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Optimal MPC for tracking of constrained linear systems
A. Ferramosca™®, D. Limon, I. Alvarado, T. Alamo, F. Castafio and E.F. Camacho

Departamento de Ingenieria de Sistemas y Automatica, Universidad de Sevilla, Escuela Superior
de Ingenieros, Camino de los Descubrimientos s/n, Sevilla 41092, Spain

Model predictive control (MPC) is one of the few techniques which is able to handle constraints on both state and
input of the plant. The admissible evolution and asymptotic convergence of the closed-loop system is ensured by
means of suitable choice of the terminal cost and terminal constraint. However, most of the existing results on
MPC are designed for a regulation problem. If the desired steady-state changes, the MPC controller must be
redesigned to guarantee the feasibility of the optimisation problem, the admissible evolution as well as the
asymptotic stability. Recently, a novel MPC has been proposed to ensure the feasibility of the optimisation
problem, constraints satisfaction and asymptotic evolution of the system to any admissible target steady-state.
A drawback of this controller is the loss of a desirable property of the MPC controllers: the local optimality
property. In this article, a novel formulation of the MPC for tracking is proposed aimed to recover the optimality
property maintaining all the properties of the original formulation.
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1. Introduction

Model predictive control (MPC) is one of the most
successful techniques of advanced control in the
process industry. This is due to its control problem
formulation, the natural usage of the model to predict
the expected evolution of the plant, the optimal
character of the solution and the explicit consideration
of hard constraints in the optimisation problem.
Thanks to the recent developments of the underlying
theoretical framework, MPC has become a mature
control technique capable to provide controllers ensur-
ing stability, robustness, constraint satisfaction and
tractable computation for linear and for non-linear
systems (Camacho and Bordons 2004).

The control law is calculated by predicting the
evolution of the system and computing the admissible
sequence of control inputs which makes the system
evolves satisfying the constraints. This problem can be
posed as an optimisation problem. To obtain a
feedback policy, the obtained sequence of control
inputs is applied in a receding horizon manner, solving
the optimisation problem at each sample time.
Considering a suitable penalisation of the terminal
state and an additional terminal constraint, asymptotic
stability and constraints satisfaction of the closed-loop
system can be proved (Mayne, Rawlings, Rao, and
Scokaert 2000). Moreover, if the terminal cost is the
infinite-horizon optimal cost of the unconstrained

system, then the MPC control law results to be optimal
in a neighbourhood of the steady-state. This property
is the so-called local optimality property and allows to
design finite horizon MPC controllers for constrained
system with a local optimal closed-loop performance
(Scokaert and Mayne 1998; Bemporad, Morari, Dua,
and Pistikopoulos 2002; Hu and Linnemann 2002).
Most of the results on MPC consider the regulation
problem, that is steering the system to a fixed steady-
state (typically the origin), but when the target oper-
ating point changes, the feasibility of the controller
may be lost and the controller fails to track the
reference (Rossiter, Kouvaritakis, and Gossner 1996;
Bemporad, Casavola, and Mosca 1997, Rao and
Rawlings 1999; Pannocchia and Kerrigan 2005). This
can be a consequence of one or both of the two
following causes: (i) the terminal set shifted to the new
operating point may not be an admissible invariant set,
which means that the all time feasibility property may
be lost and (ii) the terminal region at the new setpoint
could be unreachable in N steps, which means that the
optimisation problem is unfeasible, making necessary a
re-calculation of an appropriate value of the prediction
horizon to ensure feasibility. Therefore, this would
require an on-line re-design of the controller for each
set point, which can be computationally unaffordable.
For such cases, the steady-state target can be
determined by solving an optimisation problem that
determines the steady-state and input targets.
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This target calculation can be formulated as different
mathematical programs for the cases of perfect target
tracking or non-square systems (Muske 1997), or by
solving a unique problem for both situations (Rao and
Rawlings 1999). A switching strategy to recover
feasibility has been proposed in Rossiter et al. (1996)
and Chisci and Zappa (2003). This technique requires
an auxiliary controller derived from the solution of an
optimisation problem. In Bemporad et al. (1997),
Angeli, Casavola, and Mosca (2000) and Ding, Xi,
and Li (2004) the command governor approach is used
considering predictions in the calculation of the
reference at each sample time.

In Limon, Alvarado, Alamo, and Camacho (2008)
a novel MPC for tracking is proposed, which is able to
lead the system to any admissible set point in an
admissible way. The main characteristics of this
controller are: an artificial steady-state is considered
as a decision variable, a cost that penalises the error
with the artificial steady-state is minimised, an addi-
tional term that penalises the deviation between the
artificial steady-state and the target steady-state is
added to the cost function (the so-called offset cost
function) and an invariant set for tracking is considered
as extended terminal constraint. This controller
ensures that under any change of the steady-state
target, the closed-loop system maintains the feasibility
of the controller and ensures the convergence to the
target if admissible. The main drawback of the MPC
for tracking is the loss of the optimality property due
to the addition of the artificial steady-state together
with the proposed cost function.

The aim of this article is to study the property of
local optimality. The problem of optimality in MPC
was previously addressed in Scokaert and Rawlings
(1998) where the authors present a constrained LQR
and prove that there exists a finite N such that the
controller can be computed. In Bemporad et al. (2002)
a critic value of N is presented. The problem of local
optimality is studied in a more general formulation in
Hu and Linnemann (2002) where it is proved that this
property is ensured for all N and an optimality region
is computed.

In this article, a novel formulation of the MPC for
tracking is presented, considering a norm as offset cost
function. It is proved that the new formulation
recovers the local optimality property, and some
conditions are given for defining when this property
applies and characterising the regions into which this
property can apply. If the offset cost function is chosen
as a {l,o0}-norm, the optimisation problem can be
written as a QP by adding a new decision variable and
a new constraint to the original optimisation problem.

This article is organised as follows. In the following
section the constrained tracking problem is stated.

In Section 3 the new MPC for tracking is presented and
in Section 4 the property of local optimality is
introduced and proved. Finally, an illustrative example
is shown.

Notation: Vector (a, b) denotes [a”,»"]"; for a given A,
AX ={Ax:x e X};int(X) denotes the interior of set X; a
matrix 7 definite positive is denoted as 7> 0 and
T > P denotes that T— P > 0. For a given symmetric
matrix P> 0, ||x|p denotes the weighted euclidean
norm of x, ie. [|x], =+/xTPx. Matrix 0,,,,€R"*"
denotes a matrix of zeros. Consider ¢ € IR", b € IR™,
and set T C IR™™ then projection operation
is defined as Proj(I')={ae IR™:3he IR™,
(a,b) € T'}. Vector u(p) is the sequence of control
action u( p) = {u(0; p), u(1;p), ...}, where p is a param-
eter. u*(p) is the optimal sequence of control action.

2. Problem description
Let a discrete-time linear system be described by

xT= Ax + Bu,

1
y=Cx+ Du, )

where x € R” the current state of the system, u € R™ the
current input, y € R” the current output and x* the
successor state. The state of the system and the control
input applied at sampling time k are denoted as x(k)
and u(k), respectively. The system is subject to hard
constraints on state and control

(x(k), u(k)) € Z 2

forall k > 0. Z c R"*" is a compact convex polyhedron
containing the origin in its interior.

Assumption 2.1:  The pair (A,B) is stabilisable.

Under this assumption, the set of steady-states and
inputs of the system (1) is a m-dimensional linear
subspace of R"*"”" (Alvarado 2007; Limon et al. 2008)
given by

(xSs u‘\') = Mge

Every pair of steady-state and input (x,, u,) € R"*" is
characterised by a given parameter 6 € IR™. This
parameterisation allows us to characterise the subspace
of steady-states and inputs by a minimal number of
variables (6), which simplifies further calculations
necessary for the derivation of the proposed controller
(Limon et al. 2008).

The problem we consider is the design of an MPC
controller u = k§(x,0) to track a piece-wise constant
sequence of set points given by (k) in such a way that
the constraints are satisfied for all the time. The aim of
the controller is to steer the system to a target set-point
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0 in an admissible way, such that it is optimal in a
neighbourhood of the target.

3. New formulation of the MPC for tracking

In Limon et al. (2008) a novel formulation of MPC for
tracking to steer the system to an admissible set-point
is presented. This controller copes with the tracking
problem by (i) considering an artificial steady-state and
input as decision variables, (ii) penalising the deviation
of the predicted trajectory with the artificial steady
conditions, (iii) adding a quadratic offset-cost function
to penalise the deviation between the artificial and the
target equilibrium point and (iv) considering an
extended terminal constraint.

In this article a new controller is proposed consid-
ering a new offset cost function based on the infinity
norm. This new offset cost is

Vo0 —6) = I T(0 = 0)ln

with T invertible. 6 is the parameter that characterises
the artificial steady-state and input (that is
(Xy, i) = MyH) and O characterises the given target
operation point. In this section it will be proved that
this choice ensures the stability guarantee of the MPC
for tracking inheriting its main properties, and pro-
viding a novel and significant property: the local
optimality property.

The proposed cost function of the MPC is given by

N—-1

Vo, 0,0,0) = Y 11x() — Xlig + lluli) — il 7
i=0

+16(N) = X3 + 1 T(0 = D)l (3)

and the controller is derived from the solution of the
optimisation problem P§(x, ) given by

VO (x,0) = rilién VO(x,6,u,0), (4a)
s.t. x(0) = x, (4b)

x(j+ 1) = Ax(j) + Bu(j), (40)
(x(j).u(j) e Z, j=0,....,N—1, (4d)
(Xs, ils) = My, (4e)

(x(N),0) € Q. (40

Considering the receding horizon policy, the control
law is given by

Kg(x, 0) = u*(0; x, 0).

It can be easily shown that the feasibility region of
P{(x,0) does not depend on the target operating point
6. Then there exists a polyhedral region X' such that
for all xe Xy, P{(x,0) is feasible. This is the set of
initial states that can be admissibly steered to the
projection of ), onto x in N steps.

This optimisation problem is a convex mathemat-
ical programming problem that can be efficiently
solved by specialised algorithms (Boyd and
Vandenberghe 2006); fortunately this can be re-casted
as a standard quadratic programming problem
defining the following cost function:

N—-1
Vo, 0,u,0,y) = Y IIx() — Xllg + llu(i) — i1

=0
+ IX(N) = %lI3 + v, Q)

where an additional decision variable y has been
added. The optimisation problem P{(x,6) is then
equivalent to the following quadratic programming
problem

Vi (x,6) = min V(. 6,u.6,7), (6a)
s.t. x(0) = x, (6b)

x(j+ 1) = Ax(j) + Bu(j), (6¢)
x(j),uj)eZzZ j=0,....,N—1, (6d)
(X, ily) = Myh, (6¢)

(x(N).6) € Q. (66)

176 = O)lloo < ¥- (62)

Remark 1: The controller can be formulated using
any norm ||x||q=(Z|x,-|")l/" as offset cost function.
If ¢={1,00}, then the optimisation problem can be
formulated as a quadratic programming. Nevertheless,
the results of this article hold for any chosen norm.

The proposed controller has a set of parameters
that should be appropriately chosen. These parameters
are taken to satisfy the following assumption:

Assumption 3.1:

(1) Let Qe R"™" and ReR"™ ™ be positive definite
matrices.

(2) Let T be a non-singular matrix.

(3) Let KeR"™" be a stabilising control gain such
that (A + BK) is Hurwitz.

(4) Let PeR™" be a positive definite matrix
such that
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(A+ BK)'P(A+ BK) — P = —(Q + K'RK),

(5) Let Q) CR"™™ be an admissible polyhedral
invariant set for tracking for system (1) subject
to (2), for the gain K (Limon et al. 2008). That
is, for all (x,0) € Q' we have that (x, Kx+
Lo) € Z and (A + BK)x + BL0,0) € Q}y, where
L=[-K, I,]My.

In the following theorem, under the proposed
conditions on the controller parameters, asymptotic
stability and constraints satisfaction are proved for
every admissible target steady-state 0 satisfying

6e®={0:([L,,01M0,0) € Q' ., My6 € Z}.

It is worth remarking that this set is potentially the set
of all admissible operating points (Limon et al. 2008).

The set of admissible steady-states and inputs
contained in the invariant set for tracking Q) is
given by

Zy={(x,u) = Mgt : (x,0) € Q).

In what follows, notation Q}'y is used to refer to the
invariant set for tracking in the augmented state (x, 6),
while €, x = Proj (Q}y).

Theorem 3.2 Stability: Consider that Assumptions 2.1
and 3.1 hold and that the target operation point is such
that 6 € ®. Then for any feasible initial state xy€ Xy,
the proposed MPC controller k$(x,0) asymptotically
steers the system to the target operating point fulfilling
the constraints all the time.

Proof: It is assumed that the Assumption 3.1 is
satisfied.

The first part of the proof is devoted to prove the
feasibility of the controlled system, that is, x(k+1) €
Xy, for all x(k)e Xy, and 6. Consider the optimal
solution of Py(x(k),6), then the successor state is
x(k + 1) = Ax(k) + Bx{(x,60). Define the following
sequences:

u(x(k +1),0) 2 [u*(1; x(k),0),...,u" (N —1; x(k), 0),
K(x*(N; x(k), 0) — X (x(k), 0))
+ w5 (x(k), 0)]

O(x(k + 1),0) 2 6*(x(k), ).

Then, (u,6) is a feasible solution for the optimisation
problem Py(x(k+1),0) due to the following
Propositions.

e Since x(0; x(k+1),0)=x*(1;x(k),0), then
x(i;x(k+1),0)=x*@{+ 1;x(k),0) and u(i;x
(k+1),0)=u*(i+1;x(k),0) for i=0,1,...,
N —1; then (x(i; x(k+ 1), 6), u(i; x(k+1),0)) €
Z fori=0,1,...,N—1.

e Since (x(N —1; x(k + 1),60),0(x(k +1),0)) €
Qx, then the control action u(N—1;
x(k+1),0) = K(x(N —1; x(k+ 1), ) — X))+
ity s such that (x(N —1; x(k+ 1), 9), u(N —1;
x(k+1), 0)eZ.

e From the invariance of Q}, it derives that
(X(N; x(k + 1), 0), 0(x(k + 1),0)) € Q.

e Feasibility of u*(x(k),0) and admissibility of
set 2} ensures the feasibility of u(x(k + 1), 0).

Convergence is derived proving that the optimal
cost is a Lyapunov function. Consider the proposed
feasible solution. Taking into account the properties of
the feasible nominal trajectories for x(k-+1), the
condition (4) of Assumption 3.1 and using standard
procedures in MPC (Mayne et al. 2000) it is possible to
obtain

V{(x(k + 1),6; u,8) — V¥ (x(k), 0)
< —[1x*(0; x(k), 6) — Xi(x(k), O)Il5,
— [l (0; x(k). ) — it? (x(k). O)| 3
< —[1x*(0; x(k), 6) — XL (x(k), O)I5-

By optimality, we have that V{*(x(k+1),0) <

V{(x(k + 1),6; u,0) and then
VQ (x(k +1),0) — V¥ (x(k), 0)
< —[1x*(0; x(k), 0) — X (x(K), O)lI5-

Taking into account that Q > 0, then
lim [|x*(0; x(k), ) — X% (x(k), 9)||2Q =0.
k—o00

From Lemma 6.1 (appendix), we can deduce that if
Ix*(x(k), 0) — x:(x(k),0)|| tends to O then [|x}(x(k),
0) — x|l also tends to 0. Therefore, x¥(x(k),6) tends to
x, and then x(k) tends to x;. ]

The proposed controller inherits the following
properties from the MPC for tracking (Limon et al.
2008):

Remark 2 Controller properties:

(1) Since the optimisation problem is feasible for
every value of 6, the proposed controller can be
used to track a varying sequence of operating
points 6(k).

(2) For any 6 € © the system evolves to the target
without offset. If 6¢ ®, the controller steers the
system to an admissible steady-state and input
(X*,it*) = MyH* such that

> 7S

6* = argmin [| 70 — 6)|
0e®

that is, the steady-state and input which min-
imises the offset cost function w.r.t. the target.
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This property provides a rule for the selection
of the matrix 7 since this characterises offset of
the plant present in permanent regime when a
non-admissible operating point is provided as
target.

(3) The structure of the equivalent optimisation
problem ensures that the proposed control law
«Q(x,0) is a piecewise affine function of (x,6)
that can by explicitly calculated by means of
the existing multiparametric programming
tools (Bemporad et al. 2002).

Besides these properties, the main property of the
proposed controller is its capability to guarantee the
local optimality property. The following section is
devoted to this topic.

4. Conditions for local optimality property

This section is devoted to analyse the optimality of the
proposed controller. To this aim, consider an admis-
sible control law u=«(x,6) and define a performance
index given by

Voo . 0.6(.0)) = > 1x(0) — X,l1g) + 1(x(i). ) — ugll-
=0

@)

where x(i) = ¢(i; x; k(-,0)) is calculated from the recur-
sion x(j+ 1) = Ax(j) + Bx(x(j),0) for j=0,...,i—1
with x(0)=x, (x()),u(j)) € Z and (x,, u;) = My6. Then
the control law is said to be optimal if it is the one that
minimises such performance index.

Model predictive controllers can be considered as
suboptimal controllers since the cost function is only
minimised for a finite prediction horizon. The standard
MPC control law for regulating the system to the
target 0, k'\(x,0), can be derived from the following
optimisation problem P} (x,6)

N—1
VR 0) =min ) I1x(0) = lig + lu() — i 1%
W i—o

+ IX(N) = X1 (8a)

s.t. x(0) = x, (8b)

x(j+ 1) = Ax(j) + Bu(j), (8¢)
(x()u(j) e Z, j=0,....N—1, (8d)
(Xy, it) = M, (8e)

(x(N),0) € Q. (80

170 — 6)]loo = 0. (8g)

This optimisation problem is feasible in the polyhedral
region A"(0), where the control law is defined. Then
the solution to the problem P} (x,6) with N =00 yields
to the constrained LQR control law xo.(x, #) which is
the admissible control law that minimises V. (x,6,
k(x)), that is, the controller that provides the best
performance according to the given quadratic index.

It would be desirable to calculate the optimal
control law k..(x,0), but its calculation may be
computationally unaffordable. Fortunately the follow-
ing lemma demonstrates that if the terminal cost
function is the optimal cost of the unconstrained LQR,
then the resulting finite horizon MPC equals the
constrained LQR in a neighbourhood of the terminal
region (Scokaert and Rawlings 1998; Bemporad et al.
2002; Hu and Linnemann 2002).

Lemma 4.1: Consider that Assumptions 2.1 and 3.1
hold. Consider that the control gain K is equal to the
unconstrained LQR gain Kpor and define the set
Tn(0) CR"” as

Tn(0) = {x € IR": (B(N; X, koo (-, 0),0) € Q). (9)

Then for all xeYy0), Vi(x,0) = Vs(x, 6) and
Ky(x,0) = koo(x, 0).

This lemma directly stems from Hu and Linnemann
(2002, Theorem 2).

Unfortunately, the MPC for tracking proposed in
Limon et al. (2008) does not guarantee that this
remarkable property holds due to the artificial steady-
state and input considered as decision variables. In this
section we show that this optimality loss is derived
from the quadratic nature of the offset cost function
and the new controller can recover the local optimality
property thanks to the considered co-norm offset cost
function. In what follows, it is first proved that the
MPC for tracking proposed in this article is equal to
the MPC for regulation, and then that the MPC for
regulation is optimal, in the sense that it ensures the
property of local optimality.

Lemma 4.2: Consider that Assumptions 2.1 and 3.1
hold. For all x € X'\(0), there exists a matrix T such that
the proposed MPC for tracking equals to the MPC for
regulation, that is K%(x, 0) = «y(x,0) and VIQ,*(x, 0) =
Vi (x, 0).

Proof: Define the following optimisation problem
PR(x,6; a), given by
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N—1
V(6,00 =min ) I1¥(0) = g + lu() — i
WY i=0

+ 1x(N) = Xl + @ll6 = 6l
s.t. x(0) = x,
x(j+ 1) = Ax(j) + Bu(j),
x()u(j)eZz, j=0,....,N—1,
(X ils) = My,
(X(N),0) € Q.

This optimisation problem P3(x, 6; ) is derived from
the optimisation problem P (x,6) with the last con-
straint posed as an exact penalty function (Luenberger
1984). Therefore, there exist a finite constant « > 0
such that V*(x, 6) = Vi(x,0) (Luenberger 1984; Boyd
and Vandenberghe 20006).

Assume that the matrix 7 in the optimisation
problem P{(x, 6) satisfies [|77'||, <(any)~'. Then,
using the properties of the norms, we have that

_ 1 _ _
70 -0 > ——0 0|, > all0 —0|,.
IT6 = O)l 2 - 10— 6l = 6 —

Consequently, we have that V{(x,0,u, 6,6) >
V7i(x, 6, u, 6, 6) which implies that VO*(x, 6) > V7
(x, 0) = Vy(x, 0).

On the other hand, for all x € A"(6) the optimisers
of the optimisation problem P)(x,0) are a feasible
solution of P{(x, #), and hence V5i(x,0) > Vi*(x,6).

Then, combining these results we have that for all
x € X(0),

Vie(x, 0) > VQ*(x,0) > Vir(x,0) = Vi(x,0)

and hence V7(x,0) = V{*(x,0). O

Remark 1: In virtue of the well-known result on the
exact penalty functions (Luenberger 1984), the con-
stant & can be chosen such that ||v(x, 6)||; <«, where
v(x,0) is the Lagrange multiplier of the equality
constraint || 7(6 — 6)]., =0 of the optimisation pro-
blem P)(x,0). Since the optimisation problem depends
on the parameters (x,6), the value of this Lagrange
multiplier also depends on (x, 6).

Remark 2: The local optimality property can be
ensured using any norm, thanks to the property of
equivalence of the norms, that is 3¢ > 0 such that
lxll, > clix]l,. Otherwise, the square of a norm cannot
be used. With the ||.||f] norm, in fact, there will be
always a local optimality gap for a finite value of
o since ||.||§ is a (not exact) penalty function
(Luenberger 1984). That gap can be reduced by

means of a suitable penalisation of the offset cost
function (Alvarado 2007).

Remark 3: In Ferramosca, Limon, Alvarado, Alamo,
and Camacho (2009) the MPC for tracking is extended
considering a general offset cost function. Convergence
to a set-point which minimises the offset cost function
is ensured considering only a convex, positive definite
and subdifferential function. Moreover, the proposed
MPC for tracking deals with the case that the target is
inconsistent with the prediction model or the con-
straints. If this function can be bounded above by
¢|lx|l1, then the results presented in this article can be
applied.

Some questions arise from this result as how a
suitable value of the parameter « can be determined for
all possible set of parameters. Another issue is if there
exists a region where local optimality property holds
for a given value of «. The following section, in which
these issues are analysed, constitutes a contribution of
this article.

4.1. Characterisation of the region of local optimality
and calculation of T

From the previously presented results, it can be seen
that this issue can be studied by characterising the
region where the norm of the Lagrange multiplier
v(x, 0) is lower than or equal to «. Once this region is
determined, the open questions on the local optimality
can be answered. The characterisation of this region is
done by means of results of multiparametric quadratic
programming problems (Bemporad et al. 2002).

To this aim, first, note that the optimisation
problem P (x,6) is a multiparametric problem and
the set of parameters (x, 6) such that P (x, 6) is feasible
is given by I' = {(x,0) : x € Ay(6)}. It can be proved
that this set is a polytope.

This optimisation problem can be casted as a
multiparametric quadratic programming (mp-QP)
problem (Bemporad et al. 2002) in the set of the
parameters (x, 6) € I, which can be defined as

1
min=z Hz
st. Gz < W Six + S0, (10)
Fz=Y+ T\x+ T,0,
where
u
Z:|:0—]+J1X+J29 (1])

with J; and J, suitable matrices. Gz < W+ S1x + S»0
describes the restrictions (8b)—(8f), and Fz=Y+
T\x+ T50 is the only equality constraint represented
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by Equation (8g). Note that H > 0, then the problem is
strictly convex.

The Karush—Kuhn—Tucker (KKT) optimality
conditions (Boyd and Vandenberghe 2006) for this
problem are given by

Hz+ G+ F'v=0, (12a)
MGz — W — S1x — S20) = 0, (12b)
A0, (12c)

Gz— W —Six—56<0, (12d)
Fz—Y—Tyx—T0=0. (12¢)

Solving (12a) for z and substituting in the other
equations, we obtain a new set of constraints for the
Lagrange dual problem associated with the problem
(10) which depends on (%, v, x, 6). Then the following
region

AM(GH'G'A+GH 'Fv+ W
+S1x+ 8,0) =0 A>0

—(GH'G'A+GH 'Fv+ W
+ S1x+5,0) <0

FH'G'»+ FH'Fv+ Y+ Tx
+T,0=0

A={(xv,x,0):

(13)

defines the set of (A, v, x,6) which is solution of the
KKT conditions. Thus, for any (x, 6) € Proj. oA, the
solution of the KKT equations is (A(x, 6), v(x, 6)) such
that (x, 0, A(x, 0), v(x, 6)) € A. Note that Proj A is the
set of (x,0) where a feasible solution exists and hence
Proj.pA=T and it is polytope (Boyd and
Vandenberghe 2006).

Following the same arguments of Bemporad et al.
(2002), the finite number of inequality constraints
makes that there exists a finite combination of possible
active constraints. Consider the jth combination and
assume that »/ and &/ denote the Lagrange multipliers
vectors set of inactive and active inequality constraints,
respectively. Let G/, W, S"l, S”z, and G, W, S”l, 5’2 be
the corresponding matrices derived from a suitable
partition of matrices G, W, S| and S, for the set of
inactive and active constraints. In virtue of the
complementary slackness condition, we have that
¥ =0 for inactive constraints and GH'G i+
G'H™'F'v+ W + S| x + 8,0 = 0 for active constraints.
Then, the jth combination of active constraints remains
active for every (x,6,A,v) contained in the following

polyhedral region:

A=1 (v,x,0): =W, 3)

¥=0

¥=>0, j=1,...,N

GH'Fv+ W +S/x+570>0

W =—(GH G (GHFv+ W +§x+5l0)

FH'G'j)}] + FH '"Fv+ Y+ Tix+ T20=0
(14)

It is clear that the union of every region A; of a
possible combination of active constraints is such that
A= U_/ A; and hence A is a polygon.

Using these results, the maximum and the mini-
mum value of [|v(x, 6)||; for all possible values of (x, 6)
can be computed, that is, the values of a;, and ayax
such that for all (x,0)eTl, amin <|lv(x, 0| < Imax-
These are calculated by solving the following
optimisation problems:

Umax = max vl =max{ sup [, ], (15)
(x,0,1,v)€A J (x,0.1,v)eA;

Opinp = Mmin
(x,0,L,v)eA

=mi inf . 16
vl nl;n((w;kr}vm/||v|h> (16)

It is remarkable that each supremum and infimum can
be calculated by solving a set of linear programming
(LP) problems in the closure of A;. Besides, since the
optimisation problem P)(x, 6) is such that the solution
of the KKT conditions is unique, then the value of
Umax 18 finite.

We are also interested in characterising the set of
(x,60), I'(w), such that the norm of the associate
Lagrange multiplier v(x, 0) is bounded by «, that is

I(a) = {(x,0) : (A, v) s.t. (A, v,x,0) € A and |v||; < «af.

This region can be characterised by means of the
polyhedral partition of A. Defining the set T'(«) = {(x,
0) : A(A,v) s.t. (A, v, x,0)€A; and ||v||; <}, which is a
polyhedron, it can be seen that I'(«) is a polygon given
by I'(a) = U_/ I'; (). Note that set I'(«) is non-empty
for a > amin. Moreover, if oni, < a, <oy, then for all
(x, 0)el(a,), |v(x, O|i<a,<a, and hence
(x,60) € ['(ar). Therefore, I'(er,) < I'(exp).
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Resorting to the previously presented results, the
following lemma can be derived.

Lemma 4.3:  Consider that Lemma 4.2 holds. Let o,y
and an;i, be the solutions of (15) and (16), respectively,
then:

e for all @ > o, there exists a polygon I'(x)
such that if (x, ) € (@) and | 7" < k-, then
Vi(x, 0) = V(. 0);

o for all an, < a, <, [(a,) CT(a,), that is,
() grows monotonically with «;

o for all o> oax, T'(0) =ProjpA=T.

In the following theorem, the property of local
optimality for the MPC for tracking is stated.

Theorem 4.4 Local optimality: Consider that Lemmas
4.2 and 4.3 hold. Define the following region

W(at,0) = {x € Tn(0) : (¢(i; x, k(- 0)),0)
el(e), Vi>0}

and let the terminal control gain K be the one of the
unconstrained LOR. Then

(1) for all « > amin, W(a, 0) is a non-empty polygon
and it is a positively invariant set of the
controlled system;,

(2) if amin < @y <y, then W(ay,, 8) S W(ay, 6);

(3) if &> mins 1T 11 < (amp) ™" and x(0) and 6 are
such that x(0) € X'\(60), then

(@) there exists an instant k such that
x(lg) € W(a,0) and kQ(x(k),0) = koo(x(k),0)
for all k > lg;

(b) if &> amax then k§(x(k),0) = iy (x(k),0) for
all k>0 and there exist an instant k such that
x(k) € Yn(0) and «Q(x(k),0) = koo(x(k), 0)
for all k > k.

Proof:

e From Lemma 4.1 we have that set T(6) is an
invariant set for the system controlled by
u=k'\(x,0) and besides, «'\(x,0) = kxo(x,0).
Since the control law «y(x, ) is a piece-wise
affine (PWA) function of (x, ), the controlled
system is PWA and the region Yp(f) is a
polygon (Kerrigan 2000).

On the other hand, set E(w,0)={x:
(p(i; x, &5 (-,0)),0) € T(a), Vi>0} is the
maximum invariant set for the controlled
system contained in the set {x : (x, 0) € I'(«)}
and besides in virtue of Lemma 4.3 for all
xe€B(w,0), «{(x,0) =«y(x,0). The PWA
nature of the control law ensures that E(«, 0)
is a polygon.

Finally, noting that W(«,0)="Yn0O)N
E(a,0), we infer that W(«,0) is a positively
invariant polygonal set for the system con-
trolled by «{(x,0) and for all xeW(a,0),
K (x,0) = Ky(x,0) = Kkoo(x, ).

e Since o, <ap, I'(a,) CT'(ep). In virtue of the
monotonicity of the maximal invariant set,
E(a,.0) C B(ap,0) and this implies that
Wi(ay, 0) S W (e, 0).

o If x(0) € A"\(0), then the closed-loop system is
asymptotically stable to (x,, uy) = My0. Given
that W(e,6) has a non-empty interior and
X, € W(a, 0) for any «a > oy, there exist a k
when x(k) € W(a, 6). Due to the invariance of
W(a,6), x(k)eW(a,6) for all k > k. Taking
into account Lemmas 4.2 and 4.3,
kQ(x(k), 0) = keo(x(k), 0).

e From Lemma 4.3, for all > o IN(a)=T,
E(a,0) = X\(0) and then W(a,6)="Tx(0).
The result is derived from the last proposition.

|

From this theorem it can be inferred that for every
T such that |77 "||; < (otmin 77) ', the MPC for tracking
is locally optimal in a certain region. In particular, the
value of ., is interesting from a theoretical point of
view, because it is the critical value from which there
exists a region of local optimality. In order to ensure
the local optimality property of the standard MPC,
one would like to know the maximal region into which
the local optimality applies. This region is given for
any o > oy Lhen, from a practical point of view it is
interesting to know o,,x, but this requires the calcu-
lation of the partition of the feasibility region of the
mpQP and the solution of a number of LPs. In the
following corollary a method is proposed to calculate a
value of a > a,;, for which the local optimality region
is the invariant set for tracking, by means of a
single LP.

Corollary 4.5: Consider that hypotheses of Theorem
4.4 hold. Let ag be the solution of the following LP
optimisation problem:

ag = max [(FH™'F)~'(Y + Tix + T20) 1.
X,
st (x,0) € Q. (17)
Assume that | T~ |, <(aone)™" then Sor all x(0) €

XN(6), there exists an instant 'k such that

VRx(k). 0) = Vi (x(k),0) and k§(x(k), 6) = koo(x(k). 0),

for all k > k.

Proof: Assume that no inequality constraint is active,
then the Lagrange multiplier A is zero. In this case,
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the KKT conditions are

—GH 'Flv— W —8x — 50 <0,
—FH 'Flv—Y—Tix—Ty0=0.

For any (x, 0) € int($2)'x), the optimal control law is
the one of the unconstrained LQR, that is u= Ky or
(x—x,)+u,, where (x,u)=M, 6, such that
(x, u) € int(Z). This means that no inequality constraint
is active. Considering that u = Ky gr(x — X;) +u; is the
optimal control law of the unconstrained LQR, then
for any (x,6) € int(Q)'y), k9(x,6) = Kror(x — x;) + ug
and xeYy(0). Furthermore, for any (x(k),0) e
int(Q}'g), (x(k),0) € int(Q}'y) for any k > k.

Hence, forany (x, 0) € int($2)'x), A(x, 0) =0, and then
v(x,0)=—[(FH ' F)""(Y+ T\x+ T»0)].  Moreover,
[v(x, O)Il1 < ag, for any (x,0) € int(2}y).

Taking into account all these facts, if « > agq, then
for any x(0)e Xy, there exists a k>0 such that
(x(k), 0) € int(€2/'x), and hence kQ(x,0) is the optimal
control law. Ll

5. Example
5.1. The two tank process

We considered two cascaded tanks system of the four
tank process located at the Departamento de Ingenieria
de Sistemas y Automatica at the Engineering School of
the University of Seville (Alvarado 2007). A scheme of
the system is presented in Figure 1. The nonlinear
model of the system is

dh as 4
ar o Vg

dh3_ as 1—]/
& T AV

where /; and /i3 are the levels of water in each tank and
q is the inlet flow. The cross-section of the tanks is
A=0.06m? the cross-sections of the outlets are
a,=6.737le *m? and a,=4.0423¢*m? and y=0.4
(Alvarado 2007).

Linearissing the model in an operating point given
by h)=0.68m, h=0.65m and ¢"=2m’/h, and
defining the variables x;=/h;—h? and u=q—q°
where i=1,3 we have that

dx -1 1 Y
. = o § x+[1f }u’
de |:0 TJ =
[T o
y_ 0 1 xv

0
where 7; = ﬁ,/% > 0, i=1, 3, are the time constants of
each tank.

a
= ——/2gh
y ghy +

L

5
5

VQ}@T

Qe

Figure 1. The two tanks system.

The system is constrained to 0.30 <x; <1.36,
0.30 < x5, <1.30 and 0 < u < ¢ax, Where ¢max =4. The
properties of the controller have been illustrated by
means of simulations of the system.

In order to show the property of offset minimisa-
tion (Section 3, Remark 2) of the controller, the aim of
the first test is to demonstrate the tracking property of
the proposed controller. The offset cost function has
been chosen as Vo = || T(0 — 6)||.. In the test, three
references have been considered. The first reference
and the second reference, Ref;=(1.2,1.17) and
Ref, =(0.4,0.39), are admissible set-points. The third
reference, Ref; =(0.8, 1), is a not consistent operation
point. The initial state is xo=(0.32,1.26). An MPC
with N =3 has been considered. The weighting matri-
ces have been chosen as Q=1 and R=100 x [;.
Matrix P is the solution of the Riccati equation and
T= O[I].

The maximal invariant set for tracking 2, g, the
region of attraction X5, the set of equilibrium levels
X;=Proj(Z,) and the evolution of the levels for a
given reference are shown in Figure 2(a). The time
evolution of the system is shown in Figure 2(b). As it
can be seen, since Ref; is an admissible set-point, the
system reaches the first reference without any offset.
At the sample times 500 the reference changes but the
system still reaches the point without any offset, since
Ref, is an admissible set-point. At time 1000 the
reference changes, becoming a not consistent point.
Note how the controller leads the system to the closest
equilibrium point, in the sense that the offset cost
function is minimised.

To illustrate the property of the local optimality,
the proposed controller has been compared with the
MPC for tracking with quadratic offset cost proposed
in (Limon et al. 2008) and with the LQR. First, the
difference between the MPC for tracking with qua-
dratic offset cost V7 and the MPC for tracking with
oo-norm offset cost V$*, with the MPC for regulation
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Figure 2. State-space and time evolutions. (a) Evolution of the levels and (b) Time evolution of the plant.

a Vi —v*
45 0.0111
e 46 2.5l — 4
= 46.1 4.77¢ -5
e ~200 46.17 | 4.09¢ —7
) 46.177 | 1.60e — 10
S 30}
% 46.1772 0
= 10 47 0
48 0
-50

[0

0 10 20 30 40 50 60 70 80 90 100

Figure 3. Difference between the regulation cost and the tracking cost versus o.

Ve are illustrated, that are Vi — VO* and Vi — V4.
To this aim, the quadratic offset cost function has been
chosen as ||6 — 9||2T,, with T, =aMTPM,, where
M,=[1,,0,,,,]Ms. The system has been considered to
be steered to the point x =(0.4, 0.39). In Figure 3 the
value of V¥ — V9 versus « is plotted in solid line and
the value of Vi — V35 versus o in dashed line.
As it can be seen, V' — V7 tends to zero asymptot-
ically while V7 — V{* drops to (practically) zero
dramatically for a certain value of «. This result
shows that the optimality gap can be made arbitrarily
small by means of a suitable penalisation of the square
of the 2 norm, and this value asymptotically converge
to zero (Alvarado 2007), while in the case of the oo-
norm, the difference between the optimal value of the
MPC for tracking cost function and the standard MPC
for regulation cost function becomes zero. This shows
the benefit of the new formulation of the MPC for
tracking. Note how the value of V3 — V{* drops to
practically zero when o« =47. As we said, in Section 4,
this happens because the value of o becomes greater

than the value of the Lagrange multiplier of the
equality constraint of the regulation problem V7.
To point out this fact, consider that, for this example,
the value of the Lagrange multiplier of the equality
constraint of the regulation problem V7%, is
Umax =46.1772. The value of ag, calculated by solving
problem (17), is ag =46.1772. This value is equal to the
value of o, because the region A into which the value
of anax can be evaluated, is exactly the invariant set for
tracking Q. In the table, the value of V7 — V'{* in
case of different values of the parameter « is presented.
Note how the value seriously decrease when o becomes
equal to omax. So, using the procedure described in
Section 4, we can determine the value of o, such that
V%*(X,y,) = V'r]\}k(x’yl)'

To definitely prove the optimal performances
ensured by the proposed controller, the optimal
trajectories from the point xy=(0.32,1.26) to the
point x=(0.4,0.39) have been calculated, for a value
of « that varies in the set « = {5, 10, 15, 20, 25, 30, 35,
40, 45, amaxt- In Figure 4 the state-space trajectories
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Figure 4. State-space trajectories and optimal cost for « varying.

and the values of the optimal cost V', for « increasing
are shown. See how the trajectories get better and how
the value of the optimal cost decreases as the value of «
increases. The optimal trajectory, in solid line, is the
one for which a=a,,,c. Notice that value of the
optimal cost decreases from V,,=203.6146 to
Voo =24.8735 when « reaches the value of o ,y.
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Appendix

Lemma A.1: Let the Assumptions of Theorem 3.2 hold.
Consider a desired steady-state (x,,u;)= M0 and assume
that for a given state x, the optimal solution of P$(x,0) is
such  that ||x —x{(x,0)lp =0 (ie. x=X(x,0)), then
v~ xllg =0.
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Proof: The proof is obtained by contradiction. Consider
0% = 60*(x,0) and (X7, 0}) = My0*. Assume that X} # x;.

By continuity we obtain that exists A € [0, 1) such that for
every A €[, 1), 6 =10+ (1 —A)0 and (Xy,U;) = My6, the
state X7 is contained in the maximal admissible invariant set
(denoted as Q4 (X;)) for the nominal system controlled by
u = K(x — X;) + us; (Limon et al. 2008).

Defining as u the sequence of control actions derived
from this control law, it is inferred that (u, x},6) is a feasible
solution for Py(x},6). Then, from Assumption 3.1,

VOH(EE.0) < VO(ES 6 0,0) = ||XF — T3 + [ T0 — )l

Defining M=[l,, 0,x,,]M, and taking into account
that Xf—X, =1 —-A)M (0" —0) and 60—6=r6"—0),

we have that
155 = %13 + 170 = O)llos < (1 = A IML(E" - 0)]3
FANTE* = 0)llno-

Note that the rhs of this equation takes a value of
17(6* — 0|l for A =1, and besides, its derivative w.r.t. A for
A =1 is also equal to || 7(6" — 0)|l, which is assumed to be
strictly positive (namely 6* # ). Then there exists a A € (0, 1)
such that for all A € [A, 1), we have that

VI (ELO) < 155 = %13+ 1T0 = 0)ll oo < 1T(0" = )l

Since the optimal solution of Py(X},6) is given by
u'(x}i,0) ={u,...,u}} and the associated nominal state
sequence is X*(X},6) = {X},...,x}}, then the optimal cost
is V{*(3%,0) = | T(0* — 0)|l, yielding a contradiction and
proving the lemma. U



