Session on Nonlinear Vibrations, Waves, and Localizations
Organized by Yusuke Doi and Masayuki Kimura

Proceedings of
the 2025 International Symposium on
Nonlinear Theory and its Applications (NOLTA2025)

kA

2025

Naha City, Okinawa, Japan, October 27-31, 2025.

Proceedings of NOLTA2025

© IEICE Japan2025



C3L-B Nonlinear Vibrations,Waves, and Localizations |

DATE: 2025/10/30 14:50-16:50

ROOM: Room?2

C3L-B1 Moving ILMs Generated from a Static ILM in 1D and 2D FPUT-NKG Mixed Scalar
Lattices

Masayuki Kimura (Setsunan University) ............ooooiiiiiiiiiiiiiiieeee . 51 (0]
C3L-B2 Coherent Interaction of Two Discrete Breathers 591
Sergej Flach (Institute for Basic SCIENCE) .........ooiiiiii i, 591

C3L-B3 Numerical Analysis of Band Structure of One-Dimensional Nonlinear Metamaterials
Composed of Local Resonators

Kazuki Mizutani (University of Osaka), Yusuke Doi (University of Osaka), Akihiro Nakatani
(University Of OS@Ka) .....uuiiiii e 592
C3L-B4 Dynamic Response of Nonlinear Metamaterials with Tunable Band Gaps

Ryuki Nishio (University of Osaka), Yusuke Doi (University of Osaka),

Akihiro Nakatani (University of OSaka) ............oiuiuiiiiiii e 593
C3L-B5 TransitionWaves in Origami-Based Mechanical Metamaterials
Hiromi Yasuda (Japan Aerospace Exploration Agency) ........ccooveviiiiiiiiiiiiiiiiicieee, 597

C4L-B Nonlinear Vibrations,Waves, and Localizations |l

DATE: 2025/10/30 17:00-19:00

ROOM: Room2

C4L-B1 Study on Vibration in a Lattice Free from Umklapp Processes with Strong Cubic
Nonlinearity

Hiroki Ono (University of Osaka), Yusuke Doi (University of Osaka),

Akihiro Nakatani (University of OSaka) ...........ooiiiiiiii e 684
C4L-B2 Thermal Attenuation of Soliton and Anomalous Heat Transport in the Fput-3 Lattice
Kazuyuki Yoshimura (Tottori University), Masaki Takatsu (Tottori University) ................ 687

C4L-B3 Space-Time Modulation of a Nonlinear System
Juan Archilla (Universidad de Sevilla), Masayuki Kimura (Setsunan University), Yusuke Doi

(University of Osaka), Victor Sanchez-Morcillo (Universitat Politécnica de Valéncia) ....... 691
C4L-B4 Dispersive ShockWaves from Discrete to Continuum: Some Vignettes
Panayotis Kevrekidis (University of Massachusetts Amherst) ..., 692

C4L-B5 Effect of Impurity Distribution on Propagation Speed of Nonlinear Localized
Oscillation in a Mass-Spring Chain

Yosuke Watanabe (Setsunan University), Yusuke Doi (University of Osaka) ................. 693
C4L-B6 Velocity of the Traveling Intrinsic Localized Mode in the Real Self-Dual Nonlinear
Network Lattice

Masayuki Sato (Kanazawa University), Yukihiro Soga (Kanazawa University) ............... 694



2025 International Symposium on Nonlinear Theory and Its Applications,
NOLTAZ2025, Naha city, Okinawa, Japan, October 27-31, 2025

Moving ILMs Generated from a Static ILM
in 1D and 2D FPUT-NKG Mixed Scalar Lattices

Masayuki Kimura'

tFaculty of Science and Engineering, Setsunan University
17-8 Ikeda-Nakamachi, Neyagawa, Osaka 572-8508, Japan

Email: masayuki.kimura@setsunan.ac.jp

Summary

Nonlinear coupled oscillators exhibit temporally pe-
riodic solutions with localized amplitude distributions,
known as intrinsic localized modes (ILMs) or discrete
breathers (DBs) [1]. Although it is well known that ILMs
can move in the system without decaying their energy con-
centration [2], their dynamical properties are not yet well
understood, especially for two- or three-dimensional sys-
tems [3, 4, 5, 6, 7]. In this study, at first, we investigated
a method for generating moving ILMs by deforming the
Fourier spectrum of a stationary ILM in the 1D lattices
[8] which has quartic nonlinearities in both on-site and
inter-site potentials, which is called Fermi—Pasta—Ulam—
Tsingou—Nonlinear—Klein—Gordon (FPUT-NKG) mixed
lattice. It is confirmed that the method can generate mov-
ing ILMs that move smoothly in the lattice without a decay
in their energy concentration over a long period. In ad-
dition, for high-energy moving ILM, the stability change
of static Sievers—Takeno mode and Page mode affects the
terminal speed of the generated moving ILM. Generated
moving ILMs can maintain their speed if the nonlinearity
ratio in on-site and inter-site potential is close to the critical
value at which the stability of static ILM changes.

Secondly, the method for generating moving ILMs from
a static ILM is extended to 2D scalar square lattices. As
a result, it is confirmed that moving ILMs generated by a
low-energy stationary localized solution move in any di-
rection with constant speed. In addition, properties of gen-
erated moving ILMs are investigated with respect to the
amount of shift of the Fourier spectrum and the slope of
the plane on which the Fourier spectrum is distributed. We
found that the velocity of the moving ILMs strongly de-
pends on the amount of shift of the Fourier spectrum, and
is hardly affected by the slope of the distribution plane.

The terminal speed of generated moving ILMs is inves-
tigated with respect to the nonlinearity ratio. However, no
critical values for enhancing the mobility of moving ILMs
have been found. It seems to be related to the fact that the
static ST mode in a 2D scalar lattice remains stable regard-
less of the nonlinearity ratio.

ORCID iDs  Masayuki Kimura: 0000-0002-1445-6266

m This work is licensed under a Creative Commons Attribu-

tion Non Commercial, No Derivatives 4.0 License. ©IEICE 2025

Acknowledgments

This work is supported by JSPS Kakenhi No. 24K07393
and 21K03935.

References

[1] A.J. Sievers and S. Takeno, “Intrinsic localized modes
in anharmonic crystals,” Phys. Rev. Lett., vol.61,
p-970, 1988.

[2] S. Flach and A.V. Gorbach, “Discrete breathers —
advances in theory and applications,” Phys. Rep.,
vol.467, pp.1-116, 2008.

[3] S. Aubry, “Discrete breathers: Localization and trans-
fer of energy in discrete Hamiltonian nonlinear sys-
tems,” Physica D, vol.216, p.1, 2006.

[4] K. Yoshimura and Y. Doi, “Moving discrete breathers
in nonlinear lattice: Resonance and stability,” Wave
Motion, vol.45, no.1, pp.83-99, 2007.

[5] JJER. Archilla, Y. Doi, and M. Kimura, ‘“Ptero-
breathers in a model for a layered crystal with realistic
potentials: Exact moving breathers in a moving frame,”
Phys. Rev. E, vol.100, p.022206, 2019.

[6] J.B.A. Bajars, J.C. Eilbeck, and B. Leimkuhler, “Two-
dimensional mobile breather scattering in a hexagonal
crystal lattice,” Phys. Rev. E, vol.103, p.022212, 2021.

[7] LA. Butt and J.A.D. Wattis, “Discrete breathers in a
two-dimensional Fermi-Pasta-Ulam lattice,” Journal of
Physics A: Mathematical and General, vol.39, no.18,
p-4955, 2006.

[8] K. Kawasaki, M. Kimura, and S. Doi, “Estimation
of initial conditions for generating moving ilms from
wavenumber-frequency spectrum of static ILMs in
FPU-NKG mixed lattice,” 2022 International Sym-
posium on Nonlinear Theory and Its Applications,
pp-523-526, 2022.

- 590 -



2025 International Symposium on Nonlinear Theory and Its Applications,
NOLTAZ2025, Naha city, Okinawa, Japan, October 27-31, 2025

Coherent interaction of two discrete breathers

Sergej Flach'*

tCenter for Theoretical Physics of Complex Systems, Institute for Basic Science, Daejeon 34126, Republic of Korea
1The New Zealand Institute for Advanced Study, Massey University Auckland, Auckland, New Zealand

Email: sergejflach@goglemail.com

Summary

I propose the possibility for two discrete breathers (also fre-
quently called Intrinsic Localized Modes or simply ILM) to
coherently exchange energy between each other.

One discrete breather (DB) is an exact solution - a time-
periodic strongly localized excitation of nonlinear lattice
waves [1]. Its energy dependent frequency €, is tuned out
of resonance with the surrounding small amplitude lattice
waves. Their dispersion w, forms a bounded phonon spec-
trum due to the underlying lattice (here g denotes a wave
number/vector in reciprocal space). A DB can be approx-
imately described as one anharmonic oscillator which in
general excites all higher harmonics kQ; # w, of the fun-
damental DB frequency for all integer k. For lattice wave
models with finite range coupling the DB localizes expo-
nentially on the lattice with a localization length &; [2].
This length in general depends on the DB energy E; and
its frequency Q;. It tends to zero for strong frequency de-
tuning turning the DB into an approximate single site exci-
tation in many cases.

I argue for the possibility of a coherent interaction with a
second DB with energy E, placed on the lattice at some
distance 2d. Both DBs form a weakly interacting nonlin-
ear dimer. They will exchange energy with a period T,
substantially larger than their internal DB periods. 7, will
grow exponentially with increasing distance 2d. Further
the DBs should exchange energy in a symmetric way, or
spontaneously break parity symmetry with one DB gaining
more energy than the second one, depending on their initial
relative phase difference.

The above picture reminds of the beating between two os-
cillators. Note that two weakly interacting harmonic oscil-
lators will exchange almost all energy with each other no
matter how weak the coupling between them is. At vari-
ance, here the prediction is that the energy exchange will
not be complete. That is reasonable since both DBs can
be viewed as two anharmonic oscillators. Therefore their
frequencies change as they start exchanging energy, tuning
each other in and out of resonance.

Each DB can be approximated by one anharmonic oscilla-
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Abstract—In this study, we investigate the vibration char-
acteristics of a metamaterial consisting of beams periodi-
cally connected to nonlinear springs. By couple the equa-
tions of motion of Euler beams and masses, we show that
a band gap appears. Furthermore, by taking into account
the influence of weak nonlinearity, we show that the posi-
tion of the band gap shifts. In addition, we investigate the
vibration characteristics by temporal evolution simulation.

1. Introduction

In recent years, metamaterials have attracted increasing
attention due to their novel vibration properties. Acous-
tic metamaterials are attracting attention because they can
achieve frequency ranges in which sound waves and elastic
waves do not propagate. Such frequency ranges are called
band gaps. Most research on local resonance-type metama-
terials has focused on linear resonators, and various types
of resonators have been proposed[1, 2]. However, studies
on nonlinear localized resonator-type metamaterials are not
as active as those on linear ones.

In this study, we investigate the changes in the disper-
sion relation of waves propagating through a beam when
a small nonlinearity is introduced into the spring stiffness
of a metamaterial consisting of periodically arranged linear
resonators.

2. Model and Results

A uniform Euler beam with mass density p, Young’s
modulus E, second moment of area I, and cross-sectional
area A is connected by a nonlinear spring with mass m at
intervals of a. Let the deflection of the beam be w(x, t). The
equation of free vibration is given by

*w(x, 1) *w(x, 1)
EI=— 5=+ pA— (1
= f(un(t) — w(x, 0))6(x — na), 2
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where 6(x) is Dirac delta function, u,(x) is the displacement
of n-th mass, f(x) describes the nonlinear restoring force as

f(x) = kx + Kx°, (3)

Therefore, the equation of motion for the mass is given by
dPu, (1)

i = fO(na, )~ uy(1). )

In the linear case, the dispersion relation can be calcu-
lated based on Bloch’s theorem. On the other hand, in the
weakly nonlinear case, by considering an effective spring
constant that incorporates the effect of vibration amplitude
using the averaging method, it is possible to evaluate the
change in angular frequency due to amplitude variation.

An example of this analysis is shown in Fig. 1. The
model considered in this study has a band gap. This is be-
cause the spring connected to the beam and the mass act
as a local resonator. Furthermore, it can be seen that the
upper band is shifted upward due to the effect of nonlinear
interaction.
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Figure 1: Dispersion relation in linear and nonlinear cases
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Abstract—In this paper, a metamaterial with nonlinear
springs and time-delayed feedback control for broadband
vibration suppression is investigated. Acoustic metamateri-
als possess band gaps that inhibit the propagation of waves
within specific frequency ranges. We employ a mass-in-
mass model equipped with time-delayed controllers and
nonlinear springs to numerically investigate the influence
of these components on band gap formation. The simula-
tions demonstrate that both the time-delayed control and
the nonlinear elastic elements contribute for enlargement
and shift of the band gap. Furthermore, by switching the
control parameters during vibration, it is possible to dy-
namically alter the vibrational state. These results indicate
that the combination of time-delayed control and nonlinear
springs enables tunable manipulation of band gap proper-
ties.

1. Introduction

Vibration and noise reduction are important engineering
problems that need to be solved during design and develop-
ment. Generally, metals, plastics, and glass prevent sound
transmission by reflecting sound waves. Such materials
suppress sound more effectively when they have heavier
densities. This property is called mass law, and it is a fun-
damental principle of sound suppression. It means that to
get a better sound insulation, we need to use heavier ma-
terials. However, it is not always possible to use heavy
materials in practice, i.e., in the case of aircraft, automo-
biles, and other machines. To solve this problem, acoustic
metamaterials is getting a lot of attention.

Metamaterials are artificially engineered periodic struc-
tures that enable the realization of unconventional phys-
ical properties not found in nature. Some metamaterials
exhibit negative effective mass density[1], negative refrac-
tive index[2], and negative Poisson’s ratio[3]. Acoustic
metamaterials can significantly enhance sound insulation
performance beyond the conventional mass law, achiev-
ing superior noise reduction while maintaining the same
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weight as traditional materials. Among them, locally res-
onant metamaterials are classes of acoustic metamateri-
als that utilize the resonance of local oscillators to create
band gaps. Band gaps are frequency ranges where sound
waves cannot propagate[4]. The bandgap characteristics of
metamaterials can be effectively exploited for vibration and
noise reduction.

However, the locally resonant bandgap of these materi-
als is relatively narrow due to the limitation of the locally
resonant mechanism. Therefore, broadening and tuning
the bandgap to reduce vibration and noise has become a
challenge. A silicone rubber sheet made of polymer ma-
terial can suppress acoustic waves in multiple frequency
ranges by integrating resonators with different resonance
frequencies[5, 6]. Buckling-prone elastic beams with tun-
able stiffness can be used to adjust acoustic bandgaps[7].
The introduction of nonlinear elements enables vibration
suppression over a broad frequency range[8, 9]. Gao and
Wang demonstrated that the metamaterial with optimal
controller can achieve vibration suppression over the full
frequency range[10].

In this paper, the vibration characteristics of a metamate-
rial with nonlinear springs and time-delayed feedback con-
trol are analyzed. In Section 2, a metamaterial with nonlin-
ear springs and time-delayed control is proposed. In Sec-
tion 3, the band structures and the transient response of the
metamaterial are analyzed. Finally, conclusions are pre-
sented in Section 4.

2. Model and Theory

2.1. Model

This work considers a one-dimentional locally resonant
metamaterial. The model is designed as shown in Fig. 1.
The outer blue part is a rigid frame structure, the inner red
part is a local resonator. The outer and internal masses of
each unit cell are M and m, respectively. The unit cells
are connected by springs with stiffness K and nonlinear
springs with stiffness 8. The outer and internal masses
are connected by springs with stiffness k. Time-delayed
controllers, “C” are applied between the outer and inter-
nal masses. The equation of motion for the nth unit cell is
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Figure 1: Model of the nonlinear metamaterial with time-
delayed feedback control.

given by
MU, +KQU, = U,y = U, 1) + kU, — u,)
+BWy = Up1)* +B(Uy = Upt)’ = f=0
mit, + k(u, —U,) + f, =0, €))]

where U, and u, are the displacements of an outer mass
and an internal mass, respectively. f, is the control force,
which is given at the time instant 7 by

Jo = gk{un (t = 7) = Uy (1 = 1)}, @

where g is the dimensionless proportional gain and 7 is the
time delay at the time instant ¢.

2.2. Dispersion Relation

The harmonic wave solution of Eq. (1) takes the follow-
ing complex form:
Un — Uei(qna—wz)

i(gna—wt)
9

3

U, = ue
where ¢ is the wave number, a is the length of one unit
cell, and w is the angular frequency. Here, linear system is
assumed to make the analysis easier. Substituting Eq. (3)
into Eq. (1), we obtain

MUn + K(ZUn - Un+l - Un—l) + k(Un - un)

+ gke™™ (Uyp — uy) = 0 4)

miiy, + k (uy, — Uy) + gke'™™ (u, — U,) = 0.
Using Euler’s formula €7 = cos (wT) + isin (w7), Eq. (5)
can be written as

MUn + K(ZUn - Un+l - Un—l)
+ ket (Up —uy) =0 (%)

mily, + ke (uy — Up) = 0,

where ke = k + gkcos (wt) + igksin (wt). Substituting
Eq. (3) into Eq. (5), we obtain the following equations
—Mw? + @K + kg —kesr U
—Kkef —mw? + ke | | u (6)

=0,

where a = 2 — ¢4 — ¢~ This dispersion relation can be

obtained as
_ 2
det[ Mw~ + aK + keg
—Reff

_keff

—mw? + ke =0. )

2.3. Numerical Analysis

Symplectic integrator is used to solve the equation of
motion numerically. This method can conserve the Hamil-
tonian of the system, which is suitable for the analysis of
the band gap. Equations of motion using Hamiltonian H
are given by

4o
" opy ®
. 0H
Pi =G

where ¢, and p, are the generalized coordinates and mo-
menta, respectively. Each coefficient of the Hamiltonian
isgivenas, M = l,m = 1,K = 1,k = 2,N = 10,0t =
0.01, time step = 100000. The vibration of right end cell is
monitored while applying an excitation to the left end cell
with U, = ag sin(w?), where ayp = 0.3 is the amplitude of
the excitation and w; from O to 10 is the angular frequency
of the excitation.

3. Result and Discussion

3.1. Band Gap Formation

The band structures are shown in from Fig. 2 to Fig. 5
with or without time-delayed control, and with or without
nonlinear springs. The horizontal axis is the angular fre-
quencies, and the vertical axis is the amplitudes. Lower
band (range of red line in the figures) is called acoustic
mode, and upper band (range of blue line in the figures)
is called optical mode[11]. The frequency range between
the acoustic and optical modes is called band gap. Gray
areas indicate acoustic and optical modes of linear system
without time-delayed control and nonlinear springs.

By comparing Fig. 2 and Fig. 3, it can be seen that the
band gap is enlarged by the time-delayed control. The band
gap here is defined as the frequency range where the ampli-
tude is less than 0.3. In Fig. 2, the band gap is from 1.05 to
2.0, while in Fig. 3, the band gap is from 0.95 to 1.93. The
effect of the nonlinear springs is shown in Fig. 4, which
narrows the band gap. The band gap becomes from 1.37 to
2.0, while the amplitude gets lesser for all the frequencies.
In Fig. 5, the band gap is from 0.94 to 2.15, which is larger
than that in Fig. 3 and Fig. 2. These results indicate that the
time-delayed control and the nonlinear springs can be used
to tune the band gap. The band gap can be enlarged by
choosing the appropriate time-delayed control parameters
while nonlinear spring stiffness can narrow the band gap.

3.2. Switching control constants

In this section, the effect of switching the control param-
eters is investigated. Fig. 6 shows the transient responce
of the right end cell with 8 = 15,g = 0 for w; = 6.63
which is a peak frequency of the band structure in Fig. 4.
On the other hand, the control parameters are switched to
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Figure 2: Band stracture for (a)8 = 0,g = 0.
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Figure 3: Band stracture for (b)8 = 0, g = —0.25, 7 = 0.05.

Figure 4: Band stracture for (¢)8 = 0,g = —0.25, 7 = 0.05.
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Figure 5: Band stracture for (d)8 = 15,g = -0.25,7 = 0.1.

g = —0.25,7 = 0.05 at ¢t = 500 in Fig. 7. In Fig. 6, the
amplitude of the raight end cell gradually increases and
reaches a peak value of around 4 at + = 1000. In Fig. 7,
the amplitude of the right end cell is suppressed to around
0.1 after the control parameters are switched. This result
indicates that swiyching the control parameters can effec-
tively suppress the vibration of the metamaterial.

Amplitude

_4 C 1 i 1 1
0 200 400 600 800
Time

1000

Figure 6: Transient response of the right end cell for w; =
6.63 with 8 = 15,¢ = 0.

4. Conclusion

In this paper, a metamaterial with nonlinear springs
and time-delayed feedback control is proposed, and broad-
band vibration suppression is investigated. Both the time-
delayed feedback control and the nonlinear elastic elements
contribute to the enlarge or shift the band gap. Further-
more, by switching the control parameters during vibra-
tion, it is possible to dynamically alter the vibrational state.
These results indicate that the combination of time-delay
control and nonlinearity enables tunable manipulation of
band gap properties.
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Figure 7: Transient response of the right end cell for w, =
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Abstract— We study nonlinear wave dynamics in origami-
based mechanical metamaterials, specifically the propaga-
tion of transition waves. Our origami structure can be mul-
tistable depending on the chosen geometric parameters. We
numerically analyze the tailorable behavior of our origami
units by introducing a simplified model. Also, we fabricate
prototypes and validate such tailorable multistable behavior
based on quasi-static force-displacement measurements.
Then, we examine wave propagation in a 1D chain of ori-
gami units. By applying the input only to the end of the
chain, we experimentally demonstrate the phase change of
each origami unit and the formation of the phase boundary
moving from one end to the other, i.e., transition waves.
Since a simple actuation can trigger the reconfiguration of
the entire system, our origami-based mechanical metamate-
rials have great potential for designing a new engineering
device, especially for space applications.
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Abstract—We study on vibration for the lattice with cu-
bic nonlinearity. The lattice is called umklapp free lattice
(UFL) for its property that no umklapp processes occurs.
In the previous work, it was shown that the size depen-
dence of the thermal conductivity in that UFL increases
as the cubic nonlinearity becomes stronger. On the other
hand, the mechanism is not unclear that the reduction of
the thermal conductivity is observed in the regime of strong
cubic nonlinearity of the UFL. In this study, we focus on
phonon group velocity and describe dispersion relations of
the UFL. As a result of numerical simulation, it is shown
that group velocity becomes slow as the cubic nonlinear-
ity becomes stronger. In addition, dispersion relations are
derived theoretically.

1. Introduction

Non-Fourier thermal transport is observed numeri-
cally [1, 2, 3, 4] and experimentally [5] in nano-scale. Ther-
mal transport in nano-scale can be classified by considering
size dependence of the thermal conductivity. Especially,
the ballistic thermal transport is known as the form that heat
fluxes does not decay with increasing of the size of sys-
tem. Conserved quantity plays an important role in realiz-
ing the ballistic thermal transport. Integrable systems, such
as Toda lattice [6], have conserved quantity corresponding
to degree of freedom, and the ballistic thermal transport can
be observed. It is shown that umklapp processes, which oc-
curred by phonon interactions, disturb the ballistic thermal
transport [7]. Yosimura et al. constructed the umklapp free
lattice (UFL), and verified the Peierls’s hypothesis [8]: the
thermal resistance is caused by only umklapp processes.

Phonon dispersion relation gives ud the characteristics
of thermal transport from the point of view of phonons. In
the linear system, the dispersion relation can be obtained
strictly. Special structure of dispersion relations can be ob-
tained such as flat band [11] depending on the structure of
linear lattices. On the other hand, in nonlinear systems, it is
difficult to describe dispersion relations explicitly. One of
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the difficulties comes from phonon interactions. Phonons
excite other ones due to nonlinearity, ant the mechanism
of phonon excitation becomes complex as the system be-
comes thermalization [9]. The UFL overcomes this diffi-
culty only in the regime of wave number of phonons such
that umklapp processes do not occur [7].

In this study, we focus on the UFL in the regime of strong
cubic nonlinearity compared with quartic nonlinearity. The
non-equilibrium steady state simulation is performed to in-
vestigate thermal transport and the dispersion relation in
the UFL. Vibrational analysis is also done to derive the dis-
persion relation theoretically.

2. Lattice model and numerical simulations

Let introduce the 1D cubic nonlinear lattice described by
Hamiltonian

N 1 s N 1 )
HZZEP,,+Z§(%+1—%)

n=1

o N R
r. 13
+§ L ; ar [CI/Hr - (_1) qn]
lg N R
r 14
) Zb [gner = (=1 qul*, (1)

where ¢q,,p,, n = 1,2,...,N are n-th displacement
from equilibrium point and momentum, respectively. N
is the number of particle, @, are the factor of the cu-
bic and quartic nonlinear potential, respectively, and a, =
[1=(=1)1/2r2, b, = 1/%. R is the cutoff coefficient of
long-range nonlinearity. Explicit representation of factors
a, and b, are obtained in studies by considering the invari-
ance of Hamiltonian (1) for the special map [10].

Numerical simulations are performed to investigate the
thermal conductivities and phonon dispersion relations of
the proposed UFL (1). Figure 1 shows the illustration of
the numerical simulation. The UFL is connected with two
Langevin thermostats via only linear interactions. Fixed
boundary conditions are applied to the end of thermostats.

The thermal conductivity is calculated as follows: Two
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Figure 1: Illustration of numerical simulation model.
Langevin thermostats are connected with the UFL at both
ends.

heat fluxes Ji,, Jou: are defined as
| A
Jin=—= qu (g1 — qun) dt, )
T Jo
1 (7.
Jou = == gy (qr — gn) dt, 3)
T Jo

where gy and g are displacement of particles in ther-
mostats with Ty and T, connected with the UFL, respec-
tively. ¢ and gy are also displacement of particle in the
UFL located in the end of left right side, respectively. Ji,
is the inflow from the thermostat with temperature Ty, and
Jout 18 the outflow for the thermostat with temperature 77 .
We denote the thermal conductivity « by using Jiy, Jout as

_ Jin + Jout

S TnoT, N. “)

The following relation is used to classify change of « with
increasing N:
ko N, 0<ec. )

The thermal conductivity « is computed for different N =
200, 400, 1000, 2000, 4000, 10000, 20000, 40000, 100000.
Parameters are as follows: R = 200, Ty = 1.2, Ty = 0.8,
(a,B) = (0.01,0.01), (0.1, 0.1). The velocity Verlet scheme
is applied to solve equation of motions obtained from
Eq. (1). The time step At is 0.01. After first 1.5 x 107
steps are passed, we assume that the system reaches non-
equilibrium steady states. « is computed each 20 steps and
its average is used as the effective thermal conductivity.

—
3 > L
107} - = 4
r ’.-.’"—’ i
¥ - P il -
¥ 10 ) B
,-—"r’——f
107 e  (a.f)=(0.01.001),c=0.999
A (a.p)=(0.1,0.01),c=1.006
107 10° 10° 10°

N

Figure 2: The change of thermal conductivities « in the
UFL vs the system size N.

The change of thermal conductivities is indicated
in Fig. 2. Figure. 2 shows two sets of numeri-
cal results, corresponding to different factors (@,8) =
(0.01,0.01),(0.1,0.01). First, consider the weak cubic non-
linear case (@,3) = (0.01,0.01), which is shown by blue
circles. We obtain relation x o« N%9_ and thermal trans-
port remains ballistic. The mechanism of ballistic thermal
transport is expected as follows: this is the regime of weak
nonlinearity; therefore the linear interaction mainly con-
tributes to ballistic thermal transport. Next, we focus on
the strong cubic nonlinear case (a,) = (0.1,0.01), which
is shown by orange triangles. Ballistic thermal transport is
also observed (k oc N'9%0) despite the strong cubic nonlin-
earity. This shows that the concept of umklapp free in the
UFL is independent from the strength of nonlinearity. On
the other hand, « is 10 times smaller than that of the weak
cubic nonlinear case. This change implies that the group
velocity of phonons drastically decreases as the strength of
cubic nonlinearity increases.

It is worth describing the dispersion relation to investi-
gate the nature of phonons in the UFL. The scheme used to
compute the thermal conductivity is applied and N is fixed
at N = 16384. Time series data of g, are recorded for
3.0 x 10° steps, and the dispersion relation is obtained by
fast Fourier transform.

(@, /)=(0.01,0.01)

w
i)

Figure 3: The dispersion relation for the case (@,f8) =
(0.01,0.01).

Two dispersion relations are shown in Fig. 3 and Fig. 4.
Horizontal lines are wave number k, and vertical lines are
frequency of phonons w. It is revealed that the group veloc-
ity of phonons, which is defined as dw/0k, becomes small
as the strength of cubic nonlinearity increases. Bandwidth
is also affected by the cubic nonlinearity, and the disper-
sion relation becomes flat band [11] like in the regime of
strong cubic nonlinearity. It should be stressed that this re-
duction of bandwidth can be observed by changing factors
corresponding to the nonlinearity; it is independent from
linearity.
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Figure 4: The dispersion relation for the case (@,8) =
(0.1,0.01). The red line is derived analytically (13).
3. Analytic derivation of dispersion relations

In this section, dispersion relations are obtained analyti-
cally. Applying periodic boundary condition to the UFL (1)
and considering the limit N — oo, following equation of
motion is obtained:

Gn =qn+1 = 2qn + Gn-1

—a Y ar(=1) [guer = (=1 qa]”
r=1
+a Z ar [qn - (_l)rqn—r]z
r=1
_,B Z br(_l)r [Qn+r - (_l)rQn]3
r=1
B brlagn = (=1 gn ]’ (©6)
r=1
We assume the single mode solution as
qn(k, 1) = U™ + U_(ne™™" + U (), @
where Uy, U_, U are complex normal coordinates. k is re-

stricted to its range as k € (w/2,x]. U(f) is necessary by
following reason: let introduce the new variables g as

qG = i qn> (®
n=1

and consider the equation of motions of gg:

) (o] (] 1
qc = — @ Z Z m (qn+2r—1 + %)2

n=1 r=1

o — 1
-B Z Z o1y (Gnsar1 + qn)* - 9

n=1 r=1

The right-hand side (RHS) in Eq. (9) becomes zero when
gn = 0 or —a/2B. Both of them is equilibrium points, and
the latter is generated by considering the cubic nonlinear-
ity. Moreover, if the cubic nonlinearity is included, only
the latter is stable point. Therefore, U(f) is necessary to
consider dispersion relation at the neighbor of stable point
in the UFL with cubic nonlinearity.
Substituting Eq. (7) into Eq. (6), these are reduced as

U, = —wiUk

68U U + 68U Uy + 20, UU,,  (10)
U =20, U U_y — 128, UUU_;

—an*U? - 287 U°, (11)

where a; = a(r — k), B = B(r — k).

In the following discussion, three regimes of cubic non-
linearity are considered: (i) @ >> S (strong cubic nonlin-
earity), (ii) @ << B (weak cubic nonlinearity), (iii) @ = 0
(Only quartic nonlinearity). Assuming that the solution of
Egs. (10), (11) is traveling wave, the relation between w
and k is obtained as dispersion relations.

3.1. The case of @ > 8

Assuming that

Aa _ a
U() = =—e ™, U@ = ——,
k(@) > Zﬁe 0=-3 5
as the traveling wave, where A is the amplitude of traveling
wave, then the dispersion relation

wk) = \/wi + %a/kn(% + %Az)

is obtained, where w; = 2sink/2. The red line shown in
Fig. 4 corresponds to the curve defined by Eq. (13). It is
shown that Eq. (13) is goog agreement with the dispersion
relation described by the numerical simulation. In the case
that A is much smaller than @/, such as the regime of low
temperature, the term 3/8A% can be neglected and the dis-
persion relation depends on the parameter o /8.

12)

13)

3.2. The caseof @ < 8

Assuming that

A .
Ui(r) = Ee_‘“”, Ui =0, (14)
as the traveling wave, the dispersion relation
3 2
w(k) = \/wi + SAa(r k) + % (15)

is obtained. Compared with Eq. (13), contribution of cubic
nonlinearity appears as the term /8.
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3.3. Thecaseof a =0

If cubic nonlinearity disappears, we only consider
Eq. (10). Substituting @ = 0 into Eq. (10), the following
equation is obtained:

Ui = —wpUs = 68 (URU - + UUy). (16)
Assuming that
Ui(t) = %‘e—iw’ a7
as the traveling wave, we have
w(k) = \/wz + %Azﬂ'(ﬂ' -k (18)

as the dispersion relation.

4. Conclusion

In this study, thermal transport and dispersion relations
in the UFL with strong cubic nonlinearity are analyzed.
The non-equilibrium steady state simulation is performed
to investigate the thermal conductivity in the UFL. It is
shown that thermal transport is invariant for the change
of strength of cubic nonlinearity, while the thermal con-
ductivity is affected by it. Phonon dispersion relations are
described numerically and theoretically to focus on prop-
agation of phonon. It is revealed that group velocity of
phonons decreases as the strength of cubic nonlinearity in-
creases. Bandwidth is also affected by the change of cubic
nonlinearity, and the UFL becomes flat band like system in
the regime of strong cubic nonlinearity.
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Abstract—The energy attenuation process of a soliton
propagating through a thermally excited interval of the one-
dimensional Fermi-Pasta-Ulam-Tsingou g lattice is investi-
gated. We show the power law AE/E;, o< Ef , where Ej, is
the initial soliton energy and AE is the amount of average
energy decrease after propagating the interval. The expo-
nent is obtained as ¢ ~ 1.65, which is close to 5/3. Based
on this power law, we develop a theory which describes
the energy of attenuating soliton as a function of the prop-
agation length, and it well agrees with numerical results.
Moreover, assuming energy transport by the attenuating
solitons, we derive the power law x o« N* which charac-
terizes the anomalous heat transport, where « is the thermal
conductivity, N is the lattice size, and @ = 1 — ¢! ~ 0.394.
This value of « is close to 2/5 and coincides with that of
direct nonequilibrium simulation. The energy transport by
attenuating solitons is a possible mechanism of the anoma-
lous heat transport.

1. Introduction

Heat transport in macroscopic scale materials is well de-
scribed by the Fourier’s law J = —«VT, where J and VT
are the heat flux and the temperature gradient, respectively,
and « is a material constant called the thermal conductivity.
This is called the normal heat transport. On the other hand,
the Fourier law does not always hold in microscopic scale
materials of near one-dimensional shapes. Non-Fourier or
anomalous heat transport, in which « is not a constant but
increases with the object length, has been experimentally
observed in carbon and boron-nitride nanotubes [1].

A simple dynamical model for studying heat transport in
microscopic scale is one-dimensional nonlinear lattice. A
number of studies using this model have revealed that the
thermal conductivity « in general follows the power law
k o« N¥ 0 < a < 1 for the lattice size N. The normal
heat transport of @ = 0 is observed in several lattice mod-
els [2, 3, 4], On the other hand, it has been found that some
lattices exhibit @ > 0, i.e., x diverges as N increases. An
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extreme case is the ballistic transport of @ = 1, which im-
plies that the thermal resistance completely disappears, and
it is observed only in lattices having special properties such
as the Toda lattice [5] and the umklapp-free lattice [6]. The
generic anomalous transport is the case of 0 < @ < 1, and
it has been numerically observed in nonlinear lattices that
conserve total momentum such as the Fermi-Pasta-Ulam-
Tsingou S (FPUT-B) [7, 8, 9, 10], FPUT-« [11], and di-
atomic Toda [12] lattices. The exponent @ commonly takes
values of around 0.3 to 0.4. This fact suggests a common
mechanism behind the anomalous heat transport, but it has
not yet been clarified.

In order to clarify the mechanism, it is essential to prop-
erly understand the propagation process of a wave which
dominantly carries thermal energy. In this study, we deal
with the FPUT-S lattice. Although a definitive conclusion
is not settled in, effective phonon [13] or soliton [14] has
been considered to be the thermal energy carrying wave.
Here, focusing on the soliton, we numerically investigate
the energy attenuation of solitons propagating in the FPUT-
B lattice with a non-zero temperature and show that a power
law holds for the average energy attenuation rate. More-
over, we develop a theory of energy transport by the at-
tenuating solitons, based on this power law. This theory
leads to the power law k o« N® and gives the value of «
in good agreement with that obtained by a nonequilibrium
simulation [10]. This agreement suggests that the energy
transport by attenuating soliton is a possible mechanism of
the anomalous heat transport.

2. FPUT-g lattice and soliton

The one-dimensional FPUT-S lattice is a chain of unit-
mass particles and described by the Hamiltonian

EORTED)

where ¢, and p, represent the displacement and momen-
tum of nth particle, respectively, and § is the nonlinearity
strength parameter. We fix 8 = 1 in this study. The equa-
tions of motion read

1
E(qn-#l - %1)2 + S(Qnﬂ - Qn)4 :| s (1)

qn = CIn+l_2LIn+Qn—l +,3 [(4n+1 - Qn)3 - (Qn - %—1)3] . (2)
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Figure 1: Illustration of numerical experiment setup.

It is well known that the FPUT-g lattice has soliton solu-
tions. An approximate soliton can be obtained via contin-
uum approximation as follows:

T
268’

where x is a constant representing the soliton center at t =
0, c and A are the velocity and amplitude of soliton, respec-
tively, and they relate with each other via ¢ = 1 + SA/2.
The sound speed is unity, and the soliton is supersonic as
¢ > 1. The second term in Eq. (3) was chosen so that
gn — 0 may hold in the limit n — +oco. If we numerically
integrate Eq. (2) with the initial condition ¢,(0) and ¢,(0)
obtained from Eq. (3), then there appear a soliton and small
ripples. This soliton eventually ceases radiating ripples af-
ter it propagates over a long distance. This radiation-less
soliton is regarded as a numerically exact soliton and will
be used in our numerical experiments. We will use only a
rarefaction soliton. This is enough because time evolution
in the case of compression soliton is obtained by just re-
versing the sign of g, in that of rarefaction one due to the
even symmetry of the FPUT-8 interaction potential.

1 i
= ——t h \68A(n — ct — - 3
q \/6_5 an (sm BA(n — ct xo)) 3)

3. Setup of numerical experiments

We investigate the propagation process of a soliton in
a thermalized interval of the FPUT-S lattice, in which
the soliton exchanges its energy with thermally excited
phonons and in average loses its energy. We call this in-
terval the thermal field. Figure 1 illustrates the setup of
our numerical experiments. The FPUT-S lattice of a large
enough size is used, which has the open and fixed-end
boundary conditions at the left and right ends, respectively.
Let L be the length of the thermal field and T be its tem-
perature. The particles inside the thermal field are indexed
withnel:={ny+1,...,n9+L}.

Our numerical experiments were carried out by the fol-
lowing steps.

1. A thermal equilibrium state of the thermal field is gen-
erated by equipping the Langevin heat bath at temper-
ature 7T to the particles of n € I. Then, the Langevin
heat bath is turned off. In this process, the couplings
at both ends of the thermal field indicated by arrows

A and B are disconnected so that the energy may not
flow outward.

2. A numerically exact soliton is put in the segment I,
and then it propagates from left to right. The soliton’s
initial energy E;, is measured.

3. The coupling of arrow A is connected just before the
soliton reaches the thermal field. The soliton enters
into and propagates through the thermal field.

4. The coupling of arrow B is connected just before the
soliton reaches the right end of the thermal field to let
the soliton go out.

5. The soliton propagates in the segment II. It is accom-
panied by phonons in the early stage, but the soliton
and the phonons eventually separate with each other
since the soliton is supersonic. After separation, the
transmitted soliton’s energy E,,, is measured.

We describe the procedure for measuring the energy of
soliton in the steps 2 and 5. Let J, be the energy flow be-
tween nth and (n + 1)th particles per a unit time. It is given
by

Jn = q'n+1 : F(Qn+1 _Qn)» F(r) = _r—ﬁr3. (4)

Choose a particle in the segment I, and let n be its index. A
soliton passes this position in the step 2. The initial energy
E;, of this soliton can be obtained by the integral

En= f (0, 5)

where ¢, and ¢, are the times at which the soliton’s front and
end pass the position ny, respectively. The front and end
are approximately determined by a cutoff. The transmitted
soliton’s energy E,,, is obtained in a similar manner just by
appropriately choosing 7, in the segment II instead of n;.

In our numerical experiments, we repeat the steps 1 to
5 for many times over different realizations of the thermal
field, once T, L, and E;, are fixed. The energy E,,, is dif-
ferent for each sample. In an average, the energy of soliton
decreases after propagating over the thermal field, while in
each trial the energy can either increase or decrease. We
define the energy attenuation rate R of soliton by

R = Ein - <E0ur> (6)
Ein ’

where (E,,) represents the average of E,,,; over realizations
of the thermal field.

4. Results of numerical experiments

Figure 2 shows the attenuation rate R as a function of
initial soliton energy E;, in log-log scale for three different
lengths of the thermal field L = 500, 1000, and 2000, where
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Figure 2: Attenuation rate R as a function of soliton energy
E;, for different lengths L = 500, 1000, and 2000, where

T = 0.02. Dashed line represents the power law R o ES/ 3,

the temperature is fixed as 7 = 0.02. We used 10* samples
to obtain each data point in Fig. 2.

It is clearly observed that the data points lie on a straight
line in a region of small E;,, approximately E;, < 0.5, for
each L. Moreover, such lines have almost the same slope
for three values of L. This fact implies the power law

R ES, @

where c is a constant independent of L. We performed a
least-square fitting of the function R = a E}, to six data
points for L = 2000 which are in the range 0.16 < E;, <
0.6, where a;, and c are the fitting parameters and the pref-
actor a; depends on the choice of L. It gives ¢ =~ 1.65,
which is close to 5/3, and a; ~ 0.42. A reference line of
the power law R « Elsn/ 3 is shown by dashed line. The slope
of this reference line well coincides with that of the data
points for each L value, confirming the power law Eq. (7)
and that c is independent of L.

In a region of very small E;,, some deviation from the
power law is seen for any of the L values. It may be due
to a finite length effect of the thermal field. Indeed, the
deviation becomes smaller with increasing L.

5. Soliton propagation theory

We develop a theory for describing the mean energy E(x)
of soliton as a function of its propagation length x based on
Eq. (7), where x is considered as a continuous variable. If
we apply the power law to the interval between x and x + L
and make some calculation, we have

E(x+L)- _a

E(x) _L c+1
2 =-1E (%), (3)

TETAL A

High |—— Soliton ch, _ —— Low
temp. § & ; Energy dissipation temp.
— Phonon ch.
Ty © N T

Figure 3: Schematic illustration of heat transport by atten-
uating solitons and phonons.

where ay, is the prefactor in the power law. Since the left
hand side can be approximated by the derivative dE/dx, we
can obtain the differential equation
dE
dx

where a = a; /L and it is independent of L. This equation
is easily solved, and its solution is obtained as follows:

Ec+1 (9)

E(x) = (acx + b)™V¢, (10)

where b is an integration constant and it relates with E(0)
via b = (1/E(0))¢. This solution gives E(x) o« x~'/¢ for
large x. We have confirmed a good agreement between the
numerical results and E(L) obtained from Eq. (10). That is,
equation (10) can well describe the energy attenuation of
soliton.

6. A theory for anomalous heat transport

We develop a simple theory for explaining the mecha-
nism of anomalous heat transport. Our theory assumes that
thermal energy is transported via two types of channels:
one is the channel of attenuating solitons and the other is
that of phonons. In addition, the phonon channel is as-
sumed to exhibit the normal heat transport. Consider a lat-
tice of size N in the state of steady heat transport caused
by two heat baths with high and low temperatures Ty and
T1. We suppose that solitons are generated at the high tem-
perature side and propagate to the low temperature side,
attenuating their energy. The energy lost from the solitons
may flow into the phonon channel. The same process is
supposed to occur in solitons propagating in the opposite
direction. Figure 3 illustrates this scenario.

We calculate the thermal conductivity « as a function of
N based on the scenario in Fig. 3 and show that it well ex-
plains the scaling law k o« N %3°* which has been obtained
by a direct nonequilibrium simulation in Ref. [10]. Assume
that the temperature difference Ty — T, is small. Let Ey(x)
be the average energy of one soliton generated at the high
temperature side after it propagates over a distance x. Us-
ing Eq. (10), we can obtain

En(x) = (apex + by) /e,

(1)
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where by = (1/E(0))¢. In Eq. (10), a is a constant de-
pending on the temperature of thermal field. Here, the tem-
peratures over the lattice may be approximated by 7y =
(Tyg +Typ) /2 since Ty — Ty is small. So, we used ag which
is the value of a for Ty. At the low temperature side, the
average energy carried by one soliton is given by Eg(N).
Let o(Ty) be the average number of solitons generated
at high temperature side per unit time. The energy Jy trans-
ported by solitons from the high temperature side to the low
temperature one per unit time may be given by

Ju = o(Ty) - En(N) (12)
For N > 1, Jy is approximated by
Ju = o(Ty) - (@peN)™V/° (13)

from Eq.(11). Similarly, the energy flux J;, of soliton in the
opposite direction is obtained as J; =~ o(T) x (acN)~'/¢.
The net energy flux J; via the soliton channel is obtained
for N > 1 as follows:

Jy = Jy —Jp = {o(Ty) — o(T1)} (@eN) ™. (14)

This indicates the scaling law J; oc N7V where 0 < 1/¢ <
1 holds from our numerical results. Since the energy flux
Jpn via the phonon channel was assumed to follow J,;, o
N~', the soliton energy flux J; is dominant when N > 1
compared with J,,. Therefore, the total energy flux J is
approximately given by J ~ J, and we have

J = Jgoc N7Ve, (15)
The thermal conductivity « is defined by
J
(16)

K= ————.
Ty —TL)/N
Combining Egs. (15) and (16), we arrive at the scaling law

Kk oc NI7Ue, 17)

Recall that the anomalous heat transport in the FPUT-S lat-
tice is characterized by x «« N* with 0 < @ < 1. Equation
(17) shows that the present theory can reproduce a scaling
law of the same form. Moreover, the exponent is given
by @ = 1 — 1/c. If we calculate @ by using ¢ =~ 1.65
which was obtained by our numerical experiments, we have
a =~ 0.394. This value of « is in good agreement with the
value @ =~ 0.3987 of a direct nonequilibrium simulation
[10]. This fact indicates that the energy transport by atten-
uating soliton is a promising candidate for the mechanism
of anomalous heat transport.
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Abstract—We consider a model that can be modulated in
time and space and can be reproduced physically as a can-
tilever array. We explore the linear spectrum and show
that localized nonlinear excitations, as breathers, can be ob-
tained in such a complex system.

Model and results

Dynamic metamaterials, are artificial structures that in-
corporate non only space modulation, but also time mod-
ulation, or space-time modulation. The modulation can be
achieved with acoustic waves, voltage waves, or electro-
magnetic waves, that may change media parameters as per-
mittivity, magnetic permeability, refractive index, or other
properties [1].

One of the authors constructed a physical model for can-
tilever arrays with an on-site potential provided by electro-
magnets, which is therefore both nonlinear and tunable by
changing the electric current [2] described by the dynami-
cal equation:

it, = —(w(z) — o cos(hn —Qt)uy, + k(Up1 + up—1 —2u,), (1)
The modulation in time and space produce a transformation
of the the phonon bands in w — g space where new bands
and forbidden bands appear. We develop the spectral the-
ory [3] for the modulated systems and were able to obtain
the equations of the bands (see Fig. 1):

w = +mQ + \/wg + (1 —cos(g+mh))  (2)

A modification of the system introduces nonlinearity and
we are able to find breathers, both site centered and bond
centered. The properties of those breathers and analyzed
and related with the band spectrum.
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Figure 1: Theoretical and numerical frequency-momenta
representation

In conclusion, modulated systems offer an striking
change in the phonon spectrum providing for new nonlin-
ear excitations to appear. As they can be engineered, they
allow for the design of breather properties.
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Abstract—In this talk we will seek to present some case examples of the study of Dispersive Shock Waves (DSWs) in
discrete systems. Our motivation will stem from experiments in granular crystals and related systems. In the presence
of precompression, connections with Fermi-Pasta-Ulam-Tsingou (FPUT) type lattices and both the Korteweg-de Vries
continuum, as well as the Toda discrete integrable limits will be leveraged to analyze the dynamics. In the absence of
precompression (highly nonlinear case), a dispersionless continuum approach will yield information regarding the breakup
time. To obtain further details regarding the DSWs, we will embark in a quasi-continuum formulation, analyzing its
traveling waves, periodic solutions, conservation laws, and Whitham modulation equations. Our findings are compared
with simulations of the quasi-continuum model and of the original discrete lattice, both at the level of a bi-directional
quasi-continuum model and for a unidirectional variant. Time permitting, a discrete variant of the Burgers’ equation will
also be considered to provide a palette of phenomenologies featuring similarities and differences in comparison to the
continuum Burgers’ model.

These vignettes are part of a broader effort and attempt to explore the impact of Riemann-type initial conditions
in nonlinear dynamical lattices. Time permitting, we will hopefully showcase that such intriguing features and rich
phenomenologies are not particular to the FPUT system, but can also arise in discrete variants of the nonlinear Schrodinger
equation. Additionally, should the opportunity arise, we intend to showcase the application of data-driven methods and
conclusions they can give rise to in such complex, nonlinear, lattice dynamical systems.
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Abstract— Propagation of nonlinear localized oscillation in
a mass-spring chain with impurities is studied experimen-
tally and numerically. Letting the mass at one end of the
chain driven sinusoidally at high frequency and large am-
plitude, localized oscillations can be excited intermittently
near the end and propagated down the chain one after an-
other at a constant speed. We study the effect of the distri-
bution of impurities in the chain on the propagation of lo-
calized oscillations.

1. Introduction

It is known that, letting the oscillator at one end of the
chain driven sinusoidally at high frequency and large am-
plitude, robust localized oscillations (intrinsic localized
modes (ILMs) or discrete breathers (DBs) [1, 2]) can be
excited intermittently near the end and propagated down
the chain one after another. This phenomenon is interesting
from the viewpoint of energy propagation in discrete peri-
odic systems and is called supratransmission [3, 4]. We
have experimentally observed the supratransmission by a
mechanical mass-spring chain which emulates the Fermi-
Pasta-Ulam (FPU) one of beta type [5]. At one end of the
chain the device to drive the end sinusoidally in the direc-
tion of the array is attached and at the other end the chain
is simply fixed. Keeping driving the end at a high frequency,
we can observe that the localized oscillations excited at in-
tervals propagate down the chain one after another and are
reflected at the fixed end. Our experimental results show
that there are the thresholds about the driving amplitude
and frequency where no localized oscillations are excited.
Our experiments also show that the propagation speed re-
mains almost constant throughout its propagation. On the
contrary, the speed could be changed, if there are some im-
purities or distribution of impurities in the chain.

2. Experimental Results

ORCID iDs First Author:
0000-0003-3749-5353

@®®@ This work is licensed under a Creative Commons Attrib-

ution Non Commercial. No Derivatives 4.0 License. ©IEICE 2025

0000-0002-7289-2787, Second Author:

The impurities may be given by replace some oscillators
with different weight ones or by addition of on-site effects
at some oscillators. In our previous studies in which some
consecutive oscillators in the chain were replaced by heav-
ier ones, we observed slowdown of the propagation at the
impurity section [6] (Fig. 1). Appropriate arrangements of
impurities will be effective to control the propagation. In
parallel with the experiments, we are carrying out numeri-
cal calculations for the analytical model. Both of the results

should be compared.
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Fig. 1. Slowdown of the propagation of ILM in the heavy-
masses area in the chain.
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Abstract— In the self-dual nonlinear network lattice, the
intrinsic localized mode (ILM) travels almost freely be-
cause of very small interaction with linear phonon modes
even if the nonlinear lattice is not integrable. In experi-
ments, traveling ILMs in the ring-shaped lattice can be
maintained by using a propagating wave driver that is
necessary to compensate for the energy loss due to damp-
ing. Amplitude and velocity increases with the driver fre-
quency, because of the positive nonlinearity of the lattice.
Small steps are observed in velocity curve when plotted it
as a function of the driver frequency. Between adjacent
steps, (velocity)/(driver frequency) is kept about a con-
stant and this implies synchronization between rotational
motion of the ILM in the ring and ILM vibration takes
place. Simulations reveal that larger damping at zero
voltage (and current) is important for the appearance of
steps.

1. Introduction

Nonlinear electric networks have been studied for gen-
erating high power and high frequency signals.[1, 2, 3]
Capacitors and inductors are used for composing the lat-
tices. When those capacitors and inductors are balanced
with each other, that is, both have the same nonlinear
functionality on voltage or current, the lattice equations
become self-dual.[4, 5] In the self dual nonlinear network
lattice, the Intrinsic localized modes (ILMs) can travel
smoothly because of almost no interaction with the linear
phonon modes, even if the lattice is not integrable.[6, 7] In
a real experimental lattice, a driver is necessary to keep
the ILM amplitude at a steady condition to compensate an
energy loss due to damping. At such case, the driver fre-
quency can be a good controlling parameter, and traveling
velocity is an observable value which is sensitive to
change of the ILM condition in the lattice. By measuring
traveling velocity as a function of the driver frequency, we
could study about the interaction between the traveling
ILM and the linear phonon modes. [8]

In this paper, we report about the ILM velocity in the
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self dual network lattice as a function of the driver fre-
quency, which shows steps that is related to a synchroni-
zation between the ILM traveling in the ring shaped lattice
and ILM vibration. ILM velocity is almost proportional to
the driver frequency, however, there should be a boosting
mechanism of the ILM that makes ILM faster than usual.
Otherwise, the ILM was kept at around one synchronized
state and no steps were appeared. This boosting mecha-
nism may be related to the large damping at V=0, which is
different from a fixed resistors model.

2. Experiments

Lattice is composed from 32 elements connected to the
ring shape. To generate the traveling ILM experimentally,
we used the traveling wave driver which is expressed as

V. =V, cos(k,n—Qt) (1)
where V, is the driving amplitude, ky is the driving

wavenumber, Q=2zF is the driving frequency. By
choosing Ky , then increasing the driver frequency from

the linear resonance frequency w (k)= Lsin K
\j LO,tCO,I 2

the normal mode at ky , one can generate the traveling

ILM. Sometimes multi ILMs are obtained, however, one
can reduce the number of the ILM to one by increasing
the driver frequency up and down, or instant shorting one
of the capacitor. Voltage patterns are recorded by a 32
channel oscilloscope. Velocity and the traveling pattern
are measured simultaneously.

Figure 1 shows single ILM velocity as a function of
the driver frequency. Numbers after letter k indicate the
driver wavenumber, for example, k9 means ky =97 /16.

For all different wavenumbers, velocity is almost propor-
tionally increasing with the driver frequency F, with up
steps. To see how the velocity changes relative to the driv-
er frequency, v/F is plotted in Fig. 2. Here, dashed hori-
zontal lines are at v/ F =32/ m, where m is an integer
listed right-outside of the figure nearby each line. This
figure implies taking place of a synchronization between
the ILM rotation in the ring and the ILM vibration, be-
cause the lines are at where the rotation time 32/Vv is in-
teger multiple of the vibration period 1/F. Note that at

of
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higher frequencies for ky =117/16, m reaches to 11
which is the same number after the letter k. At this case,
v=(32/11)F =Q/ky indicating the localized state trav-

els at the phase velocity so that the ILM changes into a
pulse. Similarly, the pulse is observed for k9 and k10 at
higher frequencies.

180 1~
160 —
140
120
:; 100
80 -
60 —
40 =
20 30 40 50 60 70
F (kHz)

Fig. 1 Observed velocity for k9 to k13 as a function of the
driver frequency. Only up sweeping results are shown. In
all cases, up-steps are observed. Those are not due to res-
onance trapping by a linear normal mode that causes

down steps in the velocity.[8]

0° /s)

I I I
SRS ——— - - —
35 - 9

k10 pulse

k11 pulse

20 30 40 50 60 70
F (kHz)

Fig. 2 Velocity divided by driver frequency F. Horizontal
dashed lines are at 32/m, where m is an integer. v/F=32/m
is from multiple of one cycle vibration, m/F, equals to the
single rotation time, 32/v. This figure indicates that the ve-
locity is affected by a synchronization phenomenon be-
tween the vibration and lateral rotation, The integer num-
ber m at right side of the figure indicate corresponding
number of nearest dashed horizontal line. Since the pulse
travels at the phase velocity v=2zF /ky , Integer m=9

for k9 driver means the pulse  because
v=27F/(97/16)=32F /9.

35 _ l :,I...-..._,__.I_. r » l _
: k9 I experiments
T L R model
S 2 e W
\\/k9 " - k9
2.5 = }k : e T e
S [N T

F (kHz)

Fig. 3 Comparison of the experiments and the simple con-
stant-R model simulations by Egs. (2)-(3). Dashed curves
are from experiments, and solid curves are by the con-
stant-R simulations. Thick horizontal lines are calculated
from the nonlinear group velocity, considering the band-
width widening, vy /F =7 /tan|ky /2| . As showing in
this figure, velocity of the constant-R model is well esti-
mated by the nonlinear group velocity. In addition, it is
clear that the experimental velocity is much faster than

these estimations for all different wavenumbers. Roughly,
it is about 40% faster than the simple estimations.

3. Simulations

We have performed simulations using following equa-
tions of motions

v, v, av
So dVi I, -~ 4 Cy —n

——+Cq | =l
i1+Vn2 /Voz dt Rp dt

)

Ly dl
ﬁ*‘l-adj d—tn=Vn—Vn+1—|nR|_
,f1+|n /1 3),

dl
My Ja.nsos

dt

where Cy =117nF , Vg =4.24V , Cy =10nF are param-
eters for the nonlinear capacitor (TMK107F104ZZ-T Taiyo-
Yuden), and Ly =1.0mH , 15 =0.0459A Ladj =85.5uH

are parameters for the nonlinear inductor, that is com-
posed from two toroidal inductors and one fixed inductor
designed to match the capacitor.[7] R, =776 and
R =11.0Q are parallel resistance of the capacitor and
series resistance of the inductor, respectively. Driving was
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made at amplitude of Vy =15V and Myly =13.9uHA
with the propagating wave driver by Eq. (1) . Here, we as-
sumed that resistances are fixed at constants. Resistances
are chosen as the simulated stable ILM frequency range
matches with the experimental frequency range. In exper-
iments, there is no driver at the current equation, however,
this difference doesn't relate to the velocity.

Figure 3 shows the comparison between experimental
velocity and simulated one based on Egs. (2)-(3). Simulat-
ed velocity is slower than the experimental velocity, and
those are very close to the group velocity at each wave-
number indicated by thick horizontal lines at right side of
the figure. Those group velocities are calculated by taking
into account the nonlinear shift of the dispersion curve,

The constant-R model by Egs. (2)-(3) cannot explain
experimental results even if we tuned parameters. One
possible difference between the real lattice and the simple
simulation is the damping. The damping by Eq. (2) in-
creases with voltage. Similarly, it by Eq. (3) does with
current. This dependence is very different from 1/Rp

shown in Fig. 4. To see the effect of the large damping at
V=0 and 1=0, we have tested following equations.
dv, 1

d
—n_ lhq—1,+Cq—V,
dt CO ( n-1 n d dt d,nj

NV ©)

-y (Vn 1V )Vn

di 1 d
w‘(k):;asin 5‘ (4) d_tn: > [Vn ~Vn + Ly a'd,mo.sJ
\/ LO,tCO,t 2 . Ladj
J1+1,2 712
where the shift parameter « is calculated b =)
P ya a)(kd) _7/(|n/|0)|n
as if the dispersion curve is shifted up to the driving point ()

(k,)=(kq,€2). Then, the group velocity is calculated as

do' 1
Vg = —
dk LO,lCO,l

a CoS|— =cot57rF. (5)

160
120

| I I |

C (nF)
[==)
S
TTTTTT

0.8 :

where damping changes with voltage or current as

1
y(X)=rn+n—=—=. 8
( ) \/1+ X2
These keep Egs. (6)-(7) are balanced. We assumed that the
damping decreases with voltage (or current) as the same
curve as the nonlinear function. Figure 5 shows velocity
as a function of the peak damping with a fixed damping
condition at 100V y(100V /V0)=104. The velocity in-

creases with peak of the damping at V=0.

1.5

==
T 04 —
o 9
=02 - €
| | Z
0.0 g
-60 -40 -20 0 20 40 60 g
thas (V) E
Fig. 4 DC bias dependency of (a) capacitance, (b) stored § 24 £ ' ' ' +
charge and (c) 1/ Rp of the ceramic capacitor measured U 100 4 130 oo
70) x10°

by a LCR meter at AC amplitudes, 20mV(dashed) and 1V
(solid). The capacitor includes Cg . Stored charge is cal-
culated from capacitance in panel (a) at 20mV AC ampli-
tude. A small hysteresis loop is observed in panel (b). In
panel (c), 1/ Rp depends strongly on AC amplitude. In

general, area of the hysteresis loop in (b) is proportional to
the energy loss. As increasing the AC amplitude, area of
the mini-loop becomes large.

Fig. 5 Velocity enhancement by the damping at V=0, sim-
ulated at 50kHz driver frequency. (a) Velocity/frequency

as a function of »(0), keeping y(100V /VO):104. As
increasing the damping parameter y(0), the velocity is

increasing. Dotted curves are for the constant damping
model »(0)=y(100). (b) Fitted Gaussian width of ILM

- 696 -



dispersion line(DL) in the k-space. (c) Fitted Gaussian
center wavenumber of the ILM DL. The velocity boosting
in panel (a) is due to the shift of the center wavenumber.

4. Discussions
4.1 Synchronization and steps

When the ILM changed to the pulse, velocity curves
are followed perfectly to one dashed horizontal line. On
the other hand, velocity between steps of the ILM in Fig.
2 look like avoiding dashed horizontal lines and stayed
between them. Velocity increases gradually, and steps are
observed when the velocity is reached to the dashed hori-
zontal line. The driven-damped ILM is a stable state under
a balance of energy feeding and damping. Avoiding lines
can be explained as follows. The perfect synchronization
makes energy feeding effectively fixed. Rather, the ILM
can tune its energy feeding by slight de-synchronization
when the velocity is at between those lines. The steps are
observed when this tuning cannot be made at the particu-
lar range. In addition, such steps are observed because of
the wide stable frequency range of the self-dual network
lattice.

Synchronization between the lateral motion of the ILM
(discrete breather) and ILM vibration in the discrete sine-
Gordon lattice at the driven-damped lattice.[9] At that
case, a synchronization plateau is observed when velocity
is plotted as a function of the driving amplitude. One lat-
tice point forwarding during two or three vibration periods
are reported. So the synchronization phenomena may be a
common feature of such driven-damped system.

4.2 Velocity boosting and the damping model

To appear the velocity steps like Fig. 2, ILM velocity
naturally increases with the driver frequency faster than
Fl, for example, as F1°. The damping model by Egs.
(8)-(9) provides a possibility for explaining the faster ve-
locity by the damping model with the peak at V=0. Fig-
ures 5(b)-(c) shows the dispersion line analysis of the
traveling ILM, by taking 2-D Fourier transform of the
voltage pattern V, (t). The transformation gives Fourier

amplitude in (k,®) space, and Fourier amplitude is ob-
served along a line with its slope is the same to the veloci-
ty. The Fourier amplitude along the line looks Gaussian,
centered at the driving point ky .[6] Figure 5(b) shows the
width of the DL amplitude, and Fig. 5(c) plots the center
wavenumber of the Gaussian peak. The width is gradually
increasing with the V=0 damping »(0). This may be due
to a narrowing in the real space because the damping
works effectively at both sides of the ILM where ampli-

tude is smaller than the ILM center. The center wave-
number shown in Fig. 5(c) shifts lower wavenumber as

increasing y(0). This shift causes increasing velocity be-
cause the group velocity increasing. Currently, we cannot

explain the reason of the shift. In addition, the model by
Eq. (8) does not perfectly mimic the experimental devices,
because the damping at V=0 depends on the AC vibration
amplitude for the real capacitor. Thus, the damping should
be a function of the maximum voltage at a half cycle of

the vibration before V crosses with 0, that is  y(Vijax )

but not a function of the instant voltage y (V). With the

equations of motion by Egs. (8)-(9), such damping cannot
be modeled.

5. Summary

Experimental velocity of the single traveling ILM is
measured in the ring shaped, 32 unit-cell self-dual nonlin-
ear electrical network lattice. It increases with the driver
frequency mostly. Step structure is clearly observed in v/F,
that implies synchronization between the rotation in the
ring and the vibration of the ILM affects on the velocity.
Simulations based on the simple damping model reveal
that the experimental velocity is faster than the simple
model, which follows the group velocity calculation. The
anomalous velocity boosting may be ascribed to the large
damping at V=0 and 1=0.
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