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El objetivo del curso es cuantificar la dinamica acoplada entre cargas y momentos
aerodinamicos y una estructura elastica cuando ésta es una superficie sustentadora.
Dedicaremos una buena parte de la asignatura a cuantificar el fenémeno denominado

flameo, ‘flutter’ en inglés.
https://youtu.be/qp)BvQXQC2M https://youtu.be/16ZAgjm2Wuo

Cuantificaremos el fenémeno para el caso simplificado en el que existen
unicamente dos grados de libertad y el ala tiene una envergadura b=2L tal que
2L/c>>1 asi que el problema, en primera aproximacion, es 2D:
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Las constantes elasticas del muelle de torsion, k,, y del muelle lineal, k;, son conocidas de la

parte primera de la asignatura. Aqui nos ocuparemos de calcular las fuerzas y momentos
aerodinamicos, I(t) y m;(t) en funcién de h(t) y a(t), asi como de resolver el sistema de ecuaciones
diferenciales ordinarias para los grados de libertad: en esta parte de la asignatura podremos cuantificar
si se produce el flameo o no cuando b/c>>1 en el limite de flujo incompresible.
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con la capa limite adherida; es decir, con gradientes de presion desfavorables pequenos, para lo cual es necesario que
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Caso 2, rg = re:
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Noétese que la ecuacion (14) es una combinacion lineal de las ecuaciones (7) v (12): en efecto, (14) resulta de sumar
a (12) la ecuacién (7) multiplicada por (xq¢ — 2.).



Los objetivos de esta parte del curso son los siguientes: calcular las fuerzas y los momentos aerodinamicos en funcion del tiempo y de los N grados
de libertad, asi como la resolucion de las N EDOs para los N grados de libertad. El problema a resolver es analogo al visto en la asignatura de
vibraciones, con la novedad de que en este caso las fuerzas y los momentos aerodinamicos son ejercidos por flujos a altos niumeros de Reynolds no
estacionarios y no desprendidos. Ya habéis resuelto un problema conceptualmente analogo que acopla fluido y estructura: en efecto, el
amortiguamiento en la EDO de un grado de libertad que describe el movimiento de una masa acoplada a un muelle, proviene de la caida de presién
asociada al flujo relativo al sélido cuando éste estda dominado por fuerzas viscosas. En este curso deduciremos ecuaciones diferenciales ordinarias
para los grados de libertad en las que los términos de fuerza y momento ejercido por el fluido sobre el perfil aerodinamico resultan de integrar la
distribucién de presiones calculadas sobre la superficie de un sélido fuselado para el caso de flujos irrotacionales a altos numeros de Reynolds no
estacionarios y no desprendidos.

(a)
PROBLEMAS ANALOGOS YA VISTOS EN LAS ASIGNATURAS
DE MECANICA DE FLUIDOS Y VIBRACIONES
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Fvﬁura I8:16. (a) Esqu?ma de un amortiguador de un avién. (b) Diagrama de fuerzas que acttan
50l reoe émbolo y el vastago del amortiguador, cuando el émbolo estd en la posicién de equilibrio
r=0u. '
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En este problema se muestra que el origen del término de amortiguacion que
aparece en la clasica ecuacion diferencial utilizada en el anélisis de las oscilaciones amor-
tiguadas de los sistemas mecanicos,

(8.105)

Mi(t) + Ci(t) + Kz(t) = F(t), (8.106)

tiene su origen en el flujo dominado por la viscosidad a través de los orificios o ranuras
que posee un sélido en movimiento relativo respecto a un liquido.



ESTRUCTURA DE ESTAS 10 PRIMERAS CLASES: 1.- RESOLVER LAS ECUACIONES DE CONTINUIDAD Y DE CANTIDAD DE MOVIMIENTO EN EL
LIMITE DE ALTOS NUMEROS DE REYNOLDS PARA FLUJOS NO DESPRENDIDOS: CONCEPTOS DE AEI y AEII
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FINALMENTE, CON ESTA INFORMACION, 4.- RESOLVEREMOS EL SISTEMA DE EDOS (1) Y (2) O (1) Y (2’) TANTO NUMERICA COMO
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Para seguir los desarrollos analiticos de estas notas, asi como las clases, es necesario
recordar los conceptos de AEIl y también es conveniente recordar algunos de los
resultados de AEIl, con lo que es recomendable hacer uso, bien de los apuntes de las
clases de AEl y AEIl o bien del manual (hay muchas copias disponibles en la biblioteca
de la ETSI)

Introduccién a la

AERODINAMICA
POTENCIAL




QUESTION: What'’s the value of the force and torque over an airfoil of chord c performing arbitrary heaving
and pitching motions in an uniform incompressible stream calculated using the linearized potential flow

theory?
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The linearized potential flow theory describes the irrotational flow outside the attached BLs,
for which it is neccesary that

a(t) < 1, zgw/c << 1, h/c k1

Under these starting hipotheses, the linearized impenetrability condition is imposed at z=0, the wake
is also located at z=0 and the BL thicknessis §/c o Re 1?2 « 1



Equations and boundary conditions for the irrotational flow outside the BLs

v = V¢ with ¢ = Usx + @' and ¢’ indicating the perturbed velocity potential

Which satisfies the Laplace equation | V2¢/ = (),

which must be solved subjected to the boundary condition at infinity ¢’ — 0 and to the
linearized impenetrability condition, which can be expressed as

= (User +V6)-VF =0, with F=z—zu(xt)  (23)
dence wly (22 = 0%, £) = 228 4 9P ) = () — at) (o~ 2.)

ot ox

with z = 0T indicating the upper and lower sides of the airfoil and the wake

and v = Vo' = der + weq



We seek for antisymmetric solutions of the Laplace equation in the form of a vortex sheet extending along the
airfoil and the wake. We can express the pressure difference across the airfoil in terms of the circulation density

making use of the notation ¢+ = ¢'(x,z = 0F,1), I'(x,t)
(0T — ™) = 20" (x,t) and (x,

refers to the clockwise circulation along any closed loop encircling the leading edge of the
airfoil and connecting the points (2,2 = 07) and (2,2 = 07), whereas v(z,t) indicates
the circulation density. In the following, 7, .,(x,t) and v, . (x.t) will denote the values
of the circulation and of the circulation density on the airtoil or at the wake.

The equation governing the pressure jump at z = 0 namely, Ap(z, 2 =0,t) = p'(z,2 =
0t —pilz2 =0T.1) = ])’—(;l,’. t) —]),J’(Lz’. t), with p’ = p— po indicating the perturbed
pressure, can be deduced from the linearized Bernoulli equation particularized at z = 0%,
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Hence, the subtraction of the two equations in (2.
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with Ap, the pressure jump at the airfoil and, since Ap = 0 for x < 0 and x > ¢, we

conclude that G(x < 0,t) = G(xz > ¢,t) = 0 in equation (2.7), a fact implying that the

material derivatives of both I" and v are zero at z = 0 for < 0 and x > ¢ namely
(Ashley & Landahl 1985),
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Taking into account that I" = 0 for x — —o0 and also for instants £ < 0 and that the
circulation at the origin of the wake is prescribed by the circulation around the airfoil
namely,

Iy(x=ct)=1,(r=ct)

=1I.(t) = /u! Yalx,t)dx, (2.9)

with I.(f) the circulation around the airfoil. we deduce from equations (2.8)-(2.9) that

INex<0,t)=0, Nax>c+Uxt,t) =0, @Iy(v=c+Ux(t—1tg),t)= ] | Yalx, o) dx
0

and Yp(x=c+Ux(t —ty),t) = Yulx = c, ty),
(2.10)
with v, (z = ¢, tg) given by equations (2.8) and (2.10):
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with the circulation around the airfoil I'.(#) defined in equation (2.9). Equations (2.7)
and (2.12) indicate that the unsteady lift force and the torque,
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as well as the density of circulation along the wake,
tunction of v, (x,1).

Yw(x, 1), can be expressed as a



Integral equation for the circulation density |7,(z.7)

Finally, the density of circulation at the airfoil, v, (x,t), is deduced imposing that the
perturbed vertical velocity induced by the vortex sheet extending along z =0, 0 < o <
¢ + Usot satisfies the linearized impenetrability condition given by equations (2.1) and
(2.4) namely (Ashley & Landahl 1985),

dh dav
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dt dt (2.14)
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Introducing the change of variables
xop=c+Ux (t —ty) = daxy = —Uxdly (2.15)

and taking into account that the second integral at the right hand side of equation (2.14)
can be expressed solely in terms of 7, by means of equation (2.12), the equation for
Yao(x,t) reads

Esta es la ecuacion clave de la aerodinamica no

. 1 [ va(x0, 1) 1 /7 drl, /dic . . .
wi (7,2 = 0%,1) = 2_—f oz o | i - estacionaria, pues permite calcular|7a(7?)
with () = ,/“ Ya(@, 1) de. Una vez conocida|~,(=.t)|, las fuerzas y momentos

pueden ser calculados de la siguiente manera:

Apg(z,t) = p()af;a m% = p% (/0 q-*a_(;rg,t)d:ro) + pUscval(z,t) ((t) :fo Apg(z,t)dr and m(t) = /o r Apg(x,t)de




La ecuacion integral para |+,(z,t)|asi como las fuerzas y momentos aerodinamicos pueden ser calculados
numéricamente haciendo uso del cddigo numérico descrito en las proximas transparencias, donde explica la
implementacion numérica del cddigo que resuelve la ecuacion integral para |+, (z, ¢) |particularizada para el caso de la
respuesta al escaldn: funcidon de Wagner

En efecto, como se vera mas adelante, la expresion general de las fuerzas y momentos aerodinamicos puede ser
obtenida de manera analitica en funcidn de la respuesta a un cambio subito en el angulo de ataque del perfil. La
funcion adimensional que describe la evolucidon temporal de la fuerza de sustentacion como respuesta a un cambio
subito del angulo de ataque recibe el nombre de funcion de Wagner y es, en realidad, la Gnica funcion de la
aerodinamica no estacionaria que tenemos que hallar de forma numérica. Una vez hallada esta funcidn, tanto la fuerza
de sustentacion como el momento aerodindmico pueden ser expresados de manera analitica en funcidn de los grados
de libertad y de la funcidon de Wagner.



Para resolver la ecuacion integral para|y.(z,t) | podéis usar el cddigo numérico basado en el método del vortex-lattice 2D
que vimos en AEll, cuya extension al caso de flujo no estacionario es

IV. MATLAB CODES FOR: WAGNER PROBLEM AND FOR THE CASE OF AN OSCILLATING
PLUNGING PLATE, THE MEAN THRUST OF OSCILLATING ATRFOILS CALCULATED USING THE
VORTEX LATTICE METHOD AND THE MEAN THRUST CALCULATED USING EQUATIONS
(4.20)-(4.22) TN THE MAIN TEXT.

A. Vortex Lattice method for unsteady flows: numerical values of the Wagner function and of the suction
force at the leading edge

Equation (3) can be written as

1 [etUs=t y(zq,t 1 [ttt 9 D(zg.t I(xq,t
w(z,t) = lim — ’(rim-) dzo = lim _/ (z0,1) 4 (0,1) ~dzo =
e—0 2T Jy g —T+€ e—=0 21 Jy dxg \Top—T +¢ (zo —x +¢€)

1 ctUsct T (xg. t
= lim —j L)z dzxg ,
=021 Jo (zg —x +€)

(69)

where we have made use of the fact that I'(x = 0) = I'(z = ¢ + UL t) = 0. Next, we divide both the airfoil and the
wake in N panels of identical width h, bounded by zg; and xg; + h where T' is constant and equal to the value at the
midpoint of the panel, I';. Hence, the integral in (69) can be approximated as

l c+Uqet r(l‘o t) l N l 1
lim — L Sdrg = — T;(t — . 70
30 2?.’/0 (g:of;rJre)Q(rD QTFZ (1) (scm_—zt xo,_+h—a:) (70)

i=1

The number of unknowns is the number of panels at the airfoil, N,. In order to calculate the N, values of I' at the
airfoil at the instant 7, the values of z in equation (70) are particularized at the midpoints of the N, panels namely,
r = x5, with j varying from 1 to N, where the perturbed vertical velocity is known, w'(x;,t) = w)(z;,t). The values
of I' at the wake panels can be expressed as a function of I'(z = ¢,t) = I';—n,(t) because, by virtue of the Euler
Bernouilli equation,

ar _dr
E + era =0 = P(I =c+ Ux\ (f’ — fo) f) = P(I’ = L’f?t = f'[]) = Fi:;\"p(t[]) . (71)



% JM GORDILLO, UNSTEADY VORTEX-LATTICE: WAGNER PROBLEM gammai=Rinv*b';

% Gammaestela(l+1)=gammai(N);

clear all; close all; clc; Clunsteady=0;

% Cmunsteady=0;

N=200; for j=1:N-1

h=1/N; Clunsteady=Clunsteady+h*gammai(j);
x(1:N)=h/4+((1:N)-1)*h; end

X0(1:N)=3*h/4+((1:N)-1)*h;

alpha=5*pi/180; for j=2:N-1

for j=1:N Cmunsteady=Cmunsteady+h*gammai(j)*x0(j);

fori=1:N end

R(j,i)=-1/(x0(j)-x(i))+1/(x0(j)-(x(i)+h));

end

end Cl =2*( Clunsteady - Clunsteadym1 )/ dtau + gammai (N);
Cm =2*( Cmunsteady - Cmunsteadym1 )/ dtau + gammai (N)-Clunsteady ;

R=R/(2*pi);

Rinv=inv(R);

dtau=2*h; Clunsteadym1 = Clunsteady ;

Nsteps=20/dtau; Cmunsteadym1 = Cmunsteady ;

Clunsteadym1=0;

Cmunsteadym1=0; if 1>0
Clv(l)=Cl/(pi*alpha);
for 1=0:Nsteps Clteor1(l)=1-0.165*exp(-0.0455*tau)-0.335*exp(-0.3*tau);
for j=1:N end
if 1 >0
tau=I*dtau;
tv(l)=tau; end
b(j)=-alpha;
fori=1:l figure
b(j)=b(j)+(1/(2*pi))*Gammaestela(i)*(1/(1+0.25*h+0.5*dtau*(l-i+1)-x0(j))-1/(1+0.25*h+0.5*dtau*(l-i)- plot (tv,Clv,'-','linewidth',2,'Color','b");
x0(j))); hold on;
end plot (tv,Clteorl,'-','linewidth',2,'Color','r');
else
b(j)=-alpha;
end

end



La funcion de Wagner representa la fuerza adimensional de sustentacidon que resulta de la respuesta a un escalon
(funcion de Heaviside).

c c

b /Uso = a H(T)

— W
lift force in response to the linearized impenetrability condition 3/4

l, le
Namely Loy (7) = pUsemad(t) = ¢(7) = 1/ 2,0IVJV 2(?%04 N ﬁcw(:‘v(—t)oo)

¢(7) is the so-called Wagner function, which is the dimensionless

The figure shows the numerical solution of the Wagner function obtained
| using the numerical method explained previously. The numerical solution can
1 be very well approximated using the expression due to Jones:
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o e The figure also shows a comparison with the two-term analytical solution,
coor ot e s e valid for 1<<1, described in the Supplementary Material

Usando el método del VL para la variable I" en vez de para y no es necesario usar la ecuacion adicional dada por el
teorema de Bjerness-Kelvin



Las fuerzas y momentos aerodinamicos correspondientes al flujo irrotacional, linealizado e incompresible pueden ser
también calculados de manera analitica siguiendo los desarrollos de estas notas. Como paso previo es conveniente
repasar los conceptos de AEl y, mas concretamente, el método de Glauert, que permite resolver de manera analitica
la ecuacion integral para |- (. t)

Antes de tratar el caso de flujo no estacionario, recordemos cdmo resolver primero el siguiente problema:

DPTO. INGENIERIA AEROESPACIAL AERODINAMICA I Problema
Y MECANICA DE FLUIDOS 18/06/25 - Sequnda convocatoria 2 h 15 min

1. un flujo uniforme de densidad conocida p y velocidad horizontal U, incide sobre un perfil aerodina-
mico de cuerda y peso conocidos ¢y p respectivamente, estando el centro de masa situado a una distancia
¢/2 del borde de ataque del perfil, cuyos intrados y extrados se encuentran situados, respectivamente,
en Zipt =0, Zeqt = 26 (T — .1'2) siendo & = x/c y € conocido. Como muestra la figura adjuntada, el perfil
se encuentra articulado a un muelle de torsion situado a una distancia del borde de ataque de 3¢/8 que
ejerce un momento k, a en sentido antihorario, siendo « el angulo de ataque y k, la constante elastica,
que tiene un valor conocido. Asimismo, el perfil incorpora un flap articulado a una distancia del borde
de ataque de 3c¢/4 que puede deflectarse en sentido horario un angulo 6 < 1. Se pide: (i) Determinar
el valor de la denominada velocidad de divergencia, UZ, a partir de la cual se rompe el muelle de
torsion (2 puntos), (ii) para Us, < UZ y § = 0, proporcionen la expresion del coeficiente de presiones
tanto en el extrados (1.5 puntos) como en el intrados del perfil (1.5 puntos), (iii) para Ux, < UL y
0 # 0 conocido, den la expresion de la fuerza de sustentacion en funcion de los datos del problema vy,
asimismo, determine la denominada velocidad de inversion de mando, por encima de la cual, la con-
tribucion a la fuerza de sustentacion asociada a la defexion del flap disminuye al aumentar U, (5 puntos).

-




Problema sustentador, antisimétrico, campo de velocidades generado por una superposicion de torbellinos

Introduccién a la

AERODINAMICA
POTENCIAL

T=1/2(1+ cos_ﬂ) To = 1/2(1 4+ cosby). Borde de salida, 0=0 y borde de ataque 6=n

Rebordeo de borde de ataque |4 tan(9/2) = Ao/\/%

Método de Glauert: solucidn de la ecuacion integral expresando >
7(X) como una serie infinita en la que el flujo rebordea el borde de u*’(@) — (4 + E A, 5111(-;«19) .

ataque y no rebordea el borde de salida: u’(x=c,z=0*)=0 !

dz, Ag [T 1 —cosby sin(nfq) sinfy
Uy | —a = — de dé
- ( ot dT) T /0 cos by — cosd O+Z / costy — cost v

n=1
(5.35)

El término de la derecha de 5.35 se calcula facilmente usando el valor de la integral de Glauert

VP f cos(nby) 46, 5111 né
0

cos by — cos b sinf




.. obteniéndose la siguiente ecuacidn para los coeficientes A, cuyos valores se hallan proyectando la ecuacion
5.37 en el conjunto ortogonal de autofunciones cos(n0)

. dz,. J = A, sin(n —1)8 —sin(n + 1)0
U (a+ _) — 4 ) 4 -

1T et sin @
= A,, —2cos(nb)sin .
= —A = —Ay — Ap cos(nb) .
- RZ:l : i 0 n; cos (nb)

Puesto que el conjunto de autofunciones cosnf es ortogonal; es decir, ya que

" ™ cos[(m — n)f] + cos[(m + n)f T
/ cos(mB) cos(nb) df = f cosl(m — n)f] ; cos{(m + n)f] df = 50.,?1_?”, (5.38)
0 0

donde 0,,, = 1 sim =n # 0, 0p0 = 2y 0y, = 081 m # n, el valor de los
coeficientes A,, puede hallarse sin mas que multiplicar ambos lados de la ecuaciéon
(5.37) por cos(m#) e integrar la ecuacién resultante entre 0 y 7. En efecto, el
resultado para m = 0 proporciona la siguiente ecuacién para el coeficiente Ay



Llegandose a que los coeficientes A, pueden ser calculados de la siguiente manera como funcién de la
condicion de contorno de impenetrabilidad linealizada; es decir, como funcion del valor de w’(x,z=0)

A ’ T Am 2 T 1 Ze
Ao o i/ dz. a6 — = ——/ - — cos(m#) dé
[/ 0 Ux 0

o 7r dz ™ dr
u’(x,z=0"%) ya es conocido: «'(0) = Ay tan(6/2) + i Apsin(nf). Y puestoque C, (7)= PP _q_ (4. '%:" : ~ _9 ?f"
n=1 b 1 / 2 P U i U 0 U ~
v 1CUTV esp (Y;X(tum o ((Ti an 9/2) Z [/T":, hill(n@)) Y
C‘p = (]J T+ C"ph; . n=1

O
Ap A
Yint vext _ An
(p curv _(p curv T 2 T tan 9/2) T
U zgux
n=

sin (n@))

Ya podemos calcular el coeficiente de sustentacion y de momentos en funcién del valor de los coeficientes A

] = — O 1r = T = a7 |[&x — — COE
t= ) U p )& U. 20U “ %/ d = 57) ¢

1 A / /
. | Vs 417 JLl‘)
C« I C«lnt (vcxt - 1—_. i . _ :
et ,ﬂ (S )7 2(01 Us QDX)




Calculo analitico del valor inicial de la funcion de Wagner: las velocidades inducidas por el torbellino de arranque
disminuyen al angulo de ataque efectivo. Ademas, inicialmente, la solucion es simétrica respecto a x=c/2, con rebordeo
de borde de ataque, no rebordeo de borde de salida como indica la condicion de Kutta pero ‘rebordeo’ en el torbellino

de arranque, que esta en x= c+U_ dt

It is interesting to note that the expression of the circulatory lift force experienced by an airfoil whose angle of
attack varies suddenly at ¢ = 0 i.e., a(7) = aH (1) can be easily ealculated at = — 07 using the alternative procedure
described next, which makes use of the result in Appendix A of the main text, reproduced here for clarity purposes.
Indeed, the fact that the value of the cirenlation at = 0F namely, right after the angle of attack has changed to a
value o £ 0, is T'.(7 = 0%) = 0, means that the flow around the airfoil is symmetric with respect to = = ¢/2. The
potential flow which satisfies this requirement corresponds to the one generated by a distribution of vortices with a
circulation per unit length given by

. ] [1—z/c | xzfc i
() = Uy (v zfe V 1— .rfc) =Uso Ao

Indeed, notice that Eq. (54) expresses a symmetric distribution of v around = = ¢/2 and also that the flow turns
around both the leading and trailing edges of the airfoil.
The value of A in Eq. (54) is determined by imposing the linearized impenetrability condition namely,

(54)

¢ l‘_'rx _-‘1(!] [C 1-— 2.1‘(];"(.‘ d.i‘[) - lU.x _-4;] /“ sin 9[) 2cos H[) (fg(] —2m er _46
0 x/c(l— J".f"(.') Tp — T 27 0 !

w = —Uoa= o 2 sinfly 1/2(cosf —cosfy) o

(55)
where we have made use of the value of the Glauert integral (20) and, consequently, the perturbed potential satisfying
the condition that the circulation around the airfoil is zero is given by, see Eq. (54),

1 —2z/c

Y(z) = U (56)

However, the solution expressed by Eq. (56) does not satisfy the Kutta condition because y(xr = ¢) — oo as a
consequence of the fact that, as it was explained above, the solution in Eq. (56) the flow is symmetric around = = ¢/2
and, hence, the flow turns around both the leading and trailing edges, a fact implying that the Kutta condition is
not fulfilled by the potential flow generated by the distribution of vortices with ~(x) given by Eq. (56). Then, how
is it possible to fulfill at the same time the following two conditions namely, a zero initial circulation, which implies
a symmetrie flow around the airfoil and also the Kutta condition? The solution to this apparent paradox is the
following: it is possible to comply with both conditions when we seck for a symmetrie potential flow around an airfoil
with a length increasing in time as de/dt = U,.: in this case, the flow turns around the leading edge of the airfoil but
not the trailing edge. Indeed, whereas the trailing edge is located at any instant of time at = = e, the potential flow
generated by the distribution of v(z,t) given by

vl t) = U222/ e S (57)
xfe(t) (1 —z/c(t)) dt
corresponds to a potential flow which turns around = = e 4 U, dt namely, a potential flow which turns around the
stating vorter, which is located downstream the leading edge and it is transported with a velocity U...
Hence,
" i fi c
f(t=0")= / Apy(z,tydr with Ap,(z.t) = pd,ra + pU.xﬁ =t =0")= pi [,dx (58)
Jo at dx dt Jq




hecause

“or,

Jo al‘

for the potential flow generated by the symmetric distribution given in Eq. (57). Now, notice that

[ [T, L-2wfel) o 2
Ca(e) = [ e =elt) [ Ve O (e elt) = 2Vt /o) = (a/e0) (@0

with de(t)/dt = U and, therefore, the substitution of the result in Eq. (60) in Eq. (58) yields,

x/e(t) —
Le(t=07)=2pUx ﬂ—(zfﬂ[ Vje(t) (1 —z/e(t )}d{r;’C(t}})—?pU a—( t][ 1#1 CDSZH )

d sin” ¢ d 1 — cos(20)
=2pU. a— [ A(t df) =2pU-, a— .zt[—dﬁ = 2pU., =
P “dt(':”_[u 1 ) r “ds("”“,u 8 ) P dt( 8 )

(61)

where we have made use of the change of variables = /c(t) = (1 —cosf) /2 — d(x/c(t)) = 1/2sin6 df. The result in
Eq. (61) shows that the initial lift around an airfoil which experiences a sudden change of the angle of attack is,
indeed, one-half the lift force corresponding to steady flow.

Omne of the advantages of using this alternative way of finding the value of £(¢ = 07), is that it reveals the idea
that, in order to satisfy Kutta’s condition, the potential flow needs to turn around, not at the trailing edge but at
the starting vortex, which is convected downstream at a velocity U,.. Notice also that the local distribution of ~(x, )
around the starting vortex is identical to that at the leading edge of the airfoil.



Solution of the integral equation for | 7. (z.?)

Finally, the density of circulation at the airfoil, v, (x, 1), is deduced imposing that the
perturbed vertical velocity induced by the vortex sheet extending along 2 = 0. 0 < x <
¢ + Uxt satisfies the linearized impenetrability condition given by equations (2.1) and
(2.4) namely (Ashley & Landahl 1985),

dh daov
u":t(;l:?z - O:tﬂ - 5, Uoo l(t) ( — Te ) —
dt dt
1 Ya(wo, t) Yu (o, t) (2.14)
=— / Yar20, ,Jr— / P00 g
QG'T,[-I Iro— X o —T
Introducing the change of variables
g =c+ Uy (t*fo) = drxyg = —Uydty (2.15)

and taking into account that the second integral at the right hand side of equation (2.14)
can be expressed solely in terms of 7, by means of equation (2.12), the equation for

Ya(x,t) reads

1 [ yalxo,t I dr, /dt
wole,z = 0%,1) = 2 / !.r( B.;z) dzo — 21 Jo ¢+ Ux (1‘/— : ) — HU
T Jo 0 y 0 ¢ 0 (2.16)
with I.(t) = / Yol t)dr.
JO

In order to solve the integral equation (2.16) notice first that, since I'(z — —oc,t) =0
then, by virtue of equation (2.8), I'(x < 0,t) = 0 and hence, ¢'(z = 0%, 2 < 0) = 0.
Consequently, the local solution of the Laplace equation (2.2) at the leadlng edge of the
airfoil is the one corresponding to the flow around a wedge of angle 27 namely,

¢ = UsocAo(t) (r/c)"/? cos (5/2) , (2.17)

using Glauert’s method (ll)

with Ap(t) a dimensionless time-dependent constant, /¢ < 1 the radial distance to the
leading edge -which is located at z = 0, x = 0 in the linearized theory- and 0 < 3 < 27
indicating the polar angle measured in counterclockwise manner from the horizontal axis.

Taking into account: i) that the Kutta condition ensures that ,(2 = ¢.t) is finite in
order to avoid that the flow turns around the trailing edge of the airfoil and ii) that
Ya(z/c < 1,1) is given by

a0’
or
= Yolz/e < 1,t) =

—(B=0r/cx1,t)=u(2=0,x/c < 1,t) = 12

—1/2

Uoo
2= Ao(t) (/)"

(2.18)
UsxAo(t) (z/c)

where use of equation (2.17) has been made, it can be concluded that the integral equation
(2.16) can be solved using Glauert’s method, which relies on expressing the unknown
function v, (x,t) as the infinite series (Glauert 1983):

Yalx, 1) 1- .’E/( 1+cosh
. Ap(t) e ; A, (t)sin(nf) = Ap(t) ——— py” ”211 A, (1) sin(nd).
(2.19)
where we have introduced the change of variables
r 1 —cost
- 2.20
c 2 ( )

7T []ooc

7 Usc A
T(A“?)

T.(t) = Lol

al',

+pUs

ol
Apa(z,t) = p— - O

ot

a a
pa— (/ Va0, 1) d:r.o) + pUscYal(x, 1)
t \Jo

:f Apg(z,t)der and m(t)
0




Solution of the integral equation for

Ya(z, 1)

using Glauert’s method (ll)

¢ ‘ or or 0 "
= / Apg(x,t)dr and m(t) = / rApg(z,t)de| |[Apy(z,t) =p—a 4+ pUs——" = p=— / Ya(xo,t)dxg )| + pUsoyal(z,t)
2 UOO 2 L‘TOC
T=t and 19 =1p
C
* Uy o 1+ cos 90 .
oz, t) = /0 Ya(T0,t) dro = > /0 ( o 90 Z Ay sin(nbp) ) sin Hg dbflg =
i oo Uy A
L'roo : An 0 = . = — o _l
=, “ 4 (6 + sinf) + Zl 2/0 (cos[(n — 1)fg] — cos[(n + 1)bo]) d@o] = Pe(t) =Ta(z =c.1) 9 (AU + 9 )

Circulation around th airfoil

_ [’rf; 1 Ao (0 + sing) + ";1 (9 - “’“1(;9)) + 2 ‘42” (Sm(f__ll)m — bm(in:l”g))] ,
o(t) = PUsc d ﬂqin@ (A[) (0 +sinf) + — S ) di + pUsTe(t) =
4 df 2 2
_ pUZ cm (340 /iizl L /512 (Ao f”;)) with To(t) = Tu(0 = 7.1
m(t) = p;—ifo rlgdr+ pUs /C C:)rr jf rlgdr+pUslec—pUs /OC |
| PU%CQW (31240 4 ‘il + 112) + 'OUOQZCQW (iﬂ T 31461 _ ‘f‘g) B a"(-’%:cg” (34;10 4 ‘Lj;l + ﬁf) + pUxTe(t) ),




Solution of the integral equation for|7.(.?) |using Glauert’s method (lll)

1 ¢ Y (.SU() t) 1 t drl’ /dto
! ’ :Oiat :_/ . : drg — — < dt
Wa(T, 2 ) 27 To— T 0T on 0 C+Ux (t—1ty) —x !
¢ T
with Fe(t):/ Yol 1) da . Fe(t):ra(m:c,t)_“’;c (Aﬁ%)
0
t
w(a:z_Oit i/ 7@ dxonUooC/ d(A()+A1/2)/dt() dt():
21 Jo xo—x A Jo ¢+ Ux (t—to)—
Uoo 811190 1—|—COS6’0 A0+A1/2
— A A, 0 g — —
27 cos — cos by ( " sing, sin 6 Z sin(n O)) ol / 1+ (7t —79) + cosb 70

To(n) — /Ow cos(nby) dby _ ﬂSin(nH)

cos By — cos b sin 6

Uoo 4 sin 90 1 -+ COoSs 90 > . Uoo o0
o A Ay, 0o) | by = ——= Ao — > A, 9
27 fo cos 0 — cos b ( " sin 6, i nz:l sin(n 0)) 0 9 ( 0 2 cos(n ))

T U..
/ w' (6, 2 = 05, t) cos(mb) df = — === (AOEF(O,?TL) - AmZF(na m)) -
. 2 \"9 2

Ueo [7 d Ay " cos(mb) df
— | Ag+ — d
fo dT()( 0 2)(/0 1—|—(T—7‘0)—|—6036’) "0




Before solving equation (12) we first need to calculate the value of integrals of the type

/” cos(nd) df 1 -/2“ etne (13)
o 14+ (t—10)+cosl 2 )y 1+ (1 —10)+cosh’

which can be easily evaluated using the calculus of residues by applying Cauchy’s theorem once the integral in equation
(13) is evaluated carrying out the line integral along the unit circle z = €’ in the complex plane. Indeed, introducing
the change of variables

; ; —idz - 1 1
s=e" = dz =i’ df = df = [z ,oem =" cosh = 2 (z + ~) . (14)
equation (13) can be written as
1 /271' el né do _ /27.' 21 (] _ f?fr —i2"dz (15)
2 )y 14 (7 —79)+cost 0o 22422014+ (t—70))+1 0o (—2)(z—2)’

with

=t (=) (r ) +2(r—m) and z=—(1+(r—7)—\/(r—m)+2(r—m).  (16)
Since 79 < 7, |z1] < 1, i.e., the pole z; is included within the unit circle and hence, the calculus of residues yields that

f% —iz2"dz —izy (—B+ m)”
o (2—2

=271 =T with B=14+ (17— 17
21) (2 — 22) Z1— % B2 -1 ( 2 ()

and, therefore.

1

n=>0, / =7 \

T—Tn)+cos(9 B2 -1
ne1. f COb(Q)dH (4 B _.

0 — 7o) + cosf B2_1/

cos(26)db 2B% —1
=2, = 2B+ —— .
" _/(] 14 (7 —70) + cos# W( * BQ—1> ' (18)

co.s(39)d9 5 , 2B2 — 1
n=23, = 4B —-1—-2BvVB? -1 —-B—nu-—
=3, /[; 1+ (7 —70) + cosb W( vBZ -1/

with B=1+4+ (1t — 1) .



Solution of the integral equation for|7.(7.?) |using Glauert’s method (IV)

B 1 dh c\ da\ Ay I
m=0, E(Uma(t>+% (xe 5) E>_7+§ Equations (24)
B c d B A() [1 IQ
m=b w2t e
A A 1 T : . T, .
m:2, 0:—2+A0—|——1——1—|—/ (T—TQ)(AQ—|—A1/2) d’ro—/ (A()—I—Al/Q) BQ—ldTO
1 > 2 ) ; ”
A 3 A I +1 T :
m=13, Ozf—§<A0+7l)+ 1;2+2/ (A0+A1/2)\/B2—1dro+
0

+2/0T (1 — 710) (A0+A1/2) \/ﬁdTg—Qf (1 —70)° (A0+A1/2) dro—él-/oT (1 —70) (AO—I—Al/Q) dr

-
0

with I1(7) = /OT (A()(To) + AléTO)) \/%’ I(7) = /OT (Ao(’ro) + Algr())) \/TB_Qif:OldTo, B=1+(1t—m)

Notice also that the addition of the first and second of the equations in (24) yields that

c\ do o (T o (T —w'(x = 3¢/4, z = 0F,
o (Vs + G = (- 2) B) = nn) + 2D 5 ey 2D - e =R 200

T Usc A;
The solution of this integral equation provides the value of Le(t) =Ta(z =c,t) = 5 (Ao + f)




With the purpose of finding the expressions for £(f) and m(t) notice first that Leibniz’s rule for the derivative of
time-dependent integrals yields:

d 2 < ) T ) ) i
dr </U (7 = 0) (AO "‘Al/?) dTo> =/0 (Ao + A1/2> dro = Ao + 71.,

d(_{" <AT (T TO)2 (AO T A1/2> dT(_)> =2 /OT (1 —10) (Ao + A1/2) dro ,
d </O‘T (A0+A1/2) \/ﬁdm) =1, (7) + LIx(7),

dr
i T ; ; A T :
d(—T (/ (1 — 70) (Ao + A1/2) VB2 — 1dm) - 2/ (Ag s A1/2) VB2~ Ldry — Ix(7).
, 0 0
Notice also that the addition of the first and second of the equations in (24) yields that

1 dh o 3e\ da\ Ix(7) L(r)  —w'(z =3¢/4,z =0%,1)

(27)

where we have made use of the expression for w’ given in equation (3). It will be discussed below that the solution
of the integral equation (28) provides with the circulation around the airfoil I'. (). Moreover, the addition of the first
and third equations in equation (24) yields,

1 dh (”e c) doz):?)A() Ay A,

s i — — [ — — ) — a0 W i —70) (Ag + A,/2) dro—
UOO<U°°“(”+dt e T 5) 5 t T /O(T T")((’+ 1/)dT‘-’

— /U (Ao + Al/z) VB2 - 1dr) = (29)

c d (1 dh ey da 340 A A, Ay
L o= (Uil b 2 e DY ER N ] = Y L 22 NG
2~ di <Uoo <U aft) + g = (2= 3) dt>> ;g T3t Tt —(it+h)

where we have made use of the results in equation (27).
The substitution of the results in equations (28)-(29) into the expression for /(t) given in equation (9) provides with
the following equation for the unsteady lift:

B pcgwi
4 dt

(1)

(Uooa(t) . % g (% - :1:(,) %) . ”U52°” (L(7) + Io(7)) = £a(t) + £.(1). (30)

The result for the unsteady lift in equation (30) reveals that /() results from the addition of two different terms:
the first term at the right hand side of equation (30), £,(t), represents the contribution to the lift associated with the
acceleration of the airfoil in the vertical direction; it will be termed, in what follows, as added mass term. The second
term at the right hand side of equation (30), /., is the so-called circulatory lift and represents the contribution of the
wake to the lift force. For those cases in which the airfoil does not accelerate, the only lift force experienced by the
airfoil is associated with the effect of the wake vortices, quantified through the integrals 7, (7) and Io(7).



With the purpose of finding the expression for the time-dependent torque m(t), notice first that the subtraction of
the equations corresponding to m = 1 and m = 3 in (24) yields,

3A A » dao T , T . .
Ag(ry + AU _ AslT) ¢ —O‘+2/ (AO+A1/2) \/52_1dm+2/ (T — 70) (AO+A1/2) VB —1dn—
JO J0O

A 1 AU dt

T 5/ . . T ‘ ) ) 3141(7') Ag(T) 2 dPa
—2./0 (r = 0)* (Ao + Ay /2) dm—4/0 (7= m0) (Ao -+ A1/2) dm = Ao(r) + S50 = ST =

T . N T . ) A
+2[1+4/ (AO—I_Al/Q) v BQ_ldTO_Zl/ (T —70) (A()‘|‘A1/2) dTo—4<AO—|—71> 7
Jo Jo
(31)

where we have made use of the results in equation (27). In addition, equation (29) expresses that:

340 A Ay 1 | dh ¢\ do 7 : : T . 5
5 + 9 + 1 — UOO (Uooa(t) + E — (L’Ee — 5) E) —/0 (T — T()) (AO + A1/2> dT()—l—'/O (AO -+ A1/2) \/ﬁd?'o .
(32)




The substitution of equations (31)-(32) into the equation for the torque calculated at z = 0, m(t), given in equation
(9), and using the expression for £(#) also given in equation (9) vields:

9 o [ . .
m(t) = pUscm (3140 + ﬂ + AQ) +

4 2 2 4
p[fgoczw( 2 dPa

/ T .. . T . . A
; +2]1+4f Ag+ A /2 \/led’i'g'—if T*Tg) Ao+ A /2 d-To4(A0+ ))
16 SUEC(HQ 0 ( /) 0 ( ( /)

2
U2 2 1 dh N\ da T . . T .
—péif’r (U— (Uma(l‘)JrE - (1—%) d—?) —j) (T — 7o) (A0+A1/2) dTo+]D (AD+A1/2) \/32—101?0) +
pro 2 Ay ,()U020C327T BAO Al Ag Ay pctn d?a
Ag+ L) = A2+ 2L £
T 0+ 4 5 T Ty Tt T g ae
pU2cm (1 1 dh ( C‘) dex cl(t) pndia  pUcrda pUL i
Mot B (L o~ (Uat)+ o — (ze— ) ) ) = 0 R 4 1),
Ty 2 U oW+ —\Te—3) o 5 198 a2 16 di s (it D),
(33)

where the last term in equation (33) has been deduced adding the equations corresponding to m = 0 and m = 1 in
equation (24). Hence, making use of the result in equation (30) for £(¢), the torque m(f) can be calculated as,

) 4 72 31 do 2 2
‘ ¢ pefmd __ dh c ) da pemda  pUecmda  pUicm
) =5 (Uwa(t) Tt (2 “’e) dt 128 dt? 16 dt s i Rm) (34)
4_ 52 3 |
Syt oy« LT U da
- zﬁ“(f) - 4£'~’(f) TR Az 16 dt’

II. THE CIRCULATORY LIFT (.(t)

The values of ¢(t) and m(t) in equations (30) and (34) depend on the value of the circulation around the airfoil
I'.(7), given by -see equations (8) and (11):

TUxc

r = "5 (A + 5 o). (35)

The circulation around the airfoil, I',(7), is calculated solving the integral equation (28), reproduced here for clarity

purposes:
1 dh 3¢\ da 15(7)
— (vsamy 22, 205
7 ((c.oa(r)Jrﬂhf (:Le 4)&_) hin)+ ===

oo

(36)

I —w'(x =3c/1,2 =0%1)
2‘(7-) LG /4,2 b "My with  w/(x = 3¢/4, 2 = 0% 1) =Wy -

i+ Use Use



The integrals 1;(7) and I»(7) in equation (36), which depend on I'o(7), are defined in equation (24). We will firstly
solve equation (36) for the case of a general time-dependent function —uwy /4 making use of the fact that any function

F(t) can be expressed as:

LdF
F(t)=F(0)H(t) +] ﬁH(t —t'dt", (37)
o dt
with the Heaviside function H (7) defined as
H(r)=1 it 7>0 and H(r)=0 if 7 <0, (38)

and hence, the right hand side of equation (36) can be expressed as:

—w3 B —wy ), T dwy, . /Uso '
) = OH ) — [T =)y, (39)
1 dh 3¢\ da I>(T)
— (Ua®)+ = (2 - ) ) =1 =
U~ ( alt) + 5 (’x 4) dt) )+ =5 .
I —w'(r = 3¢/4. 2 = 0. ¢ —w!
I(T) + Q;T) — (& CU/ = ) = U—3/4 with  w'(x = 3¢/4,2 = 0F,t) = wé/4.

Al(T()) dT()

T . A o
, Ia(1) = f Ao(70) + 1gf0) T dro, B=1+4+ (17— 10)
0

with I1(7) = fo Ao(T0) + B2 _ 1

(24)




Therefore, since the integral equation (36) is linear in the unknown AO(T) + Al('r) /2, the addition of solutions is also
a solution of equation (36). Consequently, due to the fact that equation (39) expresses that any function —uwj /4 (1)
can be expressed as a linear combination of Heaviside functions H(7), the general solution of equation (36) can be
expressed as the linear combination of the function g.(7) which results from the solution of equation (36) particularized
for the case in which the forcing term is a Heaviside function:

I1w+12;[ :/0 Qe(’!‘o)\/( L+ (7 —70)/2

where we have made use of the definition of the integrals 71 and I3 in equation (24).

Once g.(7) with g.(r < 0) = 0 is known from the solution of equation (40), we first notice that the solution of
equation (40) when the right hand side is H(7 — 79) is nothing but g.(7 — 79). This said, we can straightforwardly
calculate the general expression of the circulatory lift. Indeed, let us first define the so-called Wagner function as:

hw(r)+ Lw(r) 1 [T, 1+ (r—7)
= =5 [ 9el70)
2 2/0 \/(T—T0)2+2[T—T0)

dro=H(t)=1, (40)

T—Tg)2+2(T—T0)

o(T) dto , (41)

which is now a known function because g.(7) is determined solving the integral equation (40). Next, notice that,
in view of equation (39), the general solution of equation (36) can be expressed in terms of the following linear
combination of the known function g.(7) as:

Ar) _ 28 gy g f mdug/Us
0

AU(Tl) -+ 5 = DTOO d’."o ge(ﬁ - T[)) dT[) =

42
’fdtuéM/UOO (42)

=0 0y gy — [,
(IOO ¢ O dTO “ I

where we have taken into account that, for 7 > 71, g.(71 — 70) = 0 when 79 > 71. Therefore, since the circulatory lift
in equation (30) is given by

2em [T (T ' T—T
=57 | (AO(T1)+A1( ”)\/ Sl Gk VA (43)

‘) i
2 (T—T1)2+2(T—T1)

—



CUANDO LA VELOCIDAD VERTICAL EN 3/4C ES UNA FUNCION DE HEAVISIDE LA FUERZA DE SUSTENTACION ADIMENSIONAL ES LA FUNCION DE WAGNER:

0.95

‘ . ‘ | | Cow (T) Cow (T)
— )! p— / A7 — ‘2‘ > / ,' “J —_— 1I — Ei \
w 3/4/UC>O a H(T) = tav(r) = pU%erad(r) = 6(7) 12002 270 Lo (T — )

0.9

085

The figure shows the numerical solution of the Wagner function obtained using the numerical method explained
previously. The numerical solution can be very well approximated using the expression due to Jones:

0.8
- 075+
0.7

0.65

H(1) =1—0.165¢ 204557 _(.335¢ 957

The figure also shows a comparison with the two-term analytical solution, valid for 1<<1, described in the
Supplementary Material

0.6

0.55

0.5

GRACIAS A LA LINEALIDAD DEL PROBLEMA, LA RESPUESTA DADA A LA CIRCULACION QUE RESULTA DE UNA SUMA DE FUNCIONES DE HEAVISIDE (VEASE LA ECUACION
42), ES LA SUMA DE LAS RESPUESTAS A CADA UNA DE LAS FUNCIONES DE HEAVISIDE Y, POR TANTO, COMO LA RESPUESTA DE LA SUSTENTACION A LA FUNCION DE
HEAVISIDE ES LA FUNCION DE WAGNER, SE TIENE QUE

T dwy,(10)/Use

J:—@T — UQC’iT/
o7) | —pUs /. I

o(1 — 10) d1o (45)



EXPRESIONES DE LA FUERZA DE SUSTENTACION Y MOMENTO EN FUNCION DE LOS GRADOS DE LIBERTAD

1 dh 3c\ da\  —w,
— (Ueam) + & (=26 22 = T
Uoo< o)+ ('T 4)dt) U

o —w:’3/4(0) r N dw:’3/4(7'0)/U00 -
l(1) = pUZem ( i qﬁ(’r)) — pUZ2er /U i O(T — 70) dTo) (45)
Funcion de Wagner O(T) =1 —0.165e 004557 _ (3357037
2 2
pcm d dh c do pUZ cm
0(t) = Ualt) + < (— - ) o <7 (7 Lo (7)) = o (t) + Lo(t
(0= L8 (Vo) + G+ (5 —0) T2) + EE5T (1) + 1) = £a(0) + €0
B pc’m d dh c do pctt d?a pUscPnda  pU2 c2n
mit) = 4 dt (U O+t (5 B ) E) Timae T 16 ar T s )+ L)

% ot d?a pUscm do

ga(tHZ&(tH 128 d2 ~ 16 dt’
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YA PODEMOS RESOLVER EL SISTEMA DE EDOs PARA h(t) y a(t): ECUACIONES 7 Y 12 O BIEN, ECUACIONES 7 Y 14

m (ﬁ +d (v — ;1'76)) + kph(t) = —L(t) (7)
. y2 + 22 —xyY —Xz
w(t) =d(t)ez; Io= / Ds —ay 2 +22 —yz dV =1p-w(t) =2L (I(; +m (xo — azg)2) dez  (8)
Qs —xz —yz  y?+2?
I=1Ig+m(xy— :1:(;)2: (9)

Por ejemplo, si dm/dx = 2ps(x)z.(x) # f(x) =

/2 im c? -2
I = /—(:/2 2 dm = (:% (1—2 = 7)1;—2 (10)
d .

e | [m(rg —ro) X vo + Idez] = —ky,a(t)es + (x. — xo)er X eskph(t) + me_g (11)

Caso 1, rg = rg:
I+ ko at) + (xe — xa) kph(t) = / (,1:( — ) (p™ = p“") du = wgl(t) — myps(x = 0) (12)

Jo
siendo
mys(x =0) = / a (p™t = ) da (13)
Jo

Caso 2, rg = re:

c

(I(; +m(zvg — :1;9)2) & +m(xg — x)h(t) + ko aft) = / (e — ) (p" = p™") dw = x L(t) —mys(x =0)  (14)
Jo

Notese que la ecuacion (14) es una combinacion lineal de las ecuaciones (7) y (12): en efecto, (14) resulta de sumar
a (12) la ecuacién (7) multiplicada por (z¢ — x.).

ANTES DE RESOLVER EL SISTEMA DE EDOs, HALLAMOS LAS EXPRESIONES DE I(t) y m(t) CORRESPONDIENTES A UN MOVIMIENTO
PERIODICO: FUNCION DE THEODORSEN



V. THEODORSEN FUNCTION

In order to determine whether or not the oscillations experienced by an airfoil are damped by the outer stream or,
on the contrary, grow in time, giving rise to the dangerous phenomenon known as flutter, we seek for the real part of
the time-dependent, complex functions h(7), a(7) and the time derivative of the circulation around the airfoil,

hWr)=He“™, a(r)=ae“™, Ag+ A /2=Ge"T (76)
with w the dimensionless frequency, which is related with the dimensional frequency w* through the equation

w*e

W =Wt s wt—— =Wt = w= 77
! c 2 U~ (77)
In this case, the substitution of I'. in Eq. (76) into the integral equation (28) provides with the following equation
for G
¢ (1+1/2(1 — —w'syy
11+——G/ +/<T ) = T
19 (T — 70) oe
(1 1 2(1 — : 4 .
LUJT/ + / (T TU)) e—Lw(T—TD) dT[) — U*3/4 ewWT 9
\/(T 24 2(1 — 10) > (78)
—1
_”lU 3/4 1 + 1/2 (T - TU)) e—iw(T—To) dTU
70)° +2 (1 = 70)
where

1 —w —w! '
0 (Uoo@ (:rg ) ) = U'3/4 (1) and U‘3/4 (1) =e"™7 U‘3/4 : (79)



We are looking for solutions corresponding to dimensionless values of 7 laree enough so that the solution is not affected
by initial conditions and, hence, since 7 is such that 1 4+7 — oo, we introduce the change of variables £ =7 —719+1
into Eq. (78) for G, which reads:

- -1
— 7.w’3/4 l - (1 + é) —rw(&—l)
G=—" ( 5] e dg) . (80)

Now that G is known through Eq. (80), the circulatory component of the litt for 7+ 1 — oo can be calculated in
terms of I} + I» using Eq. (30):

1+7-m e~ w(T=m0) dry = €

ol T S
(I + L) = G/\/ T_TO), , (;/1 NG

v adt - iy
1

B 113/4 it g 1 [ (1+£) i

B (/ \/52 E) (21 Ve dé)

where we have made use of the equation for G'in Eq. (80) and of Eq. (79). Then, introducing Eq. (81) into Eq. (30),
for the case of oscillatory motion, the lift force and the torque calculated at x = 0 are calculated as the real parts of
-see Eqgs. (30) and (34):

p—iw(§—1) d¢ =

4 dt 2 dt

c ¢ pctt d’a pUsec?m dov
1) = =l,(t —L.(1 - —_—,
mit) = 5tall) + 36() + o5 7 16 di

o) = 2 j ( o+ M (c . ) d(l) + pUsol (—wgm) OW) = La(t) + £.(1) -

with

(a(t) =pUOOC7T(—w§/4) Clw) and C(w (f \/527 e~ W& g E) ( loo \(/;76) e wE (g E) ; (83)

the so-called Theodorsen function, which can be expressed in terms of modified Bessel functions of the second kind.
Indeed, using the integral form of the KA,,-Bessel function of order n, Theodorsen’s function, defined in Eq. (83), can
be expressed as:

I{]_ (zw)

Clw) = Ko(iw) + Ky (iw)

(84)




Theodorsen’s function, which arises as the contribution of the wake to the force and torque, can also be expressed in
terms of Wagner’s function ¢(7) using the Duhamel’s integral in Eq. (45). Indeed, the numerical solution of Wagner’s
problem, depicted in figure 1, reveals that ¢(7) can be well approximated by:

¢(1) =1—0.165¢ 04907 —0.335¢ 057, (85)

and, hence, by virtue of Eq. (45), the oscillatory part of ¢.(¢), which can be calculated taking —w} /4 [Uso = Ce™7 in
the limit 7 — oo, is given by

T dws ), (70)/Usc

le(T) = —pUssemws 4 (0)6(7) — pUZ2 e / y
J0 70

O(T —70)dTo =

= —pUscmws ,(0)0(7) — pUseCm wy /0 iwe™ =) (1 — 79) drp

T

~ —p UOOCWTU!%/&,L(O)QD(T) — onoCﬂ”w.‘;/zL /

i e i@ (T=70) (1 —0.165 ¢~ 0-0455 (=70) _ () 335 G_O'S(T_TO)) 7o
0

= —pUscemwy, (0)0(7) — pUscer 105/4(0)e'm / iwe T (1 —0.165 %0457 _ (.335 6_0'37’) dr’
Jo
(86)



where we have made use of Eq. (85). Then, since ¢(7 — o0) — 1, see Eq. (85),

. 0.165iwe™T  0.335iw T
le(T — 00) = —pUscemwy 4 (0) — p Usoem wy 4 (0) <_1 R +0.0455  iw+0.3 ) (87)

U [ 0.165 1w _0.3355iw
— T PTetT W3y iw+0.0455  diw+0.3 )

Therefore, the comparison between Eq. (82) and Eq. (87) indicates that Theodorsen’s function, given in Eq. (84)
can be approximated by

K (iw) , 0.165 iw 0.335iw
— F(w) +iG(w) ~ 1 — B
Ko(iw) + Ki(iw) L W) +iGW) iw+ 0.0455  iw+0.3°

Clw) = (88)

which is an excellent approximation to the exact result, as it is shown in figure 2, where the real and imaginary parts
of Theodorsen’s function, C'(w) in equation (88), are compared with the approximate expression, also given in this
equation.



Summary of equations for the lift and torque for the case of purely periodic oscillations: THEODORSEN FUNCTION AND
APPROXIMATION DEDUCED USING WAGNER’S FUNCTION

2
_perd dh e, e ol _
o === (Uooa(t)+ - +(2 :E) dt)+onom( w3/4) C(w) = u(t) + La(t)

(82)
4 2 3
_c c pcm da pUsoc’m da
m(t) = 5ta)+ 36O+ g2 ¥ — 16 ar
K (iw) , 0.165 iw 0.335iw
CW) = i)+ K L W) HiGW) iw 1 0.0455 w103 (88)
1
The approximate equation (88) for Theodorsen’s 0.8
function C(w), deduced F(o)
using Wagner’s function ¢(t), will be used next in 0.6
order to determine the flutter threshold speed
instead of the exact Theodorsen function, and 0.4
the reason is that the approximate expression is
very similar to the exact value. Indeed: 0.2
G(o)
or -
0.2 L' | | | :
0 2 4 6 8 10



% JM Gordillo: Theodorsen functions F and G, approximate Theodorsen
%» functions Fw and Gw, new functions Fg and Gg, our thrust coefficient CT
%» calculated by means of the vortex impulse theory using equation (4.20),
% FF's thrust coefficient CTFF calculated using equation (4.22) and

% thrust coefficient using Garrick's theory, CTG, using equation (4.21)

clear all;
close all;

clc;
i=sqrt(-1);
Nsteps=600;

Deltak=0.01;
a0=6*pi/180;
hOc=6%pi/180;
phi=pi/2;
a=-1/2;
%h0c=0;
%a0=0;

for s=1:Nsteps
K(s)=s*Deltak;
F(s)=real (besselk (1,i*K(s))/(besselk(0,i*K(s))+besselk(1,i*K(s))));
G(s)=imag(besselk (1,i*K(s))/(besselk(0,i*K(s))+besselk (1,i*K(s))));
Gg(s)=real ((exp(-i*K(s))/(i*K(s)))/(besselk(0,i*K(s))+besselk(1,i*K(s))));
Fg(s)=-imag ((exp(-i*K(s))/(i*K(s)))/(besselk(0,i*K(s))+besselk(1,i*K(s))));
Fw(s)=real (1-0.165xi*K(s)/(i*K(s)+0.0455) -0.335%1*%K(s)/(0.3+i*K(s)));
Gw(s)=imag (1-0.165%xi*K(s)/(i*K(s)+0.0455) -0.335%i*K(s)/(0.3+i*K(s)));

end



AHORA Si PODEMOS RESOLVER EL SISTEMA DE EDOS LINEALES BUSCANDO SOLUCIONES EXPONENCIALES PARA
EL PROBLEMA HOMOGENEO, QUE DA LUGAR A UN PROBLEMA DE AUTOVALORES. A CONTINUACION, SE DEDUCE
EL PROBLEMA DE AUTOVALORES A RESOLVER Y, LO QUE ES MAS IMPORTANTE, SE PROPORCIONA LA
HERRAMIENTA QUE RESUELVE EL SISTEMA, LO QUE PERMITE DETERMINAR SI LAS PERTURBACIONES SE
AMPLIFICAN EN EL TIEMPO (FLUTTER) O NO. LA HERRAMIENTA QUE SE PROPORCIONA SIMPLEMENTE CONSISTE
EN HALLAR LAS RAICES DE UN POLINOMIO, Y ESTE CALCULO LO PUEDE REALIZAR MATLAB DE MANERA MUY
SENCILLA.

LOS RESULTADOS QUE SIGUEN CORRESPONDEN A DOS GRADOS DE LIBERTAD, h(t) y a(t), PERO ESTOS SON
FACILMENTE GENERALIZABLE PARA UN CONJUNTO DE N PLACAS CON DOS GRADOS DE LIBERTAD CADA UNA
ACOPLADAS ENTRE Si POR UN MUELLE DE TORSION Y OTRO LINEAL, LO QUE DARIA UN SISTEMA DE 2N GRADOS
DE LIBERTAD. EL PROBLEMA DE AUTOVALORES CORRESPONDERIA A HALLAR LAS RAICES DE UN POLINOMIO DE
GRADO MAYOR, PERO MATLAB NO TENDRIA NINGUN PROBLEMA PARA RESOLVER EL PROBLEMA DE
AUTOVALORES RESULTANTE



VI. FLUTTER: THE RESULTS PRESENTED IN THIS SECTION DO NOT AFFECT AT ALL TO ANY
OF THE RESULTS IN THE MAIN TEXT OR IN THE REST OF THIS SUPPLEMENTARY MATERIAL.
IT IS ADDED HERE ONLY FOR THE PURPOSE OF COMPLETENESS.

This section is devoted to determine the conditions under which small perturbations on the vertical distance h(?)
and on the angle of attack a(#) of the airfoil depicted in figure 1 of the main text, whose elastic axis and center of mass
are respectively located at the distances 2. and x, from the leading edge respectively, either grow or decay in time.
For this purpose, we first write the two equations characterizing the time evolution of the two degrees of freedom.
which result from projecting the force and momentum balances over the unit cartesian vectors, finding that:

m ('/i.. 4 (g — :re)) — —0(t) — kn h(t) = m (?i 4G (2g — Te )) e h(E) + (1) = 0 o)

I.év +mh (g —xe) = —me(t) — kqa(t) = I + mh (g — xe) + kaa(t) +me(t) =0,

where m refers to the mass per unit length of the airfoil, I, = I, + m(xr. — 3‘9)2 is the moment of inertia of the
airfoil calculated at z.. with I, indicating the moment of inertia at the center of mass, kp and k, indicate the elastic
constants corresponding to the vertical and angular deflections, £(#) is the aerodynamic lift force and m,(t) refers to
the aerodynamic torque calculated at x.. Using the following definitions for the semi-chord. for the dimensionless
distance a. and for the dimensionless distance z,,

b=—-., z.=b(14+a), z5—x,=bx, (90)

equations (30) and (34) read

- 2o T b3 do
mo(t) = m(t) — 2o 0(t) = bly(t) + 20.(8) — b((1 + a) (La(t) + Cu()) + LT L | PUecbTmda (91)
2 8 di? 2 dt

with

(t) = pb? ‘rrd% (Uooa:(t) + % + (b—b(1+a)) i—?) + 0, (t) = pb 7 (Uooa: +h— ba.éi:) +la(t) = La(t) + Lo(t)  (92)



and, therefore, the substitution of Eq. (92) into Eq. (91) vields

- 1 bir d*a UsobPm da
Me ()fpbgra( Uoc.d—h—i-bad)—b(§+a)£c(t)+p87rd§+p 5 ﬁ£:

— —pbirah + pb*r (% + a-2) i — pb*n Uy (a - %) a—>b (% + a-) Le(t)

Equations (92)-(93) reveal that both the lift and the torque depend on the time-dependent variables a(t) and
h(t). Consequently, the substitution of Eqs. (92)-(93) into the two linear ordinary differential equations in Eq. (89)
indicates that the resulting system for the two unknowns h(t) and «(t), is homogeneous. Then, in order to determine
whether perturbations grow in time or not, we just seek for the real parts of solutions of the type

(93)

afT) = ae™7™, h(t) = bhe'™T (94)

which implies
. N Use [dh do\ . Us o - U \> [ d2h d%a s (U o o e
(h;o;) = (EE) = jw— 5 (bh a) and (h.._a-) = ( ; ) (dTQI dTQ) = —w (T) (bh._a-) e,

Moreover, the type of solutions (94) imply that the circulatory lift is given by -see Eq. (83)

le(t) = 2mpUqcb (—ur’B/4) C'(w) = 2mpUsb (h + ol + & (zb —b(1+ a))) C(w) =
. 1
= 2mpUscb (h. +alUy +ab (§ — a))) C(w),

The substitution of the type of harmonic solutions (94)-(95) into the linear system of ODEs (89) and into the
equations describing both me(f) and £(t), given by Eqgs. (92)-(93) and (96) yields:

vz . U2 U2 UOQC 27 U2 o

m (bu.} h — 71‘0@ a) + kpbh +pb (bwa ) h 4 - aw a) —
_ 1

+ 271 plUsh (Uoc.iwh + Usptv + Uyiw (5 - a) a') Clw)=0

U2 1
;);C 26 — mUZxaw?h + kod + pb®>ma U2 w?h — pb*7U2 (8 - a2) wia — phPrU2iw (a — ) a—

- 271'10[»?0052 (% + a) ([foo-iwﬁ 4 Uyt + Ui (% - (L) a) Clw)=0

— I,



Grouping terms, the system (97) for the two unknowns, h and &, depends on the following dimensionless parameters,

m ~2 ks, b2

_m_ _ _knd” , 08
prb? mUZ~ prbt b2 ky, (98)

m =
and reads

-

((m o —a)w? +2 (% + a) mcm)) ht (99)

+ ((f—i—%—i—aQ)wg—i—iw (a—%) —I_cﬁzﬁ2+2(%—|—a) Clw) + 2iw (i—az) C(w))ﬁf:l].

i

((m+1)w? — 2iwC(w) — mQ*) h + ((rﬁma —a)w? —iw—2 (1 1w (% _ a)) c@)) a=0

Notice that the system (99) will possess a solution different from the trivial one, h =a = 0, only for certain values
of w(a, zy,m, I, 0%, k), with these values constituting the eigenvalues of the system. In order to simplify as much as
possible the determination of such eigenvalues, we will make use here of the approximate expression of the Theodorsen

function given in Eq. (88). Then, if the two algebraic equations in (99) are multiplied by (0.0455 + iw) (0.3 + iw) and
we define the function

C' (w) = (0.0455 + i) (0.3 + iw) C'(w) = (0.0455 + iw) (0.3 + iw) — 0.165iw (0.3 + iw) — 0.335icw (0.0455 + i) , (100)

the solution of the system (99) will be different from the trivial one only for those values of w satisfying the equation

AC
‘DB‘:U (101)

namely, for values of w satisfying the equation

AB—-CD =0 (102)



where

A = (0.0455 + iw) (0.3 + iw) ((m + 1) w? — mQ?) — 2iwC’ (w)

B = (0.0455 + iw) (0.3 + iw) ((f—i— % —|—a2) w? 4w (a — %) — fcﬁzﬁz) + 2 (% —|—a) (1 + iw (% —a)) C'(w)

C' = (0.0455 + iw) (0.3 + iw) (M2, — a) w* —iw) — 2 (1 + iw (% — a)) C'(w)

D = (0.0455 +iw) (0.3 + iw) ((mz, — a) wz) +2 (% - a) iw C'(w).
(103)

The solution of equation (102) will provide with eight different values of w namely, with eight different eigenvalues, for
a given set of values of the dimensionless parameters (a, z,,m,I, Q% k). The phenomenon known as flutter will take
place when any of these eight eigenvalues possesses a negative 1maginary part with a real part different from zero.

e - e

Notice that, if the imaginary part of an eigenvalue is negative, the small perturbations on h and a will grow
exponentially mm time due to the fact that the value of any of such eigenvalues can be written as

and, by virtue of Eq. (94)

@ =R (Eem‘"T) e ¥ and a(r)=R (Exeiw”) e i, (105)



In order to determine the minimum value of U for which an airfoil flutters 3 ~ for
a given set of dimensionless parameters (a, zq, m, I, k) we will proceed as follows: equation (102)-(103) is solved for a
very large value of 2, which can be viewed as the value of the dimensionless frequency corresponding to a very small
value of U_,. If all eight eigenvalues possess positive imaginary parts, then, Eq. (102)-(103) is solved for decreasing
values of % until at least one of the eigenvalues possesses an imaginary part equal to zero for a critical value of 2,

which we will denote here as *° = !._E*E(a, T, m, 1, k). The critical flutter velocity is then determined as:

_ khbg kh
02 = U =b — 106
m U2 — e mS)*2 (106)
whereas the flutter frequency 1s calculated from
wflutfer =W, b (107)

where w indicates the real part of the first eigenvalue whose imaginary part is zero.
The numerical code provided below calculates the eight eigenvalues for a given set of dimensionless control param-

eters.



EL SIGUIENTE CODIGO PERMITE CALCULAR DE MANERA SENCILLA LA VELOCIDAD DE FLUTTER DADOS LOS
PARAMETROS ADIMENSIONALES QUE CONTROLAN LAS OSCILACIONES DEL PERFIL AERODINAMICO Y QUE ESTAN
DEFINIDOS EN LAS TRANSPARENCIAS ANTERIORES . PUEDE COMPROBARSE QUE LOS VALORES CALCULADOS DE
HALLAR LAS RAICES DEL POLINOMIO COINCIDEN CON LOS DE RESOLVER NUMERICAMENTE EL PROBLEMA
USANDO EL METODO DEL VORTEX-LATTICE.



A. Eigenvalues

% JM GORDILLO, ALGEBRAIC EQUATION TO SEEK FOR THE EIGENVALUES IN THE FLUTTER

PROBLEM
%
clear all; close all; clc;
%

% DEFINITION OF THE DIMENSIONAL PARAMETERS AND VARIABLES
% a xalpha madim=m/(\rho \pi b~2) Tadim=Ie/(\rho \pi b~"4) kadim=kalpha/(b~2
% kh) Fh=kh b~2/(m U"2_\infty)

syms a xalpha madim Iadim kadim Fh k A B C D Ck F G Gb

kcrit=zeros(1,8);
Fhcrit=zeros(1,8);

Ck=(i*k+0.,0455) *(i*k+0.3) -0.165*i*k*(0.3+ixk) -0.336xi*k*(i*k+0.0455);

A=(i*k+0.0455) *(i*k+0.3) *(madim*(k"2-Fh)+k~2) -2*i*k=*Ck;

B=(i*k+0.0455) *(i*k+0.3)*(Iadim*k~"2-madim*kadim*Fh+(0.125+a"2)*k~2+(a-0.5) *xixk)
+2*(0.5+a)*(1+ixk*(0.5-a)) *Ck;

C=(i*k+0.0455) *(i*k+0.3) *(madim*k~2+*xalpha-i*k-a*k"~2) -2* (1+i*k*(0.5-a))*Ck;

D=(i*k+0.0455) *(i*k+0.3) #*(madim*xalpha*xk™2-a*k~2)+2*%(0.5+a)*xi*k*Ck;

F=A%*B-Cx*D;

%#PARAMETROS DEL CODIGO VLATTICE_LM_DINP
masa=1.5708;

kh=0.5674;

kalpha=0.09;

Ig=0.0355;

d=0.2;

Ie=Ig+masaxdxd;

%PARAMETROS ADIMENSIONALES DEL CODIGO DE CALCULD DE AUTOVALORES.
% FNUM=0OMEGA~2

Fnum=0.5;

b=0.5;

rho=1;

ap=-0.4;

xalphap=0.4;
mp=masa/(rho*pi*b~2);
Ip=Ie/{(rho*pix*b~4);
kp=kalpha/(kh*b~2);

true=1,;
while true
Fnum=Fnum-0.005
G=expand (subs(F,[a xalpha madim Iadim kadim Fh],[ap xalphap mp Ip kp Fnum]))
p=c;effs(G);
p = fliplr(p);

r=roots (p);
s=double (1) ;



plot (real(r) ,imag(r),'o')
axis ([-2 2 -0.05 0.5])
grid on

pause (0.01)

hold on

cont=0;
for i1i=1:8
if imag(s(i))<0
cont=cont+1;
kcrit (cont)=s(i) ;
Fhcrit (cont)=Fnum;
true=0;
end
end
end

for i=1:cont
kcrit (i)
Fhcrit (i)
Uflutter=b/sqrt(Fhcrit(i))*sqrt (kh/masa)
end



O = Fcrit=
045 i
0.0200
04 3
0.35 | i Autovalorl =
-0.5436 - 0.0061i
03k i 5436 - 0.0061i
0.25 Q 7 B Ferit =
0.2 - 0.0200
0.15T ;:j | Autovalor2 =
0.1r i 0.5436 - 0.0061i
0.05 | = = -
0.02=kh b ~2/( m U~2_\ infty,critico )
g O Omega* r=0.5436
_0'05 1 | 1 1 1 1 |
-2 -1.5 -1 -0.5 0 0.5 1 1.9 2 Comparar con los resultados del cédigo numérico de VL
I R K

==}

whereas the flutter frequency is calculated from

w;lutter :w: b H (107)
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