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Quasi-TM MoL/MoM Approach for Computing the
Transmission-Line Parameters of Lossy Lines
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Abstract—This paper presents a quasi-TM approach for the
fundamental mode of transmission lines with semiconductor
substrates and nonperfect metallic conductors. The approach
has allowed us to develop a transmission-line model by prop-
erly defining frequency-dependent parameters in terms of the
quasi-static electric potential and the electric current density along
the propagation direction in the line. The previous quasi-TM anal-
ysis avoids the involved numerical root finding process typical
in full-wave analysis, and overcomes the limitations of the con-
ventional quasi-TEM approach to account for the effects of the
longitudinal currents present both in the lossy substrates and in
the nonperfect conductors. The transmission-line parameters have
been computed by a hybrid technique that combines the method of
lines with the method of the moments (MoM). The total CPU effort
has been considerably reduced thanks to the possibility of finding
closed-form expressions for the reaction integrals appearing in
the MoM. Comparisons with previous computed and measured
results show the validity of the present model.

Index Terms—Conductor losses, coplanar waveguide (CPW),
metal–insulator–semiconductor (MIS), method of lines (MoL),
microstrip, substrate losses, transmission-line model.

I. INTRODUCTION

I N RECENT years, the development of monolithic mi-
crowave integrated circuits (MMICs) for microwave

applications, as well as the increase of the operating frequen-
cies in high-speed very large scale integration (VLSI) circuits
has aroused a great interest in the study of electromagnetic
propagation in planar transmission lines with semiconductor
substrates. In MMICs, these lines can be used, for example,
to design filters, power dividers, and electronically controlled
phase shifters. In modern high-speed VLSI circuits, the lumped
capacitance model for on-chip interconnects is no longer valid
for propagation delay times below 100 ps [1], which requires
a planar transmission-line model for an accurate design of
the devices. In this way, a great effort has been devoted to
analyze metal–insulator–semiconductor (MIS) transmission
lines, especially microstrip and coplanar waveguides (CPWs)
as the most practical structures. The main propagation features
of the fundamental mode in MIS lines were analyzed in [2]
and [3]. In these papers, the nature of the fundamental mode
as a function of the semiconductor resistivity and operating
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frequency (dielectric, slow-wave, and skin-effect modes) is
described using a parallel-plate model. Further analysis of
MIS transmission lines using a full-wave analysis have been
carried out using, for instance, mode-matching techniques, [4],
[5], the method of lines (MoL) [6], and the spectral-domain
approach (SDA) [7], [8]. More complete full-wave analysis
including conductor losses have been carried out by the MoL
[9], [10] or by means of discretization techniques such as
the finite-difference time-domain (FDTD) method [11], and
finite-element method (FEM) [12], [13]. A great number of
models based on quasi-static approaches can also be found
in the literature. For example, a MIS microstrip line with a
zero thickness perfect strip has been analyzed in [14] using
a nonuniform cross-sectional transverse resonance technique,
and in [15] by means of a quasi-TM SDA. Conductor losses
have been also incorporated in the quasi-static approach in
[16], where a simple model for the slow-wave zone in a MIS
CPW is presented, and in [17], where single and coupled MIS
microstrip lines are analyzed by the method of the filaments.

This paper will focus on the computation of the propagation
constant and the characteristic impedance of the fundamental
mode in planar transmission lines with nonperfect conductors
printed on layered dielectric and/or semiconductor substrates.
The analysis will follow the quasi-TM approach reported in [15]
and will be extended to include the nontrivial case of nonper-
fect metallic thick conductors. The inclusion of conductor losses
is of special importance from a practical point-of-view consid-
ering that they can dominate the overall losses even at relatively
high frequencies if narrow strip are used [13], [16]. From the
quasi-TM approach, a transmission-line model has been devel-
oped by properly defining the line voltage and current, as well
as the per unit length (p.u.l.) shunt complex capacitance and the
p.u.l. series complex inductance. It is important to mention that
all the above definitions were carefully carried out to be com-
patible with the usual concept of complex power, as required
by the circuit modeling techniques [18]. As a consequence, the
usual expressions for the phase constant and the characteristics
impedance in terms of the transmission-line parameters, as well
as the usual expressions relating the voltage, current, and char-
acteristic impedance with the complex power remain valid.

Under this approach, the computation of the transmission-line
parameters requires to compute the quasi-static electric poten-
tial and the longitudinal electric current density in the line. For
this purpose, the integral equation for the longitudinal current
density in the line will be solved by means of a hybrid technique
that combines the MoL (to previously compute the quasi-static
electric potential and spatial Green’s function for the magnetic
potential) with the method of moments (MoM) (to finally obtain
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Fig. 1. Cross-sectional view of a CPW on a multilayered semiconductor
substrate.

the unknown current density). After solving the integral equa-
tion, the longitudinal current densities both inside the nonper-
fect conductors and lossy substrate layers are obtained simulta-
neously. Despite the fact that the quasi-TM approach overcomes
the lacks of the conventional quasi-TEM analysis to analyze
semiconductor layers and nonperfect conductors, it still keeps
the advantage of dealing with situations where imposed sources
are present. (Specifically, the imposed source in the integral
equation for the longitudinal current density will be expressed in
terms of the quasi-static electric potential, previously computed
as a first step in the analysis.) In this sense, the rather involved
eigenvalue problem typical of the full-wave propagating system
will not appear in this approach, and the numerical difficulties
associated with the root-searching process in the complex plane
are avoided. The method also has the additional advantage of
providing not only the phase constant, but also the character-
istic impedance as a direct result from the analysis. As will be
shown in the results, the method provides accurate results for
the three well-known operation zones in MIS lines (dielectric,
slow-wave, and skin effect modes), and additionally properly
accounts for the conductor losses.

II. QUASI-TM APPROACH

The cross-sectional view of the transmission line under study
is shown in Fig. 1. Both the layers of the substrate and the
metallic conductors can present ohmic losses. The magnetic per-
meability is assumed to be in all the structures. Although the
generic line in Fig. 1 is a CPW, it also includes the single mi-
crostrip line as a particular case for . The rectan-
gular ground box enclosing the structure is assumed to be a per-
fect conductor. Laterally open lines can be also analyzed using
high enough relative values for with respect to and . Sim-
ilarly, the effect of the top ground plane can be minimized, if
required, by taking high enough in relation to the other di-
mensions in the structure (for usual dimensions, five times the
substrate height suffices). Finally, a nonperfect ground plane can
be simulated as an additional lossy layer with dielectric permit-
tivity . In the analysis of this generic line, an implicit field de-
pendence of the type will be assumed, where

is the propagation constant and is the angular frequency.
As in the quasi-TEM approach, it will be assumed that the

operating frequencies are such that , where is the dis-
tance between the center conductor and the ground plane and

is the corresponding wavelength. At these relative low fre-
quencies, the average value of the longitudinal fields (i.e., in
the propagation direction axis in this paper) are much smaller

than their transverse (normal to ) components. Consequently,
the term can be neglected in the computation of the
transverse electric field . On the contrary, although the lon-
gitudinal electric field in the substrate is also smaller than the
average transverse electric field, the term ( is the elec-
tric conductivity) can be relevant because of the possible high
values of the electric conductivity of the semiconductor layers.
Thus, the longitudinal electric current in the substrate must be
included together with the longitudinal electric current inside
the nonperfect metallic conductors to accurately compute the
transverse magnetic field , as well as the longitudinal ohmic
losses. In summary, the above approximations can be seen as a
quasi-TM approach for the fundamental mode in the sense that
the effect of is neglected in the range of frequencies under
study, but the longitudinal electric field is taken into account
in order to accurately compute the transverse magnetic field,
as well as the longitudinal ohmic losses. The equations corre-
sponding to the described quasi-TM approach will be presented
in Section II-A. As it will be shown, these equations allow to
compute the quasi-static electric potential and then, as a second
step, the longitudinal electric current density in the line, with
the previously computed quasi-static electric potential acting as
an imposed source.

A. Quasi-TM Equations

As mentioned above, under the quasi-TM approach, the
term can be neglected in the computation of trans-
verse electric field for the fundamental mode. Moreover,
practical conductors are actually good conductors (typically

S/m) and the transverse electric field is much smaller
than the longitudinal electric field inside of them [19]. Thus,
the transverse electric field can be neglected inside the metallic
conductors or, equivalently, the conductors can be seen as
perfect ones when computing the transverse electric field in
the line. Therefore, conventional quasi-TEM approach remains
valid for computing the transverse electric field in the whole
line, and the following equation applies:

(1)

From this equation, it can be written , where is the
common quasi-static potential. Inside each homogenous layer,

, which leads to

(2)

Equation (2) can be readily solved imposing as a constant
in the center conductor , zero in the remaining, and
enforcing the usual boundary conditions of continuity of and
continuity of the total (conduction and displacement) transverse
current normal to the dielectric/dielectric interfaces.

Now, in order to improve the conventional quasi-TEM ap-
proach to compute including the effect of the longitudinal
currents, the following magnetostatic approximation is used:

(3)

which applies inside each layer, as well as inside the nonperfect
conductors. In (3), it is assumed that only the effect of the lon-
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gitudinal ohmic currents is relevant and, thus, longitudinal dis-
placement currents can be neglected everywhere in the structure.

Under the quasi-TM assumption and, hence, the
transverse magnetic field can be related to the vector potential
as

(4)

where is the unit vector along the -axis. Finally, from (3) and
(4), the following equation is found for the component of the
vector potential:

(5)

Since the above equation involves two unknown functions
and , an additional equation is required. This additional equa-
tion comes from , which, for the as-
sumed field dependence, is written as

(6)

Equations (2), (5), and (6) summarize the quasi-TM approach.
Since the propagation constant appearing in (6) is indeed un-
known, only normalized functions or can
be obtained from (5) and (6). Nevertheless, as shown in Sec-
tion II-B, these normalized functions will suffice to compute
the propagation constant and the characteristic impedance in the
line.

At the light of the above two equations, there are three possi-
bilities of analysis.

1) Solving for .
The equation for is obtained by substituting (6) into
(5), which leads to

(7)

This equation, together with the boundary conditions of
continuity of and its derivative normal to the inter-
faces (dielectric/dielectric and dielectric/conductor), is an
inhomogeneous diffusion equation where the term
plays the role of an imposed source term. In the particular
case of perfect conductors, the boundary conditions must
be modified imposing the continuity of at the inter-
faces, the continuity of its derivative normal to the dielec-
tric/dielectric interfaces, and fixing as a constant in
the perfect conductors (inside a perfect conductor ,
and then from (6) ).

2) Solving for .
If the expression for in terms of and from (6) is
introduced into (7) taking into account that , the
following equation is reached:

(8)

This diffusion equation should be solved imposing the
continuity of at the interfaces (dielectric/dielectric and
dielectric/conductor) and the discontinuity of the deriva-
tive of normal to these interfaces. Specifically, because

of the continuity of the derivative of at the interfaces,
from (6), it is easily obtained that

(9)

where is the normal coordinate to the interface and in-
dicates the discontinuity at the considered interface. From
(9), it can be concluded that, under the quasi-TM assump-
tion, the discontinuity of the derivative of is caused by
the discontinuity of the derivative of normal to the in-
terfaces or, equivalently, by the derivative along the -di-
rection (factor ) of the total charge, free charge, and po-
larization charge at the interfaces (term . Ac-
tually, this term plays the role of imposed sources in the
computation of . In the particular case of perfect con-
ductors, the computation of would come from (9),
the continuity of at the interfaces, and the condition

on the perfect conductors.
3) Solving for .

Although the solution of (7) or (8) are two valid possibili-
ties, when nonperfect metallic conductors are present, the
values of or cannot be fixed as a constant on them,
which is expected to make the analysis more involved. In
this sense, the above two possibilities appear to be suit-
able for the perfect conductors case (the computation of

in the perfect conductors case following the technique
introduced in this paper is presented in Appendix A). On
the contrary, for the nonperfect conductors case, the com-
putation of is found to be a more convenient choice.
This third option leads to an integral equation for
that can be solved in a rather simple way. This integral
equation is readily obtained from (6)

(10)

where is the Green’s function corresponding to
(5) with the boundary condition for on the
rectangular ground box enclosing the structure. It is in-
teresting to notice that if transmission lines with perfect
conductors were analyzed using this third option, the in-
tegral equation (10) would require to perform the integral
including the surface currents on the perfect conductor,
as well as the volume currents in the conductive layers,
which would clearly increase the complexity of the anal-
ysis. For example, if a MoM was used, two different types
of domain would be required: one for volumetric currents
and other for surface currents. Thus, options 1) and 2) are
definitely more convenient when dealing with perfect con-
ductors. In this way, the authors have followed option 3)
to analyze lines including lossy conductors, whereas the
diffusion equation (8) for is solved to analyze lines
with perfect conductors.

B. Transmission-Line Model

A transmission-line model based on the quasi-TM approach
previously reported is presented here. The frequency-dependent
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parameters of this model will be obtained in terms of the electro-
static potential and the normalized function . The char-
acteristic impedance, as well as the propagation constant in the
line are then obtained in terms of the transmission-line param-
eters.

Applying Faraday’s law to the line under study, it is found
that

(11)

Performing a left cross product by vector and then a right cross
product by , after integrating over the cross section of the line
and after some algebra, (11) now becomes

(12)

where and denote the time-average magnetic and
electric energy p.u.l., respectively, is the time-average
Joule’s power delivered p.u.l., subscripts and indicate that
the corresponding magnitude is associated to the transversal
or longitudinal fields, respectively, and is the usual complex
power given by

(13)

where indicates the cross section of the line. It is important to
mention that the boundary condition on the rectangular
box enclosing the line has been enforced to obtain (12), there-
fore, losses in the rectangular box have not been included in the
analysis. Similarly, starting from Ampère–Maxwell’s equation,

(14)

and after operating in a similar way as above, the following
equation is obtained:

(15)

It is interesting to notice that the equation resulting from adding
(12) to (15) could have been obtained from Poynting’s theorem,
but (12) and (15) cannot be obtained separately from this the-
orem. Under the current quasi-TM assumption, (12) and (15)
reduce to

(16)

(17)

Note that the term , which would appear in (16) under the
quasi-TM approximation, has been omitted because the longi-
tudinal displacement currents are negligible assuming ,
as mentioned in Section II-A. Starting from (16) and (17), the
remainder of this section is devoted to develop a “consistent”
transmission-line model. Here, the term “consistent” will mean
that the voltage and the current in the line, as well as the fre-
quency-dependent parameters (complex capacitance and induc-
tance p.u.l.), will be defined in such a way that the conventional
telegrapher’s equations together with the additional equation

(18)

are satisfied.

As mentioned in Section II-A, the transverse electric field is
computed in the current quasi-TM approach in the same way as
in the quasi-TEM approach or, equivalently, longitudinal cur-
rents are assumed negligible for the computation of . There-
fore, the quasi-TEM definitions of both the voltage in the line
and the complex shunt capacitance p.u.l. are found to be the
most convenient choice. The voltage will then be defined as the
quasi-static electric potential in the center conductor ,
which is a constant over this conductor even for nonperfect con-
ductors (see Section II-A). The corresponding expression for the
complex shunt capacitance p.u.l. is given by

(19)

where denotes the contour of the center conductor and is
the outward unit vector normal to the center conductor. Next,
the telegrapher’s equation related to (17) can be easily obtained.
Starting from the identity

(20)

and expressing , using the identity
and , the integral in (20)

can be written as

(21)

Expressing the resulting integral as a contour integral by means
of the divergence theorem and substituting on the
center conductor and on the grounded conductors, (20)
can now be rewritten as

(22)

Substituting (19) for the complex capacitance into (22), the fol-
lowing expression is obtained:

(23)

Finally, substituting (17) after complex conjugation in (23) and
using (18), the telegrapher’s equation is obtained as follows:

(24)

The definition of the current arises now as a consequence
of the previous definition of . Starting from (13) and (18), and
after some mathematical manipulations (see Appendix B), the
following expression is obtained:

(25)

where is the cross section corresponding to the conductive
layers and is the current associated to the center conductor
given by

(26)

where is again the contour of the center conductor and is
its corresponding cross section. (In the particular case of perfect
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conductors inside them, can only be computed as a
line integral around the contour of the center conductor.) The
expression for the total current is now obtained from (25) after
complex conjugation as

(27)

It should be observed that the above expression for the cur-
rent includes a term (expressed as a surface integral) that does
not appear under the conventional quasi-TEM approximation.
From (27), it is interesting to emphasize that, under the cur-
rent approach, the total current is not simply computed as the
addition of the strip current to the substrate current resulting
from performing the surface integral of over the cross sec-
tion of the conductive layers. In the most general case of nonper-
fect metallic conductors where volumetric currents exist inside
them, taking into account that on the center conductor,
(27) can be written in a more compact way as

(28)

where includes the cross section of the center conductor
and conductive layers. Expression (28) shows that, under the
quasi-TM approach, can be seen as caused by an effective
current density expressed as the actual current density
weighted by the factor as follows:

(29)

Once the voltage and current have been defined, the proper
expression for the complex series inductance p.u.l.

can be obtained enforcing the remaining telegrapher’s
equation

(30)

and then

(31)

As explained in Section II-A, it can be observed that it is only
necessary to compute the normalized current to obtain the
complex series inductance p.u.l. in the line. Finally, it is inter-
esting to mention that substituting (18) into (16) and (17), and
using the telegrapher’s equations (30) and (24) to eliminate
and in (16) and (17), respectively, the following set of equa-
tions are obtained:

(32)

(33)

Therefore, it can be concluded that the previous definitions for
and preserve the physical meaning of the transmission-line

parameters. The propagation constant can now finally be ob-
tained from the telegrapher’s equations (24) and (30) as

. Due to previous definitions, the character-

istic impedance also has its usual meaning
in terms of the complex power

(34)

III. MoL/MoM Analysis

Here, the integral equation (10) is solved by a mixed approach
that combines the MoL with the MoM. In a first step, it is neces-
sary to compute the potential as well as the Green’s function
appearing in (10). The first task was carried out in this study
by solving (2) using the conventional MoL with equidistant dis-
cretization [20]. After applying this method, the potential is
available along the vertical lines in all the structures. The com-
putation of the Green’s function was also carried out by the
MoL. Since the explicit obtaining of Green’s functions is be-
yond the usual scope of the MoL, the technique developed in
this study will be explained in some detail. Thus, starting from
(5) and following the usual techniques of the MoL, the second
derivative operator is discretized with the Dirichlet con-
dition for the left and right walls ( on the walls). A
system of coupled differential equations is then obtained,
being the total number of lines. This system relates the com-
ponents of the -discretized function , i.e., the -elements
column array , to the -discretized function -elements
column array (note that subscript has been omitted in the
arrays resulting from discretization). As usual in the MoL, the
th element of arrays and and , respectively,

are the values of the corresponding magnitude along the th line.
This system of coupled equations is then diagonalized with the
proper eigenvector matrix where

(35)

which leads to the following set of uncoupled equations:

(36)

where indicates transformed magnitude ( and
), subscript refers to the th element of the trans-

formed -elements column array, and are the eigenvalues of
the discretized operator, which for the actual boundary condi-
tions are found to be

(37)

with being the discretization distance. The orthogonality of
the symmetric eigenvector matrix can be
easily proven. This property will be used later in the analysis.
The transformed Green’s function associated to the th element

in (36) can be now obtained by solving

(38)
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with the boundary condition for and
. Solving the above equation, the following expression has

been obtained:

(39)

where .
The MoM will next be applied to (10). First, the unknown

transformed function is expressed in terms of pulse basis
functions as follows:

(40)

where pulse function in the interval
and zero otherwise ( is the center of the do-

main and is its width). The unknown weights are con-
stant inside each domain and is the total number of vertical
domains. Next, point matching will be enforced in the centers
of the vertical domains. In the center ( ) of the th domain
corresponding to the th component, the value of the function

, denoted by from now on, can be expressed as

(41)

Using the expansion (40) into basis functions, the following ex-
pression is obtained:

(42)

where

(43)

The above integrals can be obtained in closed form, giving the
following result:

(44)

where is the Kronecker delta, and
with and being the maximum and minimum be-

tween and , respectively. Returning now to the spatial do-
main via the transformation matrix , and after some algebra,
(42) becomes

(45)

where and

(46)

Fig. 2. Discretization pattern to apply the MoL/MoM technique. Two domains
(1 and 4) along a line, each of them in different conductive layers, have been
remarked together with a domain inside the nonperfect center conductor 7. All
the centers of the domains where J 6= 0 along the line have been also dotted.

Note that the orthogonality and symmetry of matrix have
been used in this equation. Finally, substituting (45) into the in-
tegral equation (10), the following equation system is obtained:

(47)

In the above expression, subscripts (or ) indicate that
the corresponding magnitude is evaluated for in the th
line (or in the th line). In Fig. 2, the discretization lines
(vertical solid lines) used to apply the MoL has been drawn to-
gether with the centers of the domains along a line, and some of
the domains on this line have also been remarked. After solving
the equation’s system (47), the normalized values are fi-
nally obtained. Under the MoL scheme the final computation of
the normalized current using (28) now reduces to an addition.

can then be straightforwardly computed as

(48)

where the addition includes the domains in the conductive layers
and center conductor. Finally, and previously to accomplish the
analysis of any particular line, it is interesting to mention some
general ideas about the discretization sizes in Fig. 2 to compute
the normalized current. In this sense, for lossy conductors, the
number of lines over the center strip, as well as the number of
vertical domains along each line in the strip, should be chosen
with reference to the typical distance involved in the problem,
i.e., the skin depth in the strip at the operating frequency .
Specifically, a minimum of lines over the strip width
and vertical domains along each line in the strip should
be used in order to accurately enough model the current den-
sity inside the center strip. With regard to the conductive layers,
similar to the metallic strip, in those particular situations where

( is the skin depth in the conductive layer and is
its height), a minimum number of vertical domains
should be used. Nevertheless, in most cases, , and the
current density inside of the conductive layers is expected to ex-
hibit a smooth behavior, and a few number of vertical domains
in the conductive layer will provide sufficient accuracy.
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IV. NUMERICAL RESULTS

Results for three different examples will be presented here.
The first example will show the capability of the current
quasi-TM approach to provide accurate results for the prop-
agation constant of the fundamental mode in a MIS line in
the three different operating zones (dielectric, slow-wave, and
skin-effect modes). In this first example, the conductors are
assumed to be zero-thickness perfect conductors in order to
compare with previous accurate full-wave SDA results. In
the second example, and with the purpose of pointing out the
capability of the current method to accurately enough compute
the conductor losses, a single lossy microstrip in vacuum is
considered. Our computed results will be compared with other
results previously reported in papers specifically devoted to
conductor losses. In the third example, three MIS CPW lines
with nonperfect conductors are analyzed and the results are
compared with previous computed and measured data.

The line under analysis in the first example is a MIS open mi-
crostrip line (see the inset in Fig. 3). The propagation constant
of the fundamental mode has been computed as a function of the
loss tangent of the semiconductor layer at 1 GHz (increasing the
loss tangent is equivalent to using a more conductive semicon-
ductor). As the loss tangent increases, the fundamental mode is
expected to change from a dielectric mode to a slow-wave mode
and, finally, to a skin-effect mode. The results computed in this
study are compared with previous full-wave SDA results in [7].
The metallic strip is assumed to be a zero thickness perfect con-
ductor, as requiredby thestandardSDA.Since thestripconductor
is perfect, the diffusion equation for , i.e., (8), has been solved
insteadof the integralequation(10),asmentionedinSectionII-A.
A maximum of 50 lines over the strip in the MoL discretiza-
tion was enough to provide three significant digits in the results
inallcases.Alaterallyopenconditionhasbeensimulatedbyusing

, , and to mini-
mize the effect of the top ground plane (see Fig. 1). The results
obtained for the real part of the relative effective dielectric per-
mittivity and for the attenuation are plotted in Fig. 3. As can
be observed in this figure, a total agreement with the full-wave
results in [7] is achieved for the three types of modes (dielec-
tric, slow-wave, and skin-effect modes). The results obtained by
a conventional quasi-TEM analysis have been also computed and
represented by dashed lines. Clearly, quasi-TEM results are ac-
curate in the dielectric-mode region and in the transition zone to
the slow-wave mode; these results are also accurate for in
the slow-wave mode region, and also for the attenuation before
reaching the minimum value in this zone. Finally, quasi-TEM
results become totally erroneous from the transition zone to the
skin-effect mode upward. Additionally, and in order to have an
ideaof themagnitudeof theskineffect in thesemiconductor layer,
an upper axis has been plotted showing the ratio , where
is theskindepth in thesemiconductor layer. Itcanbeobservedthat

indicates the transition from the slow-wave zone to
the skin effect region. From this example, it can be concluded that
thequasi-TMapproachovercomes thedeficienciesof theconven-
tional quasi-TEM analysis to provide the propagation character-
istics of the slow-wave and skin-effect modes in MIS lines.

Fig. 3. Real part of the effective dielectric permittivity � and attenuation
for the fundamental mode in an open MIS microstrip line as a function of the loss
tangent of the lower layer at 1 GHz. w = 600 �m, t = 0 �m, h = 500 �m,
h = 135 �m, and � = � = 9:7.

As a second example, the resistance of an isolated microstrip
in vacuum has been computed. This example has been previously
analyzed in [21]byavariationalmethodand in [22]bysolving the
diffusion equation (8) using a separation of variables technique
and Green’s function method. In this paper, the currents inside
the strip have been obtained by solving integral equation (47). In
this particular case where exists only inside the conductors,
the potential in (47) is the potential in the strip , which, under
thecurrentapproximation, isassumedtobeconstant.Theisolated
microstrip has been simulated using the following relative values
for the distances: and

(see Fig. 1). As mentioned in Section III, the
numberof lines over the strip, aswell as the numberofvertical do-
mains along each line in the strip havebeen chosen with reference
to the typical distance involved in the problem, i.e., the skin depth
in the strip at the operating frequency . Specifically,
lines over the strip width and vertical domains along
each line in the strip sufficed to achieve three significant digits. In
Fig. 4, the values for the ratio between the ac resistance and dc re-
sistance p.u.l. , obtained for different aspect ratio ,
are plotted versus the normalized frequency ,
where is the ordinary frequency. According to the principle
of similitude (see [22] and the references therein) applied to an
isolated microstrip, the normalized frequency has the advantage
that strips with different values for and , but with the same
aspect ratio, have the same value for at the same nor-
malized frequency. Our results show a good agreement with re-
sults in [21] and [22] in the range of frequencies and aspect ra-
tios considered in Fig. 4. In the case for ,
the thickness is lesser than the skin depth , and the line
operates under a weak skin effect regime. On the contrary, for

and a strong skin effect is present in the strip
(it will be assumed as the condition for a strong skin ef-
fect). Thus, for , the studied range of frequencies covers
the weak skin-effect regime, strong skin-effect regime, and the
transition between them. Under strong skin effect in the strip, the
well-known Wheeler’s incremental inductance rule can be used;
specifically, the zone of constant slope in the case in
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Fig. 4. R =R for a single isolated microstrip in vacuum with different
aspect ratio w=t as a function of the normalized frequency P =

p
2� �wtf .

Fig. 4 indicates the zone of validity of the Wheeler’s rule (under
Wheeler’s approach, ). Concerning the case of aspect
ratio for and the line operates under
a weak skin effect, and for which indicates
a strong skin effect. Thus, in this case, the line does not operate
under a strong skin-effect regime in the considered range of fre-
quencies. It can be concluded that the current method accurately
accounts for the conductor losses in all the possible skin-effect
regimes. Finally, in microwavemonolithic integrated circuits, the
ratio ranges from 1 at 1 GHz to 5 at 20 GHz, assuming
that the metallization conductivity is 4 10 S/m and m.
Consequently,Wheeler’s incremental rule—generallyagoodap-
proach to analyze thin-film circuits—is expected to provide ac-
curate enough results in MMICs only for frequencies up to 20
GHz. This is an important reason to dispose of efficient methods
to compute the conductor losses under a weak skin effect.

As a third example, three MIS CPWs are analyzed. The se-
lected values for the resistivity of the silicon layer were chosen
in order to deal with very weakly, weakly, and heavily doped
structures. In the three cases, the metallizations are printed on
a thin layer of SiO above the doped silicon layer. To simulate
the open structure, the relative dimensions are set to

(see Fig. 1). In all cases, the
results obtained are compared with previous reported data.

In Fig. 5(a) and (b), the results for the slow-wave factor and
attenuation corresponding to the weakly cm, and
very weakly doped cm structures are plotted.
As can be observed, the results in this study show a very good
agreement with those computed in [10], except for small dis-
crepancies in the slow-wave factor below 1 GHz in the very
weakly doped case. The results in [10] have been computed by
means of a full-wave analysis by the MoL. The nature of the
fundamental mode in the structures under study depends on the
operating frequency. Thus, for frequencies higher than the di-
electric relaxation frequency in the Si ( ), the
line operates in the dielectric mode, whereas for frequencies
lower than , the line gets into the slow-wave zone. Specifi-
cally, the dielectric relaxation frequencies are MHz
for cm and 150 GHz for 1 cm. Therefore,

Fig. 5. (a) Slow-wave factor and (b) attenuation for the fundamental mode in a
MIS CPW with lossy conductors versus the frequency for two different values of
the resistivity � of the semiconductor layer. Solid lines: this study. Dashed lines:
data in [10]. Relative dielectric permittivities � = 12; � = 4 and metallic
conductors conductivity 2.7�10 S/m (low-density aluminum). Dimensions in
micrometers: w = 10; t = 0:8; s = s = 5; h = 480; h = 1.

in the very weakly doped structure, the fundamental mode is a
dielectric one, whereas in the weakly doped structure, the fun-
damental mode is a slow-wave mode. To apply the MoL/MoM
technique, the number of lines, as well as the number of vertical
domains along each line was chosen to achieve convergence
with three significant digits in the results. Specifically, 32 lines
over the strip width at the lower frequency (200 MHz) and 62
for the higher frequency (40 GHz) were employed. The number
of vertical domains used along each line over the metallic con-
ductors was 2 at 200 MHz and 5 at 40 GHz. Finally, three ver-
tical domains along each line over the semiconductor layer suf-
ficed to achieve the aforementioned accuracy for any value of
the frequency considered. That means a total number of vertical
domains on each line that ranges from 5 to 8, depending on the
operating frequency. The reason to use a greater number of lines
and vertical domains at higher frequencies is to guarantee that
a minimum of ( is the skin depth in the metalliza-
tions) lines over the strip width and a minimum of
vertical domain along each line on the strip are used in order to
solve the integral equation accurately inside the metallizations.
In this sense, the authors have checked that 32 lines at 40 GHz
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Fig. 6. (a) Slow-wave factor and attenuation and (b) characteristic impedance
for the fundamental mode in a heavily doped MIS CPW with lossy conductors
versus the frequency. Relative dielectric permittivities � = 12; � = 4 and
metallic conductors conductivity 3.33 � 10 S/mm (aluminum). Dimensions
in micrometers: w = 4:2; t = 1; s = s = 6; h = 530; h = 0:53.
Resistivity of the semiconductor layer � = 0:0125 
� cm.

provides three digits in the results for the shunt capacitance and
admittance p.u.l. and even for the series inductance p.u.l., but
only two significant digits in the resistance.

To complete the current example, in Fig. 6(a) and (b),
the results corresponding to a heavily doped silicon layer

cm in a MIS CPW are shown and compared
with those computed and measured in [16]. In [16], the au-
thors study the slow-wave propagation completing the usual
quasi-TEM approach with a very simple correction to account
for the losses associated to the longitudinal currents in the
line. In this example, the dielectric relaxation frequency of the
doped silicon is 11 980 GHz, then the fundamental mode is
a slow-wave mode in the whole range of frequencies consid-
ered (from 1 to 12.4 GHz), as required by the model in [16].
In this structure, the results for the characteristic impedance

are also reported in [16] and have been plotted
in Fig. 6(b). As seen in Fig. 6(a) and (b), the results in this
study show a very good agreement with those in [16], specially
with the measured ones.

From the above comparisons, together with the results in the
previous examples, it can be concluded that the current model

can be efficiently applied to the analysis of the three propa-
gations modes (dielectric, slow-wave, and skin-effect modes)
present in the most technologically interesting MIS structures
with the already mentioned advantage of the direct computation
of the characteristic impedance.

V. CONCLUSION

This paper has presented an efficient quasi-TM approach for
the analysis of planar transmission lines on a layered substrate
including semiconductor and nonperfect metallic conductors. A
quasi-TM transmission-line model for the fundamental mode has
been proposed by properly defining the voltage and current in the
line,aswellasthefrequency-dependenttransmission-lineparam-
eters. In order to compute the transmission-line parameters, the
quasi-static electric potential and the longitudinal current den-
sity have been obtained by a hybrid MoL/MoM technique. Under
the current quasi-TM approach, the equations to compute both
the quasi-static electric potential and longitudinal current density
are inhomogeneous. In this sense, the numerical difficulties ap-
pearing in the root-finding process inherent to a full-wave propa-
gationanalysis (eigenvalueequations)areavoided. Thus, thepro-
posed method has the advantages of a conventional quasi-TEM
analysis, whereas it overcomes its inability to accurately com-
pute the series inductance and resistance p.u.l. when a semicon-
ductor and/or nonperfect metallic conductors are present. The
comparisons with previous results have shown the validity of the
model to compute the propagation characteristics and character-
istic impedanceofthefundamentalmodeinMISlinesforthethree
possible cases, i.e., dielectric, slow-wave, and skin-effect modes.
Inconclusion, the method canbe seen asa useful alternative to the
moreinvolvedandtime-consumingfull-wavetechniqueswiththe
additional advantage of the direct computation of characteristic
impedance of the lines.

APPENDIX A

Here, we will explain the algorithm based on the MoL em-
ployed in this study to solve the diffusion equation (8) to com-
pute in a multilayered planar transmission line with per-
fect conductors. As will be made clear, the boundary condition
of discontinuity of the derivative of makes the current algo-
rithm different from other cases, and to some extent, also more
involved. Specifically, due to the approach used in this study, the
discontinuities of the derivative at the interfaces can be regarded
as imposed superficial sources for . This is not commonly
found in other cases where the continuity of the corresponding
magnitude and its derivative at the interfaces of the substrate
give rise to algorithms formally more compact and easy to im-
plement in a computer code. Since thick perfect conductors do
not change the way of accounting for the imposed sources in
the substrate, the conductors will be assumed to be infinites-
imally thin in order to simplify the explanation. Finally, it is
interesting to remark that the quasi-static electric potential, as
well as the complex displacement vector are assumed to be pre-
viously known to solve the diffusion equation (8).

Let us consider the diffusion equation (8) inside the th layer
of the substrate of Fig. 1. In order to apply the MoL with
equidistant lines, we define the -elements column array
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whose th element is the value of function along the
th line (subscript will be omitted in the arrays resulting after
-discretization of and and its corresponding deriva-

tives). After -discretization of the operator with Dirichlet
conditions on the lateral walls, a system of coupled equations
for is then obtained and then diagonalized with the same
eigenvector matrix , as in (36). Thus, the following set of
uncoupled equations are then obtained for the components of
the transformed column array :

(49)

with

(50)

where is the conductivity of the th layer in the substrate.
Solving (49), it is readily found that can be expressed as

. From this expression,
the column array and its derivative (the
symbol will be used from now on to denote ), at the top
and bottom interfaces and (subscripts in paren-
theses will be used to denote interfaces) limiting the th layer
can be related, after eliminating the coefficients and , as

(51)

where the -elements column array is given by

(52)

subscripts and indicate the lower and upper faces of the
interface, respectively, and is a four diagonal boxes
array with

(53)

where is the height of the th layer.
Let us now consider that is an interface without conduc-

tors or, equivalently, is neither the lower ground plane (in-
terface (0), nor the upper interface of the substrate (interface

). Then

(54)

is defined at interface to account for the discontinuity in
the derivative . Substituting in

, assuming the continuity of at the interfaces without
conductors, writing in terms of normal component to the
interface of the complex displacement vector, and also assuming
the continuity of this latter vector at this interface, the following
expression is now obtained:

(55)

where is the transformed of the normal component to
interface of the complex displacement column array (note
that subscript corresponding to normal direction has been
omitted) and

(56)

Null column array in (55) appears as a consequence of the
continuity of at the interfaces. From the above equations, it
can be finally written

(57)

Starting from the upper face of the lower ground plane, inter-
face , and applying (57) until reaching the lower face of
the upper interface of the substrate , it is now obtained
that

(58)

where the total four diagonal boxes array is given
by

(59)

with elements column array

(60)

Substituting in for the current boundary
condition (perfect ground plane), and operating in (58) to elim-
inate the vector appearing in , the following ex-
pression is finally obtained:

(61)

where matrix and with
being an -elements column array that contains the first

elements of , and being the remaining elements.
in the upper face of interface will now be re-

lated with . Thus, regarding the space over the substrate
as a vacuum layer ( th) and applying the relation given by
(51), it is easily obtained as follows:

(62)

where is also a four diagonal boxes array.
For the current boundary condition at the top perfect ground
plane, interface . This can be used to
eliminate in (62) to obtain

(63)

where, in terms of the diagonal boxes of matrix
.

Subtracting (61) from (63), transforming the resulting expres-
sion to the spatial domain by the eigenvector matrix and
taking into account that on the conductors, the following
expression is obtained:

(64)
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where arrays with subscript “gap” contain only the values of the
corresponding array on the gaps, is the matrix resulting
from omitting the elements of matrix

if at least one of its subscripts refers to a line on the
conductors and column array

, where according
to (56). Finally,

(65)

From the normalized values for on the gaps at interface
, and taking into account that the remaining ele-

ments of array corresponding to the values of on
the perfect metallic conductors are zero, is finally ob-
tained. Once is available, the function along
the th line can be computed, if necessary, at any value of .

APPENDIX B

From (13) and substituting , the following ex-
pression is obtained:

(66)

where denotes the cross-sectional part excluding the
metallic conductors. The cross section of the metallic conduc-
tors can be excluded because is assumed to be zero inside
them under the current approach. Using the identity

(67)

integral, (66) can now be split into two terms as follows:

(68)

The first integral in the second member can be written as a con-
tour integral

(69)

where subscript indicates contour of the center conductor and
subscript contour of the grounded conductors. Notice that the
vector and are not related via the right-hand rule, but op-
posite, because of the minus sign in the surface integral. Taking
into account that in the grounded conductors is a constant
in the center conductor , (69) becomes

(70)

where the center conductor current has its habitual meaning

(71)

If the center conductor is a nonperfect one, can be written in
terms of inside it as follows:

(72)

where indicates the cross section of the center conductor.
Substituting and in (68), this equation
now reads

(73)

Finally, from this equation, the expression for the current in the
line is easily obtained as

(74)
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