierarchical portfolio problem, with
continuous choices, that accounts for decisions on transaction fees.
The broker fixes these fees while the investor chooses his portfolio.
The timing of these two decisions is crucial and bilevel optimiza-
tion is necessary to understand the impact of different hierarchical
structures. We discuss different models representing this situation,
which arise depending on the order in which choices are made.
The main model, and arguably the most realistic one, is the B-L
model (Broker as Leader) in which, first, transaction fees are deter-
mined by the broker and then, after observing them, the investor
chooses his portfolio. Two additional models are considered and
can be seen as instrumental benchmarks to gain understanding
on the B-L model: (i) the I-L model (Investor as Leader) in which
the broker chooses the transaction fees after observing the portfo-
lio chosen by the investor and (ii) the SW model, a simultaneous-
choice model in which the goal is to maximize social welfare.

Importantly, regarding broker’s fees, we allow for quite general
market structures. The usual functioning of these markets, where
the broker selects a fee, common to all assets, to be charged on
top of the fees fixed by the stock market, is just a particular case.
The extra generality enables the study of natural departures from
this baseline setting and the analysis of the impact of the novel
strategic aspects they may introduce. For instance, in our analysis
we let the broker associate different fees to different assets, giving
him extra freedom to tailor the fees to the attractiveness of the dif-
ferent assets. These models and the associated solution techniques
may be seen as a first building block in the evaluation of this new
competitive situation. An important challenge for future research is
to enhance the models so that they can help to understand the ef-
fects on long-term dynamics of the ensuing competition between
different brokers.

In Markowitz’s seminal paper, the risk measure under consid-
eration was the variance, which, despite being a sound measure of
dispersion, is nowadays known to have important drawbacks as a
risk measure. Since then, many different risk measures have been
introduced and analyzed, such as Gini’'s Mean Difference [9], Mean
Absolute Deviation [21], Value at Risk [41], and Conditional Value
at Risk [35], to name a few. At the same time, a theoretical body
around risk measures was developed and the notion of coherency,
introduced in Artzner et al. [1,2], was identified as a natural re-
quirement. A coherent risk measure must satisfy the properties of
monotonicity, sub-additivity, homogeneity, and translational invari-
ance.?

Coherency is one of the main reasons to have developed our
analysis for the Conditional Value at Risk (CVaR), also known as
Expected Shortfall, which is the weighted average of the extreme
losses in the tail of the distribution of the returns. The other main
reason is that CVaR falls into the set of risk measures whose op-
timization can be formulated as a linear optimization problem, as
shown in [35]. Reviews of other LP solvable risk measures can be
found in Mansini et al. [25,26].

A first approach to the type of bilevel models dealt with in
this paper can be seen in Leal et al. [24]. Nevertheless, there are a
number of differences with respect to our approach, the main one
being that transaction fees are assumed to be chosen from a dis-
crete set in Leal et al. [24], and solution approaches revolve around
Mixed Integer Linear Programming reformulations and Bender’s

1 This pricing aspect has been modeled as a bilevel problem in the literature in
many different applications. See, for instance, Grimm et al. [17], Labbé and Vio-
lin [22], Maravillo et al. [27], Qiu et al. [33], Shioda et al. [39] and the references
therein.

2 Refer to [34] for a recent review on the topic.
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decomposition techniques [8]. Our analysis allows for continuous
transaction fees and, hence, the resulting optimization problems
are of a completely different nature: nonlinear and nonconvex
polynomial optimization problems.?> From the computational point
of view, finding the global optimum of these problems is known
to be an NP-hard problem.* However, moderate size problems can
be handled by state-of-the-art optimization techniques and solvers.
Our computational analysis builds on two such solvers: BARON
[37] and RAPOSa [16]. In addition, we have also addressed the
issue of scalability of our solution techniques as compared with
other solution methods for larger size instances. To this end, we
have studied solution techniques built in different local solvers:
Ipopt [44], Knitro [11] and MINOS [29]. The comparative analysis
of the quality of solutions found and of the running times is re-
ported in Appendix A. Another important difference with respect
to [24] is that we also model, and numerically study, situations in
which there are multiple followers in the bilevel problems, which
leads to richer economic interactions and potential for additional
economic insights. One of the main findings in the numerical anal-
ysis is that the outcomes of the B-L model Pareto dominate those
of the I-L model and, further, B-L outcomes are Pareto efficient.”.

The organization of this paper is as follows. First, in
Section 2 we describe the baseline individual optimization prob-
lems for the investor and the broker. Second, in Section 3 we
present the joint optimization problems: the two hierarchical
Stackelberg models and the simultaneous-choice model; further,
the solution techniques for these models are also developed. Then,
in Section 4 we present a case study based on data from the Dow
Jones Index and provide some economic insights.

2. Baseline models for broker-investor interactions

The portfolio optimization problem considered in this paper is
based on a single-period model of investment and incorporates a
pricing aspect on the transaction costs. Borrowing from [24], we
assume the existence of two types of decision-makers: investors
and brokers, with a hierarchical decision structure.

The investor faces the classic problem of allocating his capi-
tal among various financial securities, each of which will generate
some uncertain returns whose random distribution is assumed to
be known by the investor. Building upon the mean-variance ap-
proach initiated in Markowitz [28], we assume that the goal of the
investor is to minimize his risk subject to achieving a given ex-
pected return. On the other hand, the broker must determine the
transaction costs associated with the different securities, with the
goal of maximizing his profit. Thus, the decision variables of the
investor are the proportions of his capital to invest in each secu-
rity and those of the broker are the fees on the different securities.
These decisions determine the amount paid by the investor to the
broker and the risk and expected return of the investor. Note that
the net return for the investor is the result of subtracting, for each
security, the broker’s fee from the security’s return.

Formally, the main element of all our models is the set of se-
curities S. The rate of return of each security j € S is uncertain and
we model it through a random variable R;. Following the standard
approach in the field of decision making under uncertainty, we as-
sume that these random variables take values on a finite set T of

3 In this context, by a polynomial optimization problem we refer to optimization
problems in which both the objective function and the constraints are given by
polynomials. Refer, for instance, to [23].

4 A class of problems for which no polynomial-time algorithm to find the global
solution is known.

5 An outcome is Pareto efficient if no outcome makes one agent better off with-
out hurting the other one. An outcome that is not Pareto efficient is Pareto dom-
inated. Refer to [30] for an English translation of Pareto’s pioneering work in the
late eighties.
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scenarios.® Given a security j e S and a scenario t € T,r; denotes
the realization of the rate of return R; in scenario t. Each scenario
t € T has associated probability 77y and Y ;. ¢ = 1.

The broker has to choose the transaction costs associated with
the securities in S, which we call prices and denote by p. Thus, for
each jeS, p;€[0,1] represents the proportion of the amount in-
vested in security j that must be paid to the broker. It is natural
to consider that there are some limits on the prices that can be
chosen by the broker, so we assume that there is a set of feasible
prices P, which, moreover, is taken to be a bounded polyhedron. In
actual cases, the associated constraints may be imposed by mar-
ket regulations, by the board of the broker’s company given some
market analysis, or by a combination of both.

The investor has to choose a portfolio x so that, for each j e S,
x;j €[0, 1] represents the weight of security j in the portfolio. We
assume that all capital is invested, so 3_;.sx; = 1; if needed, a safe
security with zero rate of return and zero price can be added to
set S to represent the proportion of money that is not invested.
Each portfolio x defines a random variable Ry = 3 ;s Rjx; that rep-
resents the rate of return of the portfolio.

In some of the models we discuss we allow for multiple in-
vestors, differing only in their degrees of risk aversion. Importantly,
throughout our analysis, although each of these investors may be
thought of as a single agent, he can also represent a discrete or
continuum set of agents, all of them with the same preferences. At
optimality, since all the agents with the same degree of risk aver-
sion have the same preferences, we can assume that they choose
the same portfolio and, thus, in our mathematical formulation we
“aggregate” them in a single investor.

2.1. Broker’s problem

The goal of the broker is to maximize his profit so, given a
portfolio x, this can be achieved by solving the linear optimization
problem

,, P

max Zp,x, (B%)
jes

st. peP. (BP.a)

The main difference between (B”) and (PricP) in Leal et al.
[24] relies on the continuous character of prices. This leads to a
totally different family of optimization problems in terms of prop-
erties and solution techniques: the model in Leal et al. [24] is com-
binatorial whereas (B") is continuous.

2.2. Investor’s problem

We model the investor’s optimization problem as one in which
he wants to reduce the risk associated with his portfolio while at-
taining a certain expected return. As we have already discussed
in the Introduction, the risk measure under consideration is the
Conditional Value at Risk [35,36], which is the opposite of the ex-
pected return on the portfolio when considering only the worst «%
of cases. The smaller « is the more concerned is the investor with
the lower tail of the distribution, i.e., the more risk averse. Given a
level o and a discrete random variable Y defined on the set of sce-
narios T, we denote the corresponding Conditional Value at Risk by
CVaR (Y); the larger is its value, the riskier is the random vari-
able Y.

Given a portfolio x and a price profile p, let Y denote the ran-
dom variable that, for each t € T, gives the net rate of return for

6 See, for instance, Chapter 1 in Birge and Louveaux [10] and Chapter 4 in King
and Wallace [19].
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the investor: y; = > ;s(rjX; — pjx;). Suppose that we have an in-
vestor with risk level ¢ and minimum required expected profit
given by E.,;,- Then, given p, he wants to solve the following opti-
mization problem:

H P
rglyn CVaR, (Y) (I§)
st. ye=Y (rjxj—pjxj), teT (15.a)
jes

Zﬂt% > Enin (Ig‘b)

teT
ij =1 (lg.c)

jes
xj>0, jeS. (15.d)

An important property of CVaR is that its computation is equiv-
alent to the solution of a linear programming problem. Following
[35,36], we have that, for o € (0,1), CVaR,(Y) can be computed
as

1
in —-n+-—Y d CVaR®
min n+a;fm (CVaR")
st. de=n—y, teT (CVaR’.a)
d >0, teT. (CVaR".b)

The combination of the elements in problems (lg) and (CvaR")
leads to the full formulation of the investor’s problem:

1
. _ 1 d IP
min o+ g 2 dm )
st yr=y (rixj—pjx;), teT (15.a)
jes
ZﬂtYI = Emin (lgb)
teT
> oxi=1 (15.c)
jes
x;j>0, jeS (15.d)
d=n-y:, teT (CVaR’.q)
d >0, teT. (CVaRP.b)

Observe that (Ig.a) gives the expected return in each scenario,
accounting for the transaction costs and (lg.b) ensures the min-
imum expected return. Constraints (Ig.c) and (Ig.d) define the
portfolio. Finally, the objective function and constraints (CVaR’.a)
and (CVaR".b) come from the optimization problem to compute
CVaRy (Y). Different choices of parameters o and E.;, allow one
to model different investor risk profiles. Note that we again have a
linear optimization problem.

2.3. Dual problems

Now that we have formally defined both the broker and the in-
vestor problems, the next step is to put them together in a joint
optimization problem. We do so in the next section by defining
two bilevel problems, depending on who is the leader, the bro-
ker or the investor. These problems are then reformulated as sin-
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gle level problems by relying on strong duality in linear program-
ming.” In order to do so, we need the formulations of the duals of
problems (B”) and (I”), which we present below.

To formulate the broker’s dual problem we can assume, without
loss of generality, that the polyhedron P can be defined as Ap < b,
with these constraints being indexed over the set P®", Then, the
dual variables are vs > 0 with s € P°"S and the dual constraints are
vTA — xT = 0, leading to the dual problem

min > bsvs (BP)
SEPCOHS

st. VTA—xT =0 (BP.a)

Us >0, se P, (BP.b)

The formulation of the investor’s dual problem is more in-
volved. The dual variables are

e §, such that §; e R for each t € T, associated with constraints
(15.a).

e 1 <0, associated with constraint (Ig.b).

e B R, associated with constraint (Ig.c).

e y, such that y; <0 for each t € T, associated with constraints
(CvarP.a).

Then, we get the dual problem

madx _,3 - Eminﬂ/ (ID)
S.u.By
st. B+ (ri—pj)sc=0 jeS (IP.a)
teT
> on=-1 (I°.b)
teT
b1
ytz—at, teT (I°.c)
Ve—0+mpu=0, teT (IP.d)
<0, teT (IP.e)
uw<0. (I°.f)

3. Joint optimization models for broker-investor interactions

In this section we present different models for the interaction
between brokers and investors. First, we consider bilevel optimiza-
tion models in which either (i) we have a leading broker with mul-
tiple investors acting after prices have been set or (ii) we have a
leading investor with multiple brokers setting prices once the in-
vestment made on each of them has been chosen. Although enrich-
ing the above models to include multiple leaders might lead to ad-
ditional insights, the resulting optimization problems are substan-
tially more complex to solve and go beyond the scope of this pa-
per. On top of the aforementioned bilevel models, we also discuss
a social welfare maximization problem, in which we look at the
set of Pareto efficent combinations of prices and portfolios. As we
already argued in the Introduction, the model with a leading bro-
ker is the main object of interest in our analysis and the other two
models are instrumental for comparison. In particular, the Pareto
frontier represents a good benchmark to assess the quality of the
outcomes obtained in the bilevel models.

7 Refer, for instance, to Chapter 6 in Bazaraa et al. [5].
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3.1. B-L model: one broker-leader, several investors-followers

This model considers the situation where the broker makes his
decision first and then a set M of investors, with possibly differ-
ent degrees of risk aversion, choose their portfolios.® More pre-
cisely, once the leader’s decision p is revealed, each investor i € M
chooses his portfolio x'. Investors may have different risk levels, o,
and minimum expected returns, Efmn. The associated bilevel opti-
mization problem is

max > pix

(B — L — bilevel)

Py dDiew o ies
st. peP (B’.a)
VieM, x' € argmin—n' + l{ > md; (17)
xylntdi & T
Stoyi= ) (X, —px;), teT
jes

(1§.a)

teT
Zx; =1 (lg.c)

jes
Xi>0, jes (15.d)
di>n -y, teT (CVaR'.a)
di>0, teT. (CVaR®.b)

The broker’s leading problem has nested followers’ subprob-
lems in which investors choose their portfolios. Once the prices
are set by the broker, the followers’ subproblems are continuous
linear programs. Hence, applying strong duality, we can obtain a
single-level reformulation in which each subproblem is replaced
by the feasibility constraints of the primal, (I”), the feasibility con-
straints of the dual, (I?), and the strong duality constraints, (B-L-
SD), namely, the equality between the objective functions of (I”)

and (IP):
. omax pix; (B-1)
P, (XLyintdl 8T ul, By Dicm g; 7
st. peP, (BP.a)

Yi=y (rjXi—pxy), teT, ieM (If.a)

jes
> myt = Ely. ieM (15.b)
teT
doxi=1, ieM, (15-0)
jes
X;>0, jeS ieM, (15.d)
di>n -y, teT ieM, (CVaRP.a)
d>0, teT ieM (CVaR’.b)

8 Recall that each investor type may itself be thought of as a set of investors

sharing the same preferences.
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13"+Z(rj[—pj)5§20, jeS ieM

teT

(IP.a)
Y vi=-1 ieM (I°.b)
teT

. TT. .

y{z—a—i, teT, ieM (I°.c)
Vi-8i+mu =0, teT, ieM (IP.d)
¥/ <0, teT ieM (IP.e)
ui<0, ieM (IP.f)

S S
- > mdf =B+ El i, ieM
teT
(B-L-SD)

Problem (B-L) is a polynomial optimization problem, since there
are quadratic terms in the formulation. Moreover, some of these
terms appear in equality constraints such as (lg.a), which implies
that (B-L) is a nonconvex optimization problem. Thus, local opti-
mality does not imply global optimality, and the solution of this
kind of problems requires the use of specialized global optimiza-
tion solvers, as we discuss in Section 4.1.

3.2. I-L model: one investor-leader, several brokers-followers

This model deals with the less realistic situation in which the
investor makes his decision first and a set K of brokers react op-
timally to the leader’s decision. More precisely, the investor first
decides how much to invest with each broker k € K, x*, so that
> kek 2jes xg? =1 and then each broker sets prices. In this case, the
bilevel model that represents this hierarchical situation is formu-
lated as follows:

1
min -n+— > md [ — L — bilevel
n.d, (X y*, Py 7 o ; o ( )
st yi=) (mxy —pxb), teT, kek (15.a)
jes
ZZ”[}”; ZEmin (lgb)
keK teT
> Zx’j‘ =1 (1§.c)
jeS keK
K=0, jeS kek (1§.d)
de=n->yf. teT (CVaRP.q)
keK
d >0, teT (CVaR®.b)
VkeK, p*eargmax) phxk (B")
pk jes
st. pkePk (BP.a)

This situation is similar to the one discussed for the B-L model.
We have a bilevel problem such that, once the decisions of the
investor are fixed, the resulting subproblems for the brokers are
linear. Thus, we can again rely on strong duality to combine the
feasibility constraints of problems (B") and (BP) with the strong
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duality constraints, (I-L-SD), to transform the bilevel problem into
an equivalent single level problem:

. 1
_ — I-L
min  —n+ o ;:mdf (I-L)
st yi=) (rxi —pih), teT, kek (15.a)
jes
ZzntYf 2 Emin (lgb)
keK teT
2D =1 (15.c)
JjeS kek
x>0, jeS kek (1.d)
de=n-Y yf. teT (CVaR’.a)
keK
d>0, teT (CVaR".b)
pkePt kek (BP.a)
WAk — ()T =0, kek (BP.a)
k>0, sePkons keK (BP.b)
Dok =" blg, kek (I-L-SD)

ng sePk.cons

This optimization problem is again a nonconvex polynomial op-
timization problem, whose solution requires the use of global op-
timization solvers.

3.3. SW model: social welfare maximization

In this section we study the situation in which the broker and
the investor “cooperate” and try to jointly optimize their respective
objective functions. We refer to this situation as the Social Wel-
fare Model, SW. Despite being a less realistic model, it represents
a good benchmark to get a better understanding of the efficiency
of the outcomes obtained by the B-L model and facilitate its com-
parison with the outcomes of the I-L model. As a by-product, the
model also serves to quantify the potential benefits of cooperation
in this setting. Since one of the main goals of this model is to fa-
cilitate a comparison of the outcomes of the bilevel models, we
assume that there is only one broker and one investor.

The classic approach to study this kind of multi-objective prob-
lems, introduced more than a century ago by Italian economist Vil-
fredo Pareto (refer to [30] for an English translation), consists in
characterizing the two dimensional Pareto frontier. Each coordinate
in this set represents one of the objective functions to optimize
and the Pareto efficient points are those feasible pairs (z;,z;) such
that, for any other feasible pair in which one of the agents is bet-
ter off, the other agent is worst off. A standard approach to com-
pute the Pareto frontier consists in optimizing with respect to one
of the objective functions while requiring that the other attains a
minimum level. For each value of the minimum level we obtain a
Pareto efficient allocation, whereas the full Pareto frontier is gen-
erated by varying the minimum level within the range of possible
values for the corresponding objective function. Therefore, if we let
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By be a minimum level of the broker’s profit, we are interested in
the following optimization problem:

1
max - — Y md SW,
n,d,y.X,p " o tZeT: e ( Bo)
s.t. Z DjXj = Bo (SMpE)
jeB
Y = erth — ijxj, teT, (Iga)
jes jes
Zﬂt.yt > Emins (Igb)
teT
d=n-y, teT, (CVaR.a)
d >0, teT, (CVaR".b)
ij =1, (Ig.c)
jes
xj=0, jeS. (IF.d)
peP (BP.a)

In the above model, the objective function together with con-
straints (CVaR".a) and (CVaR".b), correctly define the CVaR of the
returns y;. Constraint (B".a) ensures the feasibility of the prices and
constraints (I5.b), (IF.c), and (If.d) ensure that the chosen portfo-
lio is feasible and achieves an expected return greater than E,.
Then, constraints (Ig.a) contain the interaction between prices and
returns. Finally, constraint (SMpg) ensures the minimum level of
the broker’s profit and by varying By we can construct the Pareto
frontier. Note that there is a Pareto frontier for each value of E ;.
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4. Numerical results: case study for the Dow Jones index

This section is devoted to present the numerical results asso-
ciated to a case study that builds upon real data taken from the
Dow Jones Index and try to hint at potential economic insights that
might be worth studying further. In Section 4.1 below we start by
discussing how the parameters required by the optimization mod-
els presented in Sections 2 and 3 are obtained from the data on
the Dow Jones Index. Further, we also discuss how the resulting
instances of these models have been solved by using state-of-the-
art global optimization solvers.

Once the data and models for the case study are in place, we
proceed to discuss the results. First, we separately analyze the B-L
model in Section 4.2. Next, we present the results for the I-L model
and a comparison of the results for the two models in Section 4.3.
Finally, in Section 4.4 we discuss the results for the SW model,
along with some concluding comments on the overall analysis.

It is important to note that we have performed similar analyses
to the one we present below, but taking alternative financial in-
dices (such as the Spanish IBEX) and different estimates on future
realizations of the returns of their securities. We have found that
the qualitative results and economic insights that we present be-
low for the Dow Jones’ companies also appeared quite consistently
in all other analyses.

4.1. Instances and solution technique

There are two main ingredients common to all the models we
have discussed: the set of securities in which to invest and the
set of constraints P, that limits the fees the broker can impose
on those securities. Regarding the latter, for the case study in this
section we assume that the set P is given by the following con-
straints:

> pi<03

Yet again, we are confronted with a nonconvex polynomial op- jes .
timization problem, whose solution requires the use of global op- pj<01, jeSs
timization solvers. p; =0, jes.
30 CAT
[}
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25 ¢ .
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20 ° W.BA
)
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10 WMT VX o © 2 PG
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KO 1 I:E ® DIS NKE
°
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Fig. 1. Expected return and variance for the Dow Jones securities.
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Fig. 2. CVaR, for each risk profile and each value of E;,.

The above constraints are just a simple example of the polyhe-
dral set P, which facilitates the ensuing analysis. There is a maxi-
mum fee that can be imposed on each security and there is also a
limit on the sum of the fees on the different securities. One nat-
ural consequence of these constraints is that the broker prefers to
face investors which do not diversify much. If the investment is
made on three or less securities, then the broker can get a profit
of 0.1 by putting a fee of 0.1 in all those securities. On the con-
trary, if the investor puts his money in more than three securities,
then the broker cannot go for a maximum fee of 0.1 in all of them
and has to choose on which ones to concentrate. We do not claim
that this choice for the set P is particularly realistic, but our ap-
proach could be readily applied to any other polyhedral set P.° As
we have already argued, in actual cases these constraints may be
imposed by a regulator, by some board of the company based on
considerations regarding their competitors, or by both of them.

Regarding the set of securities, we consider those associated
with the 30 companies of the Dow Jones Index: AAPL, AXP, BA,
CAT, CSCO, CVX, DIS, DWDP, GS, HD, IBM, INTC, JN], JPM, KO, MCD,
MMM, MRK, MSFT, NKE, PFE, PG, TRV, UNH, UTX, V, VZ, WBA,
WMT, and XOM.!°

For the above securities we have tracked the weekly market re-
turn during a six-month period, from August 15th, 2018, to March
17th, 2019. This results in a total of 30 vectors of joint realizations
for the securities under study. Then, we have taken these past re-
alizations and assumed them to be equally likely future scenarios.
We do not claim that these estimates for future realizations repre-
sent optimal or accurate predictions in any sense. We just consider
they represent realistic scenarios (they have appeared in the past)
which, for the sake of our analysis, ease the exposition and de-
liver similar qualitative results to those that would be obtained af-

9 In particular, the usual market functioning in which the fee has to be common
to all assets is achieved, for instance, by adding the constraints p; = p; for all i # 1.
Adding these constraints to the set P in our case study would result in a straight-
forward decision problem for the broker, in which he would evenly split his “total
budget”, 0.3, among the different assets. The resulting outcomes would be worse
for the broker than those obtained in our analysis, where he can associate different
fees to the different assets.

10 Information on the associated companies can be checked, for instance, at https:
//finance.yahoo.com/.

ter more rigorous scenario estimations based, for instance, on time
series techniques. In Fig. 1 we represent the expected value and
variance of the R; random variables associated with each of the 30
Dow Jones securities in the 30 scenarios we have considered.

The mathematical programming problems associated to the
“one level” formulations of the B-L, I-L, and SW models have been
formulated in AMPL modeling language [15]. Then, each of the re-
sulting instances has been solved on a server of ITMATI"! using
two global optimization solvers: BARON [37,42], a general solver
for mixed integer nonlinear programming problems, and RAPOSa
[16], a solver that builds upon the Reformulation Linearization
Technique [38] and that has been specifically designed for polyno-
mial programming problems, a class to which all the models dis-
cussed in this paper belong to.!2 Further, we have analyzed the
issue of the scalability of our methodology. In this regard, we have
compared the above solution approach with different methodolo-
gies built in local solvers: Ipopt [44], Knitro [11] and MINOS [29].
The results are reported in Appendix A. As expected, global opti-
mization solvers such as BARON and RAPOSa deliver the best solu-
tions for small instances but, as problem sizes increase, they find
it harder to close the optimality gap and global optimality is no
longer guaranteed. In spite of that, BARON finds in most of the
cases the best solution. On the other hand, local optimizers are
much faster and always deliver solutions without even approach-
ing the time limit (one hour). With the exception of MINOS, which
performs rather poorly, the quality of the solutions obtained by
these local solvers is quite acceptable, with Knitro being competi-
tive with BARON for the largest instances.

There are a couple of important parameters associated with all
the models we have presented, so it is important to clarify their
values in the analysis:

Risk profile of the investor. We consider four different risk
profiles for the investors, 0.05, 0.25, 0.50, and 0.99, with the
first one being the most risk averse and the last one being
essentially an expected utility maximizer.

11 Technological Institute for Industrial Mathematics (http://www.itmati.com/en).
12 The AMPL files associated to the models and data discussed in this case study
can be downloaded from http://shorturl.at/chv17.
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Minimum expected return. In all the optimization models
there is a constraint that sets the minimum expected return,
Emin, that the investor is willing to accept in order to make
his investment. What we do in our analysis is to solve a set
of 32 problems associated with different values of E,,;, rang-
ing from —0.1 to 0.72 (the highest expected return of any
security).

4.2. B-L model

We start discussing the results assuming that there is only an
investor profile which, as we have argued before, can be thought
of as a continuum of agents with the same degree of risk aversion.
Next, we present results for the model in which the population of
followers is composed of investors with different degrees of risk
aversion.

4.2.1. B-L model. One follower

For each risk profile « € {0.05,0.25,0.50,0.99}, we solve the
associated B-L model. In Fig. 2 we present, for each value of «,
a line representing the objective function CVaR  for each value of
Enin- This figure seems to suggest a counterintuitive result. Namely,
for all levels of E;,, the more risk averse the investor is, the more
risk he must assume in the optimal solution. However, note that
each line represents the CVaR , associated with the optimal so-
lution for that level «, so the degrees of riskiness implied by the
different lines are not really comparable. For instance, in the line
associated with type o = 0.05 we can see that, in order to get an
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(c) CVaRg.50 at the different optimal solutions.
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expected return of 0.2, the investor has to be willing to risk an av-
erage loss of almost 3 in the tail with the worst 5% realizations
(given his security choices).

In order to obtain comparable results across risk profiles, in
Fig. 3 we present four subfigures, one for each value of «. For in-
stance, Fig. 3(a) contains the CVaR o5 associated to the optimal
solutions of the different risk profiles (again, for each level of E;,).
We now find, as expected, that the line corresponding to each risk
profile « is the one minimizing the corresponding CVaR . Inter-
estingly, setting aside the 0.99 type, which is usually the one as-
suming the highest risk according to all other risk profiles (he just
goes for the security with the highest expected return regardless
of the value of E;,), there is no clear pattern characterizing how
the other risk profiles are ranked. For instance, in Fig. 3(a), the so-
lutions for type 0.25 have a higher CVaR g5 than the solutions for
type 0.50 for values of E,;, below 0.45, but the situation reverses
after that point.

Going back to Fig. 2, we can also see that, for each given risk
profile, the CVaR at optimality remains constant for small values
of Enin, the reason being that the associated constraint is not de-
manding (indeed, not even binding at optimality). Once the thresh-
old on the minimum level of expected return starts to matter, we
see that the risk associated with the optimal solutions starts to in-
crease; the risk-return trade-off starts to kick in. Then, once the
value of E.,;, gets larger that 0.62 we see that the risk starts de-
creasing for all risk types, which may be counterintuitive at first.
This is because, for sufficiently large values of E;,, to get a large
enough expected return, the investor has to put all his money in
the security PG, the one with the highest return, 0.72 (see Fig. 1).

Minimum level of expected return

(b) CVaRg.25 at the different optimal solutions.
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(d) CVaRg.99 at the different optimal solutions.

Fig. 3. Comparison of CVaR levels at the optimal solutions of the different risk profiles.
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Fig. 5. CVaR , for the models with one follower and multiple followers.

The broker anticipates this investment and puts a fee of 0.1 on se-
curity PG, resulting in an expected return of 0.62 for the investor.
Beyond that level, in order to let the agent have feasible solutions
in his “subproblem”, the broker must reduce the fees and, indeed,
we see in Fig. 4(a) how the broker’s profit decreases from that
point onwards. We can also see in Fig. 4(a) that for moderate val-
ues of E;,, those at which the associated constraint is already de-

manding, the profit of the broker tends to be increasing. The rea-
son for this is that the investor cannot diversify so much in order
to get the target expected return and becomes more predictable
for the broker. This can be seen in Fig. 4(b), where we see that
the number of securities in which the agent invests decreases as
Enin increases (until eventually the investment is concentrated on
security PG).
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To conclude the discussion regarding the B-L model with one
follower, note that the broker seems to prefer to face investors
with “extreme” degrees of risk aversion (0.05 and 0.99 in our anal-
ysis), since these types of investors tend to have less “appealing”
securities in which to invest, making them more predictable (see
Fig. 4).

4.2.2. B-L model. Multiple followers

In this section we solve again the B-L model, but now with dif-
ferent investor profiles choosing simultaneously their portfolios at
the second level, once the broker has fixed the fees on the dif-
ferent securities. We consider three different profiles, with o e
{0.05,0.50,0.99}. The main reason for not including o = 0.25 in
the analysis is that the optimization problem with three investors
on the second level is already quite involved, with the optimiz-
ers experiencing already some minor numerical difficulties. Most
instances required more than one hour to be solved to optimal-
ity and adding a fourth profile just made time requirements even
more demanding and numerical issues more accused.'?

Since the qualitative results are analogous to those for the
case with a single follower, we have moved the associated figures

13 Indeed, the reader will notice that, in the figures in this section, the lines for
the model with multiple followers are not as smooth as the ones for the model
with a single follower. This is because the precision obtained in the final solutions
is smaller in the former.

1

to Appendix B (Figs. 14-16). The interesting part of the analysis
comes when we compare the results obtained for the two cases:
single follower and multiple followers.

Intuitively, the situation with investors with different risk pro-
files acting simultaneously in the second level should be benefi-
cial for them and reduce the profit of the broker, since investors
with different profiles may go for different portfolios and the bro-
ker cannot put a maximal fee of 0.1 in all the involved securities.
In the model with a single investor, the broker could tailor his fees
specifically to each risk profile, and now has to divide his “total
budget” of 0.3 among them. Accordingly, in Fig. 5 we can see that,
when the investors act independently, they must assume higher
risks (higher CVaR) to ensure a given expected return. Further, this
difference disappears when E,;, is sufficiently large so that all the
investors must essentially go for security PG and then the CVaR
values for both models coincide.

Fig. 6 shows the profit for the broker which, as expected, is
smaller in the multiple follower model. The effect is very clean
for the investor with risk profile o = 0.99. Since this investor just
wants to go for security PG regardless of the value of E,;,, in the
case of a single follower the broker can extract for him his maxi-
mum possible benefit, 0.1. However, in the case with multiple fol-
lowers, the broker cannot extract so much profit from this investor,
because of the trade-off with the fees on the securities of the other
investors. Additionally, we can see that, although the profit of the
broker tends to increase with the value of E;,, the profit is not a
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Fig. 9. Profit of the broker in B-L and I-L models.

monotone function of it. The reason for this is that, for relatively
small values of E,;,, it is not so clear how the diversification on
the different securities will affect the benefit of the broker (it is
not just a matter of the total number of securities in which the in-
vestor invests, but also about how evenly the money is split among
them).'*

The above discussion of the B-L model hints at the following in-
sight: given a market with multiple brokers and multiple investors,
even if each of them can choose asset specific fees, as long as
these fees cannot be different for different investors, then investors
are better-off by concentrating all on the same broker, limiting his
power to tailor the fees to specific risk profiles. Validating such an
insight would require the analysis of a model with multiple lead-
ing brokers, which goes beyond the scope of this paper.

4.3. I-L model and comparison of B-L and I-L models

We now move to the setting in which the investor is the leader,
with the broker choosing the fees with full knowledge of the in-
vestment made on each security. Arguably, this is a less realistic
model which, intuitively, should favor the broker. For the sake of
exposition, we present the figures that allow to compare the B-L
and I-L models. Before proceeding, it is worth discussing a couple

4 For the sake of completeness, in Fig. 15(b) in Appendix B we represent the
number of securities in which each risk profile invests as a function of E,.

of “technical” differences between the results obtained for the dif-
ferent models:

o For the I-L model we do not consider the case of multiple fol-
lowers. The reason is that, as long as all the brokers face the
same constraints, there is no additional richness and the in-
vestor cannot do better than what he would do in the model
with a single follower. On the other hand, although allowing
for different feasible sets for the different brokers might lead
to different results and additional insights, such an analysis is
beyond the scope of this paper.

The value of E;, is taken in the interval [-0.1,0.62] (recall
that in the B-L model the interval was [-0.1,0.72]). This dif-
ference is driven by the order in which the investor and the
broker take their actions. In the I-L model, once the investor
has chosen his portfolio, the broker will choose fees in order to
maximize his profit. In particular, in order to get an expected
value of at least 0.62, the investor has to put all the money in
security PG (which has an expected return of 0.72), after which
the broker would associate a 0.1 fee to security PG, leading to
an expected return of precisely 0.62. The situation in the B-
L model was different since the broker chooses first and can
“credibly” let the investor gain more than 0.62 by associating a
fee smaller than 0.1 to security PG.

We start the analysis with Fig. 7, which contains a compari-
son of the CVaR values obtained for the I-L (gray) and B-L (black)
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Fig. 10. Pareto frontiers and solutions for B-L and I-L models.

models and shows that, for the investor, both models result in es-
sentially the same objective function. Yet, if we were to zoom in
into the different lines, we would observe that the CVaR for the
B-L is often slightly higher than the one for the I-L model (and
never lower). Qualitatively this is quite natural, since the broker
chooses his fees being fully informed of the investor’s portfolio,
the investor’s objective function gets worse with respect to the
B-L model. Interestingly, although the difference in the CVaR val-
ues is very small, the difference is more noticeable in the asso-
ciated portfolios. In particular, it seems that in the I-L model the
investor tends to diversify more in order to reduce the fees paid
to the broker (even if it requires to choose a portfolio with slightly
worse returns). This difference is illustrated in Fig. 8, where we
represent the relative variance of the optimal portfolios. More pre-
cisely, the variance of portfolio x is computed as }”;.s(x; — 1/30)2.
In this case, the largest possible variance is achieved when all the
investment is made on the same asset, resulting on a value of
0.0322.1> On the other hand, the variance would be 0 if all assets
get investment 1/30, which corresponds with full diversification.
In Fig. 8 we represent the relative variances of the portfolios, com-
puted as the variances divided by 0.0322, the maximum variance.
Since the smaller relative variance, the larger the diversification,
the figure shows that, indeed, the I-L tends to exhibit more di-

15 Given a feasible portfolio x e [0, 1]*,the condition }"; sx; = limplies that the
average investment is 1/30. Thus, when the portfolio concentrates on a single asset
we get a term of the form (1 — 1/30)? which leads to the highest possible variance.

versification. Finally, this additional diversification in the I-L model
should also result in a decrease of the profit of the broker, which
we show in Fig. 9.

The above discussion and the associated figures show that the
outcomes of the B-L model Pareto dominate those of the I-L model.
Thus, not only the B-L model seems more realistic, but also seems
to lead to outcomes that are more efficient from the social point
of view.

4.4. SW model

The final discussion in the previous section makes it natural to
study the SW model in order to understand not only how the out-
comes of the B-L and [-L models relate to each other in terms of
Pareto domination, but also how they perform in terms of Pareto
efficiency.

Recall that if we fix a value for E.;, then, varying the value of
By in model (SWjp, ), we obtain the Pareto frontier associated with
minimum return E.;,. In Fig. 10 we present the Pareto frontiers
for four different values of E;,, evenly distributed among those
values in the grid used in the previous sections (0.156, 0.310, 0.464,
and 0.617). In this figure we also represent the outcomes obtained
in the B-L and I-L models for the same values of E;,, so we can
get a better understanding of the efficiency of these models.

As expected, the results in Fig. 10 confirm the findings in the
previous section. The outcomes of B-L and I-L models are gener-
ally close to each other but, for some instances, the B-L outcome
Pareto dominates the I-L outcome. The clearest cases in Fig. 10 are
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obtained for E,;, = 0.156 and E;, = 0.464 with « = 0.05. Last, but
not least, note also that the B-L outcomes always lie in the Pareto
frontier, whereas the I-L outcomes are sometimes inefficient. Thus,
our numerical results show some form of domination of the B-
L model with respect to the I-L model. An interesting line of re-
search, that goes beyond the scope of this paper, would be to ex-
plore to what extent these numerical results can be backed up
with theoretical results, not only for the models discussed in this
paper but, possibly, with respect to more general versions of them.

As a conclusion of the discussion in the last two sections on
the comparison of the B-L model with the I-L and SW models, we
want to highlight once again the fact that it is precisely the most
realistic model, B-L, the one leading to efficient outcomes. This is
in a sense reassuring for the way in which these markets currently
operate. In particular, the results suggest that the I-L model might
lead to inefficient markets in which investors might choose to “give
up” some rent in order to be less predictable.

5. Conclusions

This paper deals with a single-period portfolio selection prob-
lem with transaction cost and two levels of decision-making. On
the one hand, there is a broker that controls the fee to be charged
to the different securities in order to maximize his benefit and, on
the other hand, there is an investor that chooses his portfolio try-
ing to minimize the risk while ensuring a certain expected return.
This structure gives rise to an implicit competition in order to an-
ticipate the rational decision of the other party so as to optimize
the decision-makers’ own criteria. We have presented different
models depending on the order in which choices are made. This
produces three situations: (i) the main one, in which the broker is
leader and the investor follows with his decision (B-L model), (ii)
the investor acts first and the broker is the follower (I-L model),
and (iii) the social welfare model (SW) in which both parties col-
laborate to maximize the aggregated objective functions. We have
developed mathematical programming formulations to model the
three of them. As opposed to the models in Leal et al. [24], we
have assumed continuous sets of possible transaction costs, which
leads to nonlinear and nonconvex optimization problems. The first
two are bilevel programs that can be reformulated into single level
polynomial optimization problems and the third model also be-
longs to this class. We solved them using two global optimization
solvers: BARON and RAPOSa. To illustrate the economic insights
that can be gained with these models, we have developed a case
study based on data from the Dow Jones index with weekly mar-
ket returns during a six months period from August 15th, 2018, to
March 17th, 2019. These results report a comparison among the
models from different angles. One of the most interesting findings
of our analysis is that there seems to be some form of domination
of the B-L model over the I-L model with respect to the broker-
dealer profit and the CVaR risk obtained by the two decision-
makers, with the B-L model delivering Pareto efficient outcomes.
This paper opens up some lines for future research such as the ex-
tensions to multiple leader-follower models, the consideration of
multiple period situations, and the study of whether or not some
of the economic insights from the case study can lead to theoret-
ical results, not only for the models discussed in this paper, but
also to some of their extensions mentioned above.
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Appendix A. Comparison of different solution methods

This appendix is devoted to compare different solution meth-
ods applied to the problems in this paper. Additionally, we have
also addressed the issue of scalability of our solution technique as
compared with other solution methods for larger size instances. To
this end, we have studied solution techniques built in different lo-
cal solvers: Ipopt [44], Knitro [11] and MINOS [29]. The compara-
tive analysis of the quality of solutions found and of the running
times is shown in Figs. 11-13.

Fig. 11 compares four solution methods built in different solvers
(three of them local Ipopt, Knitro and MINOS and one global
BARON) over our benchmark problem B-L with one investor and
different risk profiles (« € {0.05,0.25, 0.50, 0.99}). After the name
of each solver we show the number of problems, out of 32, in
which the corresponding solver found the best solution. On the x-
axis we represent the different instances (as the minimum level
of expected return varies). On the y-axis we represent the rela-
tive difference in the quality of the solution of each solver com-
pared to the best solver.'5To provide additional information on the
quality of the solutions, we also represent the final optimality gap
obtained by BARON. The performance of the different methods is
quite similar and most of them find optimal or near optimal solu-
tions within the time limit. Despite the good performance of all
solvers, BARON is the only one finding the best solution for all
problems. Indeed, given the reported gaps, we know that BARON
found the global optimum for these problems. Note that MINOS is
the solver with the worst performance.

Fig. 12 analyzes the issue of scalability of solutions methods for
larger problems. We report results for problems with 3 to 20 in-
vestor profiles. Again, after the name of each solver we show the
number of problems, out of 32, in which the corresponding solver
found the best solution. Increasing the number of investors aug-
ments the complexity of these problems. As it can be seen in the
graphs, our original solution method (based on the global solver
BARON) is quite robust and in almost all cases it provides the best
results in terms of gap with respect to the best solution found.
Yet, we can see how, as problem sizes increase, BARON finds it
more difficult to close the optimality gap and, indeed, for the larger
instances Knitro’s results are competitive with those obtained by
BARON.

Finally, for the more difficult problem with 20 investor profiles,
we report the running time required for the different methods un-
til they stop with a possibly local optimal solution (local solvers
report solution without guaranteed global optimality). The three

16 For instance, a value 0.5 for a solver indicates that it obtained an objective func-
tion worse, by 50%, than the best solution found.
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Fig. 12. Comparison between solvers in BoT model when the number of investors increases.
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local solvers always report a solution quickly (in all cases less than
200 s) whereas BARON always took one hour trying to certify op-
timality. Comparing the local solvers the most efficient for these
problems seems to be again Knitro, which is the fastest with only
one exception.

s
4
L it
o 24
2 g
(O] 2 [S]
emrm———
e
S U -
0
0 0.2 0.4 0.6
Minimum level of expected return
(a) CVaR, for each profile and value of Emin.
1.6 }P\
i
s T A
1.4 !
% H %
L>) 1.3 , 5
/
1.2 I
i
1.1 /
7
/
| e L . Pt
0 0.2 0.4 0.6

Minimum level of expected return

(c) CVaRo.50 at the different optimal solutions.

BoT model with 20 investors.

Appendix B. Additional graphs

In this section we present the Figures associated with the B-L
model with multiple followers. These parallel those discussed in
Section 4.2.1 for the case with one follower.

..... 005
/ T T~ .~ 050
5 ¥ — 099
R
—‘/ ..'
.I- g
4.5 'I
i
________ - ’.’.
. =
¢ A /
3.5
S TP b
0 0.2 0.4 0.6
Minimum level of expected return
(b) CVaRg.05 at the different optimal solutions.
................. 005
0 —-— 050
— 099
-0.1
-0.2
-0.3
/'_ _______ \._._._______.a:;-..
0.4 ... - Ty
3%
\.~w
-0.5 \
~0.6
0 0.2 0.4 0.6

Minimum level of expected return

(d) CVaRg.99 at the different optimal solutions.

Fig. 14. Comparison of CVaR , levels at the optimal solutions of the different risk profiles.
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Fig. 16. Comparison of the number of securities as a function of E,.

In Fig. 14 we show the objective function of each risk profile as
a function of the value of E;, and also the CVaR  at the differ-
ent optimal solutions for each o e {0.05,0.50,0.99}. In Fig. 15we
show the broker-dealer profit and also the number of number of
securities chosen at optimality for the different risk profiles.

In Fig. 16 we represent the number of securities in which each
risk profile invests as a function of Ej,.
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