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Robust Model Predictive Controller for Tracking
Changing Periodic Signals

M. Pereira, D. Muñoz de la Peña, D. Limon, I. Alvarado, and T. Alamo

Abstract—In this paper, we propose a novel robust model pre-
dictive controller for tracking periodic signals for linear systems
subject to bounded additive uncertainties based on nominal pre-
dictions and constraint tightening. The proposed controller joins
optimal periodic trajectory planning and robust control for tracking
in a single optimization problem and guarantees that the perturbed
closed-loop system converges asymptotically to a neighborhood
of an optimal reachable periodic trajectory while robustly satisfy-
ing the constraints. In addition, the closed-loop system maintains
recursive feasibility even in the presence of sudden changes in the
target reference.

Index Terms—Predictive control for linear systems, robust con-
trol, stability of linear systems, uncertain systems.

I. INTRODUCTION

In this paper we focus on the problem of tracking periodic references
for linear systems subject to bounded additive uncertainties which ap-
pears when the optimal operation is not to remain at a single steady state,
but to follow a time varying periodic or quasi-periodic trajectory such
as water, electricity or energy distribution networks, chemical reactors
or repetitive processes. The application of MPC to periodic systems
has been studied in [1], where a model predictive control approach
to repetitive control of continuous processes with periodic operations
was proposed, or more recently in [2]. In addition to periodic systems
and batch processes, economic operation may lead to non-steady state
operation and periodic references, see for example [3], [4]. In these
references stability is proved under the assumption that the provided
periodic reference trajectory is never changed. However, in practice,
the reference may be changed due, for instance, to variations on the
desired behavior of the controlled system or derived from variations
of the demands of the controlled plants. The tracking MPC must cope
with the robust stability of the controlled system and convergence to
the (possibly changing) periodic reference.

The tracking problem is considerably more difficult when the refer-
ence varies in a way not known a-priori because MPC is naturally suited
to deterministic control problems. Therefore, the study of the closed-
loop stability properties of predictive controllers for tracking periodic
references is an open issue. In [5] a predictive controller for the offset-
free tracking of reference signals generated by arbitrary dynamics is

Manuscript received May 16, 2016; revised November 6, 2016; ac-
cepted November 28, 2016. Date of publication December 7, 2016;
date of current version September 25, 2017. The research leading to
these results has received funding from the MCYT-Spain under project
DPI2013-48243-C2-2-R. Recommended by Associate Editor J.-i. Imura.

The authors are with the Departamento de Ingenierı́a de Sistemas
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proposed. Another approach is to adopt a hierarchical architecture in
which a trajectory planner decides the optimal reachable trajectory that
is provided to a MPC controller [4]. In [6] is shown that this control
scheme may lead to a loss of feasibility when a sudden change in the
reference takes place. This issue is inherent to tracking problems and
the design of MPC strategies robust to target changes is a relevant
problem as most MPC schemes in the literature can exhibit feasibility
issues. The latest MPC state of the art reviews mention this problem as
one of the open issues of the field, see [7]–[9]. A scheme for tracking
arbitrary periodic references was proposed in [10] based on a single
layer that unites dynamic trajectory planning and control. This control
scheme was extended to the economic case in [11], [12]. The above
mentioned methods do not take into account possible disturbances or
modeling errors although recently, in [13], a robust periodic controller
for linear systems was proposed in the economic MPC framework; that
is, instead of assuming that a target reference is given, the controller
tries to optimize directly an economic target function.

Following these ideas, the main contribution of this work is a novel
robust model predictive controller for tracking periodic signals for lin-
ear systems based on extending the control scheme proposed in [10]
to take into account bounded additive uncertainties following the con-
straint tightening method proposed in [14]. A set of design conditions
that guarantees that the closed-loop system converges to neighborhood
of a robust optimal trajectory that minimizes the cost function while
robustly satisfying the constraints even in the presence of sudden refer-
ence changes is also provided. These design condition can be fulfilled
using a robust positive invariant terminal region or a equality terminal
constraint, avoiding the calculation of invariants. The properties of the
proposed controller are demonstrated with a simulation of a ball and
plate system.

Notation: Bold letters are used to denote a sequence of T values of
a trajectory, i.e. z = {z(0), . . . , z(T − 1)}, while zN (θ) denotes the
sequence which cardinality, N , is not T . Ia denotes the set of positive
integer numbers including the origin, that is {0, 1, . . . , a}. ‖ · ‖ denotes
quadratic norm.

II. PROBLEM FORMULATION

In this work, we consider the following class of discrete time linear
systems subject to bounded additive uncertainties

x(k + 1) = Ax(k) + Bu(k) + w(k) (1a)

y(k) = Cx(k) + Du(k) (1b)

where x(k) ∈ IRn , u(k) ∈ IRm and w(k) ∈ IRn are the state, the in-
put and the uncertainty at sampling time k respectively. The uncertainty
is known to be confined in the convex compact polytope containing the
origin in its interior W . We denote as nominal model system (1) with
w(k) null.
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The state and input trajectories must satisfy the x(k) ∈ X and
u(k) ∈ U for all sampling times k where the sets X and U are convex,
compact polytopes containing the origin in its interior.

The control objective is to steer the output of the system as close
as possible to an exogenous periodic target reference with period T
defined as r. We assume that the estate of the system is fully measured. It
is important to remark that no assumption is considered in the reference
beyond its periodicity; that is, there may not exist a control law capable
of steering the system to this reference signal satisfying the constraints.
In any case the closed-loop system must converge to the best reachable
periodic trajectory, i.e. that optimizes a certain criterion while satisfying
the constraints for all possible uncertainties. Besides, the reference can
be subject to sudden changes. For this reason, the reference is included
as one of the input parameters of the controller in addition to the state
measurement.

Standard tracking schemes are usually based on a hierarchical archi-
tecture in which a trajectory planner computes the optimal reachable
trajectory which is then used by a MPC as a reference trajectory. This
implies that the MPC controller depends on this optimal trajectory and
that two different optimization problems have to be solved. In addition,
the feasibility region of the optimization problem of standard MPC
methods generally depends on the reference signal. This implies that
feasibility can be lost if a sudden change in the reference takes place.
As it will be demonstrated later on, the proposed control law will deal
with the case that the periodic reference signal is suddenly changed
without loosing feasibility.

III. CONTROLLER FORMULATION

The proposed robust controller is based on the MPC for tracking
periodic references presented in [10] but extended to cope with the un-
certainty using the ideas of [14]. The controller is based on augmenting
the decision variables with a set of auxiliary variables that describe a
future, periodic and admissible artificial reference. The objective cost
takes into account both the deviation of the predicted trajectory from
the artificial reference, and the deviation of the artificial reference from
the target periodic reference. The prediction horizon is N .

To this end, the predictive control law is derived from the solution
of an optimization problem that minimizes a cost function VN (·) that
includes two terms. The first term Vt (·) penalizes the deviation of a
N step predicted trajectory starting from the current state, from the
artificial reference. The second term Vp (·) penalizes the deviation of
the artificial reference from the target reference over a period. The cost
function is defined as follows:

VN (x, r;xN +1 ,uN ,xr
T +1 ,u

r ) =Vt (x;xN +1 ,uN ,xr
T +1 ,u

r)

+ Vp (r;xr
T +1 ,u

r )

with

Vt (x;xN +1 ,uN ,xr
T +1 ,u

r ) =
N −1∑

i=0

‖x(i) − xr (i)‖2
Q

+
N −1∑

i=0

‖u(i) − ur (i)‖2
R

+ ‖x(N ) − xr (N )‖2
P

Vp (r;xr
T +1 ,u

r ) =
T −1∑

i=0

‖yr (i) − r(i)‖2
S

where Q, R, P and S are suitable positive definite matrices and

yr (i) = Cxr (i) + Dur (i)

The optimization variables (xN +1 ,uN ,xr
T +1 ,u

r ) are the predicted
sequences of states and inputs of the system and the artificial state and
input trajectories respectively.

Following [14], the proposed robust controller requires the design
of a local robustly stabilizing control gain K . Based on this gain, the
following sets are defined:

X (i) = X �
{

i−1⊕

j=0

(A + BK)jW
}

(2)

U(i) = U �
{

K

i−1⊕

j=0

(A + BK)jW
}

(3)

where ⊕ stands for the Minkowski addition of sets and � stands for
the Pontryagin difference of sets with X (0) = X and U(0) = U . The
sets X (i) and U(i) are tightened versions of the set of constraints
X and U . These sets depend both on the size of the uncertainty set
W and the local control law K and they are easily obtained off-line.
These conservative sets will be considered as set of constraints of the
predicted trajectories in order to ensure robust constraint satisfaction,
as it will be proved in the next section.

In order to derive a stabilizing constraint, a suitable terminal control
gain Kf and a suitable (robust) invariant set Ω is computed. Thus, the
terminal region is given by

Xf = Ω � (A + BK)N −1W (4)

Similarly to the set of constraints, the terminal region Xf is a (robust
invariant) set Ω tightened by a measure of the effect of the uncertainty in
the predicted terminal state. On the other hand, the artificial trajectory
is also subject to tighter constraints given by the sets

X r = X (N ) �Xf (5)

U r = U(N − 1) � Kf Ω (6)

In the following section the design assumptions that these ingredients
must satisfy to guarantee some closed-loop properties are defined.

The proposed robust model predictive for tracking periodic refer-
ences is derived from the solution of the following optimization prob-
lem

min
xN + 1 ,uN ,x r

T + 1 ,u r
VN (x, r;xN +1 ,uN ,xr

T +1 ,u
r ) (7a)

s.t. x(0) = x (7b)

x(i + 1) = Ax(i) + Bu(i) i ∈ IN −1 (7c)

x(i) ∈ X (i) i ∈ IN (7d)

u(i) ∈ U(i) i ∈ IN −1 (7e)

x(N ) − xr (N ) ∈ Xf (7f)

xr (i + 1) = Axr (i) + Bur (i) i ∈ IT −1 (7g)

xr (i) ∈ X r i ∈ IT (7h)

ur (i) ∈ U r i ∈ IT −1 (7i)

xr (T ) = xr (0) (7j)

The optimal solution of this optimization problem is denoted as
(x∗

N +1 ,u
∗
N ,xr ∗

T +1 ,u
r ∗) and it’s a function of x and r. Analogously,

the optimal cost function is denoted as V ∗
N (x, r).
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Constraints (7b)–(7c) define the predicted trajectories of the system
starting from the current state. Constraints (7g) and (7j) define the
planned periodic reachable reference starting from the free initial state
xr (0). Constraints (7d) and (7e) include the state and input constraints
for the predicted states and inputs. These constraints depend on the
tightened sets defined above and are different for each prediction step
i. Constraints (7h) and (7i) include the state and input constraints for
the artificial reference. These constraints depend on the tightened sets
defined above but are constant for all prediction steps i. In addition, a
terminal constraint is included to guarantee closed-loop convergence
to the optimal reachable trajectory. Constraint (7f) guarantees that the
terminal state of the predicted trajectory of the plant reaches a neigh-
borhood of the planned reachable trajectory at the end of the prediction
horizon.

At each time step k, the periodic reference signal r(k) used to
define the controller is different because the initial time of the sequence
changes. With a slight abuse of notation, we define r as the target
periodic reference, and r(k) the reference fed to the controller which
takes into account the time shift. The control law is given by the first
input of the optimal reachable predicted trajectory,

κN (x(k), r(k)) = u∗
N (0; x(k), r(k)) (8)

IV. ROBUST STABILITY OF THE CONTROLLED SYSTEM

In this section we study the closed-loop properties of the proposed
controller. We prove that the closed-loop system converges asymp-
totically to a neighborhood of an optimal reachable trajectory while
constraints are robustly satisfied. The optimal reachable trajectory can
be obtained solving an optimization problem. To this end we prove
that the deviation of the system from the optimal reachable trajectory
is input-to-state stable with respect to the uncertainty. In order to guar-
antee these properties, the controller must be designed appropriately.
In particular, the following design assumptions must hold:

Assumption 1: The weighting matrices Q, R, P and S, the con-
troller gains K , Kf and the set Ω satisfy the following conditions:
1) (A + BKf )T P (A + BKf ) − P ≤ −(Q + KT

f RKf )
2) The set Ω is compact polytope such that

(A + BKf )Ω ⊆ Ω � (A + BK)N −1W

3) The optimization problem (7) is strictly convex and the sets Xr

and Ur are non-empty.
It is important to remark that the local control gain K must be

designed in a way such that the tightened sets are not empty. There
is a trade-off between perturbation rejection (which affects the size of
X (i)) and the amount of control effort used (which affects the size of
U(i)). This design challenge is inherent to semi-feedback prediction
schemes, see for example [15].

The optimal reachable trajectory of the plant (x◦,u◦) is the nominal
trajectory that minimizes the following optimization problem

arg min
x r

T + 1 ,u r
Vp (r;xr

T +1 ,u
r ) (9a)

s.t. xr (i + 1) = Axr (i) + Bur (i) (9b)

i ∈ IT −1

xr (i) ∈ X r i ∈ IT (9c)

ur (i) ∈ U r i ∈ IT −1 (9d)

xr (T ) = xr (0) (9e)

This is the admissible trajectory (according to the tighter set of
constraints) that minimizes the cost function Vp (·) which measures the
distance to the reference r. It is important to remark that this trajectory
is uniquely defined since from the Assumption 1 we derive that the
optimization problem (9) is feasible and strictly convex.

We will prove that the optimal admissible trajectory is a robustly
stable trajectory of the system in the input-to-state stability sense,
which is defined as follows.

Definition 1: The periodic trajectory x◦ is an input-to-state stable
trajectory for the controlled system with a domain of attraction XN

if for all x(0) ∈ XN , then x(k) ∈ XN and there exists a KL function
β(·) and a K function σ(·) such that

‖x(k) − x◦(k)‖ ≤ β(‖x(0) − x◦(0)‖, k) + σ(‖wk ‖∞)

for all k ≥ 0. ‖wk ‖∞ denotes the maximum value of ‖w(i)‖ for all
i ∈ Ik−1 .

In the following theorem it is stated the input-to-state stability of the
trajectory x◦ which is the main result of the paper.

Theorem 1: Assume that conditions given in Assumption 1 hold.
Then system (1) controlled by the proposed control law u(k) =
κN (x(k), r(k)) is recursively feasible and the optimal periodic reach-
able trajectory x◦ is input-to-state stable with a region of attractionXN ,
i.e. the closed loop system is stable and x(k) converges asymptotically
to a neighborhood of x◦(k) for all x(0) ∈ XN .

Proof: In order to proof the theorem, we first prove that if the initial
state is inside the feasibility region of the optimization problem, the
closed-loop system will remain inside this region; i.e. the closed-loop
system is recursively feasible. Then, asymptotic stability will be proved
by demonstrating that for the system that models the error between the
state of the reachable optimal trajectory and the closed loop trajectory
of the system the function

W (x(k) − x◦(k)) = V ∗
N (x(k), r(k)) − V ◦

p (r) (10)

is an input-to-state Lyapunov function [16]. This function is defined as
the difference between the optimal cost of the MPC problem at time k
and the cost value of the optimal reachable trajectory.

As the sets Xr and Ur are non-empty, then the sets X (i) and U(j)
are non-empty for i ∈ IN and j ∈ IN −1 . This ensures that there exists
an initial state where the optimization problem is feasible.

The proof is divided into two parts: first recursive feasibility of the
optimization problem is demonstrated and then, input-to-state stability
of the optimal reachable trajectory is proved.

Recursive feasibility: We define next the shifted solution at time
k + 1 obtained from the optimal solution at time k and some corrections
provided by the feedback policy K as proposed in [14]. We use the
notation (i|k) to denote the time step to which a given variable is
referred.

urs (i|k + 1) = ur ∗(i + 1|k) i ∈ IT −2 (11a)

urs (T − 1|k + 1) = ur ∗(0|k) (11b)

xrs (i|k + 1) = xr ∗(i + 1|k) i ∈ IT −1 (11c)

xrs (T |k + 1) = xr ∗(1|k) (11d)

us (i|k + 1) = u∗(i + 1|k)

+ K(xs (i|k + 1) − x∗(i + 1|k)) i ∈ IN −2 (11e)

us (N − 1|k + 1) = urs (N − 1|k + 1) (11f)
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+ Kf (xs (N − 1|k + 1) − xrs (N − 1|k + 1)) (11a)

xs (0|k + 1) = x(k + 1) = Ax(k) + Bu∗(0|k)

+ w(k) (11b)

xs (i + 1|k + 1) = Axs (i|k + 1) + Bus (i|k + 1) (11c)

i ∈ IN −1

Since x∗(0|k) = x(k), we have that

xs (0|k + 1) − x∗(1|k) = w(k)

As it has been proved in [14] the error between the optimal trajectory
at k and the shifted one is given by

xs (i + 1|k + 1) − x∗(i + 2|k) = AK (xs (i|k + 1)

− x∗(i + 1|k))

for i ∈ IN −1 and AK = A + BK . Since w(k) ∈ W , the following
condition holds

xs (i|k + 1) − x∗(i + 1|k) ∈ (A + BK)iW (12)

Proceeding similarly for the shifted input, the following inequalities
hold for i ∈ IN −2

us (i|k + 1) − u∗(i + 1|k) ∈ K(A + BK)iW
Based on these results, it will be proved that the shifted solution is

feasible for the optimization problem at k + 1.
It is immediate to see that the constraints (7b), (7c), and

(7g)–(7j) are satisfied. The remaining constraints are proved next.
� Constraint (7f): The shifted solution is such that

xs (N − 1|k + 1) − x∗(N |k) ∈ AN −1
K W

Since the optimal solution at k satisfies the constraint (7f), we
can infer that

Δs
x = xs (N − 1|k + 1) − xrs (N − 1|k + 1)

= xs (N − 1|k + 1) − xrs (N |k)

= (xs (N − 1|k + 1) − x∗(N |k)) +

+(x∗(N |k) − xrs (N |k))

∈ (A + BK)N −1W ⊕Xf ⊆ Ω

Applying the shifted input us (N − 1|k + 1), then

xs (N |k + 1) − xrs (N |k + 1)

is posed as

(A + BKf )(xs (N − 1|k + 1) − xrs (N − 1|k + 1))

Therefore xs (N |k + 1) − xrs (N |k + 1) ∈ (A + BKf )
Ω ⊆ Ω � (A + BK)N −1W = Xf .

� Constraint (7d): The optimal solution satisfies that

x∗(i + 1|k) ∈ X (i + 1)

On the other hand

xs (i|k + 1) − x∗(i + 1|k) ∈ (A + BK)iW
and then

xs (i|k + 1) = x∗(i + 1|k) + (xs (i|k + 1)− x∗(i + 1|k))

Thus

xs (i|k + 1) ∈ X (i + 1) ⊕ (A + BK)iW ⊆ X (i)

Fig. 1. Example of shifted state trajectories considering a terminal
region and a terminal controller.

for all i ∈ IN −1 . For i = N , we have proved that

xs (N |k + 1) − xrs (N |k + 1) ∈ Xf

As xrs (N |k + 1)= xr ∗(N + 1|k) ∈ X r = X (N )� Xf ,
then xs (N |k + 1) ∈ X (N ) � Xf ⊕ Xf ⊆ X (N ).

� Constraint (7e): The optimal solution satisfies that

u∗(i + 1|k) ∈ U(i + 1)

On the other hand

xs (i|k + 1) − x∗(i + 1|k) ∈ (A + BK)iW
and then

us (i|k + 1) = u∗(i + 1|k) + K(xs (i|k + 1)

− x∗(i + 1|k))

Thus

us (i|k + 1) ∈ U(i + 1) ⊕ K(A + BK)iW ⊆ U(i)

for all i ∈ IN −2 . For i = N − 1, since

xs (N − 1|k + 1) − xrs (N − 1|k + 1) ∈ Ω

and

urs (N − 1|k + 1) = urs (N |k)

∈ U r = U(N − 1) � Kf Ω

We have that us (N − 1|k + 1) is posed as

urs (N − 1|k + 1) + Kf (xs (N − 1|k + 1)

− xrs (N − 1|k + 1))

thus

us (N − 1|k + 1) ∈ U(N − 1) � Kf Ω ⊕ Kf Ω

us (N − 1|k + 1) ⊆ U(N − 1)

Fig. 1 shows an example of one dimensional shifted state trajectories.
In blue triangles the optimal artificial trajectory is shown for both time
step k = 0 and k = 1. In red circles the optimal trajectory at time step
k = 0 is shown. After four time steps (the prediction horizon), the
difference between the artificial reference and the optimal trajectory is
inside the terminal region denoted with a magenta ellipsoid1. In green

1The terminal regions are shown as ellipsoids for aesthetic reasons, although
they should be a segment because the state has dimension one.
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squares the shifted trajectory at time step k = 1 is shown. It can be
seen that it deviates from the previous optimal trajectory because of
the uncertainty. However, the deviation is corrected in the predictions
by the local controller K , and this deviation converges asymptotically
to zero as (A + BK)iw(0). The shifted trajectory last input is defined
by the artificial reference, so it follows the blue trajectory. Although
there is a difference between the shifted trajectory and the artificial
reference, is inside the robust positive invariant of the local controller
Kf for an uncertainty bounded in (A + BK)N W , so it is guaranteed
that the nominal prediction lies inside Xf .

Stability: Stability is proved by demonstrating that the function

W (x − x◦) = V ∗
N (x, r) − Vp (r;x◦,u◦)

is an ISS Lyapunov function [16]. Using similar arguments to the
stability proof of the nominal case in [10], we have that there exists
positive constants α1 , α2 and α3 such that

α1‖x(k) − x◦(k)‖2 ≤ W (x(k) − x◦(k))

α2‖x(k) − x◦(k)‖2 ≥ W (x(k) − x◦(k))

On the other hand, the increment of W (·) for the nominal system,
ΔW = W (x(1|k) − x◦(k + 1)) − W (x(k) − x◦(k)) satisfies that

ΔW ≤ −α3‖x(k) − x◦(k)‖2 .

This is derived from lemma 1 of [10] that can be applied for the nominal
prediction.

Since the optimal cost function V ∗
N (x, r) is a convex function of x

defined in a compact set, V ∗
N (·), and hence W (·), is Lipschitz con-

tinuous. Given that x(k + 1) = x(1|k) + w(k), from the Lipschitz
continuity of W (·) there exists a positive constant γ such that

W (x(k + 1) − x◦(k + 1)) − W (x(1|k)

− x◦(k + 1))‖ ≤ γ‖w(k)‖

Therefore, we have that

ΔW = W (x(k + 1) − x◦(k + 1))

−W (x(1|k) − x◦(k + 1))

+ W (x(1|k) − x◦(k + 1))

−W (x(k) − x◦(k))

≤ γ‖w(k)‖ − α3‖x(k) − x◦(k)‖2

and then W (·) is an ISS Lyapunov function which completes the proof.

A. Equality Terminal Constraint

The proposed controller requires the calculation of a stabilizing gain
Kf and a robust positively invariant set Ω. There exists efficient al-
gorithms to compute these ingredients, but their complexity grows
exponentially with the dimension of the system to be controlled. Then,
from a practical point of view, it is very interesting to take K such that
the eigenvalues λi (A + BK) = 0, since in this case (A + BK)N −1W
is {0} and then the stabilizing terminal ingredients can be chosen as
Kf = 0, P = 0 and Xf = {0}. This is equivalent to consider a termi-
nal equality constraint x(N ) = xr (N ). In Fig. 2, it is illustrated the
different trajectories in the case of using a terminal equality constraint.

The robust model predictive control for tracking periodic references
using the proposed equality terminal constraint is derived from the

Fig. 2. Example of shifted state trajectories considering an equality
terminal constraint.

solution of the following optimization problem

min
xN + 1 ,uN ,x r

T + 1 ,u r
VN (x, r;xN +1 ,uN ,xr

T +1 ,u
r ) (13a)

s.t. x(0) = x (13b)

x(i + 1) = Ax(i) + Bu(i) i ∈ IN −1 (13c)

x(i) ∈ X (i) i ∈ IN (13d)

u(i) ∈ U(i) i ∈ IN −1 (13e)

x(N ) = xr (N ) (13f)

xr (i + 1) = Axr (i) + Bur (i) i ∈ IT −1 (13g)

xr (i) ∈ X r i ∈ IT (13h)

ur (i) ∈ U r i ∈ IT −1 (13i)

xr (T ) = xr (0) (13j)

In practice it suffices to design a K such that maxw ∈W ‖(A +
BK)N −1w‖ is sufficiently small w.r.t. to the precision of the op-
timization solver. For instance if the set W is the unitary ball
and N = 30, then taking a control gain K such that ‖A + BK‖
≤ 0.28, then maxw ∈W ‖(A + BK)N −1w‖ is lower than 10−16 and if
‖A + BK‖ ≤ 0.57 then maxw ∈W ‖(A + BK)N −1w‖ is lower than
≤ 10−7 . These values are smaller than the Matlab spacing for double
and single precision respectively. Therefore, introducing this practical
relaxation makes the design more flexible since it is not necessary to
guarantee that λi (A + BK) = 0.

V. APPLICATION TO A BALL AND PLATE SYSTEM

In this section we apply the proposed controller to a linear approxi-
mation of a ball and plate system. The system consists of a plate pivoted
at its center such that the slope of the plate can be manipulated in two
perpendicular directions. A servo system consisting of two motors is
used for tilting the plate and control the two angles of rotation θ1 , θ2 .
An appropriate sensor for measurement of the ball position z1 , z2 is
assumed to be available, for example an intelligent vision system. The
basic control task is to control the position of a ball freely rolling on
a plate. This system is a dynamic system with two inputs and two
outputs.

To carry out the simulations a nonlinear continuous time model is
obtained taking into account the rigid body dynamics of the ball on the
plate. In particular, applying the Lagrange-Euler formulation to each
coordinate (z1 , z2 , θ1 , θ2 ) and assuming that the ball holds always
contact with the plate and does not slip when moving, the following
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model is obtained:

z̈1 =
5
7
(z1 θ̇

2
1 + θ̇1z2 θ̇2 + g sin θ1 ) + we1 (14)

z̈2 =
5
7
(z2 θ̇

2
2 + z1 θ̇1 θ̇2 + g sin θ2 ) + we2 (15)

The inputs of the ball and plate system are the accelerations applied in
each rotation axis and they are denoted as U = [u1 , u2 ]t = [θ̈1 , θ̈2 ]t .
In this model, we have included an unknown perturbation in the accel-
eration of the ball denoted as we (t) = [we1 , we2 ]. This perturbation is
supposed to satisfy ‖we‖∞ ≤ 0.2 m/s2 . This class of uncertainty can
describe unknown external forces acting on the ball. The state x ∈ R8

is defined as follows

xT = [z1 , ż1 , θ1 , θ̇1 , z2 , ż2 , θ2 , θ̇2 ]T

We consider the following constraints in the position, angles and
inputs:

|zi | ≤ 0.06 m, i = 1, 2

|θi | ≤ π

2
rad, i = 1, 2

|ui | ≤ 110 rad/s2 , i = 1, 2

To apply the proposed MPC control scheme, a discrete time linear
system with a sampling time of 0.05 seconds is obtained from the
linearization of the model at the origin using the Euler approximation.
The details of this model can be found in [17] and in [18].

The dynamics of variables z1 and z2 are decoupled. This model is
used both to design the controller and to carry out the simulations. The
weighting matrices of the controller are R = 10 · I2 , Q = 100 · I8 ,
S = 7000 · I2 where In is the identity matrix of dimension n. The
simulations were done in Matlab 2013a using the solver quadprog.

In the proposed scenario the prediction horizon is N = 28.
The number of decision variables of the optimization problem
posed in sequential formulation are nu · (N + T ) + nx = 120. In
addition, in order to prove that recursive feasibility is not lost
even in the presence of a sudden change in the target refer-
ence, in this scenario the reference switches between two geomet-
ric figures. First the ball must draw a rectangle of size 6 × 4 cm
and is centered in {4, 5}cm with a speed of 11.43 cm

s . At time
3.5 seconds the reference changes in order to draw a circumference
with center on {−4,−4}cm and a radius of 1cm. The target speed of
the second trajectory is 2.3 cm

s . The period length of both references is
the same, that is T = 28. The initial state of this scenario is the ball in
equilibrium at {z1 , z2} = {−5, 5}cm.

The proposed robust controller has been designed using a terminal
equality constraint. This avoids the calculation of the robust invariant
set Ω, which in this case is a cumbersome procedure. In order to
guarantee recursive feasibility and convergence, the local controller
must guarantee that any possible perturbation is rejected in N time
steps. The local control feedback K used to obtain the reduced set
of constraints that guarantee both robust constraint satisfaction and
recursive feasibility of the closed-loop controller is the following

K =
(

K1 0
0 K1

)

where K1 = 103 [−7.2087,−1.3139,−0.7509,−0.0349]. This lo-
cal control gain satisfies that max

w ∈W
‖(A + BK)N −1Bdw‖ ≤ 2.8475 ·

10−11 . This value is lower than the tolerance of the optimization solver
used.

The simulations have been executed for the uncertainty trajectory
we1 (k) = we2 (k) shown in Fig. 3. This uncertainty realization is di-

Fig. 3. Uncertainty trajectory.

Fig. 4. Trajectories of z1 , z2 for the closed loop system (dash-dot blue),
the trajectory planners (discontinuous green and black), the target refer-
ence (discontinuous red) and the limit of the plate (dot black).

vided into two stages. During the first stage (the first 3.5 seconds while
the ball follows the rectangle), the uncertainty switches between the
extreme values every 0.5 seconds. This extreme uncertainty realiza-
tion aims to demonstrate that the controller is robust to any possible
uncertainty included in the set W . During the second stage (the last
3.5 seconds while the ball follows the circle), the uncertainty van-
ishes exponentially, demonstrating that in this case, the closed-loop
system will converge to the optimal reachable trajectory with zero
error.

The trajectory of the ball converges to a neighborhood new opti-
mal reachable trajectory satisfying the constraints and without losing
feasibility even when the prediction horizon is much lower than the
period. Fig. 4 shows the trajectories of (z1 , z2 ) for the closed loop sys-
tem (dash-dot blue), the trajectory planner (discontinuous green and
black) and the target reference (discontinuous red) in the z1 , z2 plane.
Figs. 5 and 6 show the trajectory of the ball on each axis. It can be seen
that there exists a deviation between the trajectory of the planner and
the target reference for the rectangle, because one of the sides of the
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Fig. 5. Trajectories of z1 for the closed loop system (continuous blue),
the trajectory planners (discontinuous green and black) and the target
reference (discontinuous red).

Fig. 6. Trajectories of z2 for the closed loop system (continuous blue),
the trajectory planners (discontinuous green and black) and the target
reference (discontinuous red).

rectangles lies outside the position limits. The robust planner trajectory
tries to get as close as possible to the target reference while satisfying
the tightened constraints.

The constraints are robustly satisfied for all times including
during in stage 1 in which the uncertainty takes extreme val-
ues and the target trajectory is close to the physical limits. In
stage 2, it can be seen that the trajectory of the closed-loop system
converges to the optimal reachable tightened reference trajectory with
zero error as the perturbation vanishes with time and that the planner
reachable trajectory converges to the target when the target is a robust
reachable reference.

Fig. 7 shows the trajectories of the optimal cost V ∗
N (discontinu-

ous blue) and trajectory planner cost V o
p (discontinuous green). The

simulations include a sudden change in the reference when it switches
from the rectangle to the circle which as a clear effect on the opti-
mal costs, in particular the difference between both values increases
suddenly when the reference changes, but then it converges again to
the new optimal trajectory planner cost as the uncertainty vanishes.
The cost evolution is non-strictly decreasing during stage 1 because of
the effect of the uncertainties of the closed-loop system. The cost of
the proposed controller converges to the cost of the trajectory planners
in a non-increasing manner in stage 2, demonstrating that the optimal
trajectory is input-to-state stable, so as the uncertainties vanish, the
closed-loop system converges asymptotically with zero error.

Fig. 7. Trajectories of the optimal cost V ∗
N (discontinuous blue) and

trajectory planner cost V o
p (discontinuous green).

VI. CONCLUSIONS

In this paper, we propose a novel robust MPC formulation based on
a constraint tightening method. This controller joins a dynamic and ro-
bust trajectory planning and a robust MPC for tracking in a single layer
taking into account periodic references. It is proved that under certain
assumptions the perturbed closed loop system is input-to-state stable,
converges asymptotically to the optimal reachable periodic trajectory,
robustly satisfies all the constraints and maintains feasibility even in
the presence of a sudden change in the target reference. In addition, it is
not necessary the computation of the minimal robust positive invariant
set.
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E. Rubio, “Indirect hierarchical FCMAC control for the ball and plate
system,” Neurocomputing, vol. 73, pp. 2454–2463, 2010.

[18] Y. Wang, M. Sun, Z. Wang, Z. Liu, and Z. Chen, “A novel disturbance-
observer based friction compensation scheme for ball and plate system,”
ISA Transactions, vol. 53, pp. 671–678, 2014.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


