ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/3032109

Constrained min-max predictive control: Modifications of the objective function
leading to polynomial complexity

Article in IEEE Transactions on Automatic Control - June 2005

DOI: 10.1109/TAC.2005.847039 - Source: IEEE Xplore

CITATIONS READS
57 68

4 authors, including:

Teodoro Alamo D. Limon
@ Universidad de Sevilla Universidad de Sevilla
254 PUBLICATIONS 5,389 CITATIONS 120 PUBLICATIONS 2,924 CITATIONS
SEE PROFILE SEE PROFILE

Eduardo F. Camacho
Universidad de Sevilla
397 PUBLICATIONS 13,828 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

ot ECOnomic Model Predictive Control View project

poject  DYMASOS View project

All content following this page was uploaded by Eduardo F. Camacho on 16 October 2014.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/3032109_Constrained_min-max_predictive_control_Modifications_of_the_objective_function_leading_to_polynomial_complexity?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/3032109_Constrained_min-max_predictive_control_Modifications_of_the_objective_function_leading_to_polynomial_complexity?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Economic-Model-Predictive-Control?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/DYMASOS?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Teodoro_Alamo?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Teodoro_Alamo?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Universidad_de_Sevilla?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Teodoro_Alamo?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/D_Limon?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/D_Limon?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Universidad_de_Sevilla?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/D_Limon?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eduardo_Camacho3?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eduardo_Camacho3?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Universidad_de_Sevilla?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eduardo_Camacho3?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Eduardo_Camacho3?enrichId=rgreq-811fb6509354063af82073e90e9e7de1-XXX&enrichSource=Y292ZXJQYWdlOzMwMzIxMDk7QVM6MTUyODcxMTg2MjEwODE2QDE0MTM0NTg3MzkxNzU%3D&el=1_x_10&_esc=publicationCoverPdf

710

and using (26), we obtain
2iA1()s4(0) — kojA1(j) — Ggo A2(j) =0

SO

' _ 1 QAQ(.]')
5+(0) = 3 <k0 + 9 Al(J)) .

Thus, again from Lemma 3, we see that ' (0) = R[s’, (0)] is positive
and the transversality condition for the occurrence of a Hopf bifurcation
is satisfied.

ACKNOWLEDGMENT

The authors greatly appreciate the suggestions by E. Freire,
F. Gémez-Estern, and the anonymous referees of this note.

REFERENCES

[11 A.vander Schaft, L,-Gain and Passivity Techniques in Nonlinear Con-
trol. New York: Springer-Verlag, 1989.

[2] R. Goldwyn and K. J. Cox, “Limit cycle construction using Liapunov
functions,” IEEE Trans. Autom. Control, vol. AC-10, no. 1, pp. 97-99,
Jan. 1965.

[3] D. Green, “Synthesis of systems with periodic solutions satisfying
N(x) = 0, IEEE Trans. Circuits Syst., vol. CAS-31, no. 4, pp.
317-326, Apr. 1984.

[4] K. Hirai and K. Maeda, “A method of limit-cycle synthesis and its appli-
cations,” IEEE Trans. Circuit Theory, vol. 19, pp. 631-633, Jun. 1972.

[51 J. Aracil, F. Géomez-Estern, and F. Gordillo, “A family of oscillating
generalized Hamiltonian systems,” in Proc. 2nd IFAC Workshop on
Lagrangian and Hamiltonian Methods for Nonlinear Control, Seville,
Spain, 2003, pp. 93-98.

[6] M. Kirstic, I. Kanellakopoulos, and P. Kokotovic, Nonlinear and Adap-
tive Control Design. New York: Wiley, 1995.

[7] J. Aracil, F. Gordillo, and J. Acosta, “Stabilization of oscillations in the
inverted pendulum,” in Proc. XV IFAC World Congr., 2002.

[8] K. Fujimoto and T. Sugie, “Canonical transformation and stabilization
of generalized Hamiltonian systems,” Syst. Control Lett., vol. 42, no. 3,
pp. 217-227, Mar. 2000.

[91 R. Marino and P. Tomei, Nonlinear Control Design.

River, NJ: Prentice-Hall, 1995.

A. Loria, P. Niklasson, and H. Sira-Ramrez, Passivity-Based Control of

Euler-Lagrange Systems. New York: Springer-Verlag, 1998.

J. Marsden and M. McCraken, The Hopf Bifurcation and Its Applica-

tions. New York: Springer-Verlag, 1976.

J. Carr, Applications of Centre Manifold Theory.

Verlag, 1981.

Upper Saddle
[10]
(11]

[12] New York: Springer-

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 50, NO. 5, MAY 2005

Constrained Min-Max Predictive Control: Modifications of
the Objective Function Leading to Polynomial Complexity

T. Alamo, D. Muifioz de la Penia, D. Limon, and E. F. Camacho

Abstract—In this note, an efficient way of implementing a constrained
min-max predictive controller is presented. The new approach modifies the
objective function in such a way that the resulting min-max problem can be
solved in polynomial time. Different modifications are proposed. The main
contribution of the note is to provide a robust constrained min-max pre-
dictive controller that can be implemented in real time. The new controller
stabilizes the uncertain system.

Index Terms—Min-max, optimization algorithms, predictive control of
linear systems, robust control.

1. INTRODUCTION

Min-max robust receding horizon control was first proposed by
Witsenhausen [14]. In the context of robust model predictive control
(MPC), the problem was tackled by Campo and Morari [5]. In gen-
eral, solving a min—max problem subject to constraints and bounded
additive disturbances is computationally too demanding for practical
implementation. Some approaches to overcome this complexity can be
found in literature. Lee and Kouvaritakis proposed a linear program-
ming approach in [9]. In [10], the worst case value of the objective
function is bounded by means of a linear matrix inequality (LMI).
Langson et al. presented a feedback model predictive control that
maintains the trajectories in a tube [8]. Min—-max MPC can also be
addressed by the use of multiparametric programming [3], [6], [13].

In this note, an efficient way of implementing a constrained quadratic
min-max predictive controller is presented. The new approach relies on
a slight modification of the objective function. This modification allows
us to solve the min—max problem in polynomial time. The proposed
controller inherits the stability and robustness of the standard min—max
controller.

The note is organized as follows. In Section II, the min—max problem
is stated. It is shown in Section III that there are instances in which
solving the maximization problem can be made in polynomial time.
Different modifications of the objective function are proposed in Sec-
tion IV. The stability of the proposed controller is addressed in Sec-
tion V. An illustrative example is presented in Section VI. The note
draws to a close with a section of conclusions.

II. MIN-MAX MPC WITH GLOBAL UNCERTAINTIES

Consider the discrete-time linear system with bounded uncertainties
Th41 = Awy, + Buy + Dwy, (D)

where z;, € IR™" is the state, ur, € IR™* is the control input, and wy, €
W is the uncertainty that is assumed to be bounded by the hypercube
W = {w € R™ : ||w|l < €}. The set of possible disturbance
sequences of length N will be denoted W

Wx = {{wo,wi,...,un_1}rw; e W, i=0,...,N —1}.
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It will be assumed that the control input is given by v, = Kay + vy,
where i is chosen in order to achieve some desired property for the
unconstrained problem. In this way, some amount of feedback is pro-
vided to the predictions [7], [9]. The linearity of the system and the
prestabilization policy guarantee that the disturbance response of the
controlled system is bounded. Note that this prestabilization policy
ur = Kz + vi is sub-optimal (when compared with theoretical
closed-loop min—max approaches).

The MPC controller will compute the sequence of correction control
signals along the control horizon {vo,...,vn,.—1}. Defining Ax =
(A 4+ BK), the dynamics of the system can be rewritten as: x44; =
Axzr + Bvr + Dwy.

Given an initial condition @, a sequence of N. correction control

inputs v = {wvo, v1,...,vn.—1},and a sequence of disturbances w =
{wo,wi,...,wn=1} € Wy, the predicted state x;(z, v, w) is given
by

x ifj =0

Arz;_1(w,v,w)+ Bvj_1 + Dw;_1,
Agx;_(z,v,w) + Dwj_y,

ifI1<y< N (2
if Ne<j <N

and the predicted control input «;(x, v, w) by

if0<j<N.—1

Kaj(e,v,w) +v;. 3)
ifNe<j<N-1"

Kzj(z,v,w),
The objective function Vi (z, v, w) is

N—-1

S (st v Wl + llu (e, v Wl ) + e (e, v, w)ll

=0

where ||z||4 = V2T Ax. Matrices Q and P are positive definite and R
is positive semidefinite. Linear constraints in state and input, z; € X
and uy € U are considered. In order to achieve stability, a polytopic
terminal region constraint (xx(x, v, w) € ) is also considered [11].
In this way the min—max constrained predictive controller results in
the solution of the following min—max optimization problem [denoted
Py (2)]:

Jn(z) = min max Vn(z,v,w)
v weWpn

zj(z,v,w) € X, VYw € Wn,
st an(x,v,w) EQ VYwe Wy
Yw € Wy,

j=0,....N—1

uj(z,v,w) €U j=0,...,N—1.

This optimization problem is solved at each sample instant. An op-
timal vector of control correction signals v* is obtained and the control
input up = Kz + vy = Knpc(x) is applied.

Terminal region 2 C X is assumed to satisfy the following condi-
tions:

e CDIfz € Q,then Axx 4+ Dw € Q, forevery w € W.
e C2)If x € Q2,then Kz € U.
Matrix P, that characterizes the terminal cost || (z, v, W)||%, is as-
sumed to satisfy
*+ C3)P - A PAx > Q+ K" RK.
The stability of Ax = A + BK guarantees the existence of a posi-
tive—definite matrix P satisfying C3).

Observe that the predictions z;(x, v, w) and u;(z,v,w) depend
linearly on x, v and w. This means that it is possible to find a vector
d € IR? and matrices G, G, and G, such that the linear constraints
of problem Py (x) can be rewritten as

Gha+Gv+Glow < d;,

i=1...,p Yw € Wy

711

where G, G, G¢, denote the ith rows of G, G and G, respec-
tively, and d; is the i-esime component of d € IR?. Denote now |G, ||
the sum of the absolute values of row G%,. Taking into account that
MaXwe Wy Giw = MAaX||w | o e Giw = 6||Gf,,||1, the robust ful-
fillment of the constraints is satisfied if and only if: G,z + G, v +
Gl < divi=1....p.

III. TRACTABLE CASES OF THE MAX FUNCTION

The objective function Viy(z, v, w) is a quadratic function of =, v
and w. That is, matrices H,, H, and H,, can be found in such a way
that

Vn(x,v,w) =||H.x + Hov + H,wl|3
=w' Mw + q(x, V)TW + Vn(x,v,0)

where M = HI H,, and ¢(z,v) = 2H. (H,x + H,v). Therefore,
the computation of the max function

Vi (z,v) = Jax Vi (2, v, w)
belongs to the following class of maximization problems:

uwo= H“I,IHIB.X<E wl Mw + qTW.

In principle, computing 1™ is an NP-hard problem. However, there
are some instances in which p* can be obtained in polynomial time.
The complexity of the computation can be dramatically reduced if ma-
trix M € R™ ™, where n = ny N, belongs to one of the following
categories.

1) M is a positive semidefinite band matrix: Matrix M is an
L-band matrix if |i — j| > L, implies M;; = 0. It has
been recently shown (see [1]) that under the assumption of
band structure, the maximization problem can be solved in
polynomial time O(n?2%).

2) All the elements of }M are non-negative: In this case, it is
well known (see [2] and [12]) that the maximization problem
can be posed as a min cut graph problem. This graph problem
can be solved in polynomial time O(n®).

3) Misa negative-semidefinite matrix: In this case, p* =
— min”wHW\E(WT(—ATI)W — ¢Tw). It results that — M is
positive semidefinite. Therefore, 1* can be computed solving
a quadratic convex problem. This can be accomplished in
polynomial time.

4) Misa positive—semidefinite diagonal matrix: In this case
p* = e*tr M + e||g||1, where tr M denotes the trace of
matrix M . The maximum is attained at w* = ¢ - sign(q).

Note that for the considered tractable cases, not only the value of the
max function is obtained in polynomial time, but also the vertex at
which this maximum is attained. This means that a subgradient (with
respect to v) can also be obtained in polynomial time.

IV. MODIFICATION OF THE OBJECTIVE FUNCTION

In this section, a modification of the objective function that allows
us to solve the min—max problem in polynomial time while preserving
the stability and robustness properties of the standard approach is pre-
sented. The new objective function is an upper bound of the original one
and it will be denoted as Vi (, v, w). The proposed objective function
differs only in a quadratic term on w and a constant

‘%r(r, v,w)=Vn(z,v,w) 4w Fwce?

=wl(M+F)yw+q(e,v)  w+V (e, v, 0)+ce.
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Note that with an appropriate choice of matrix F, it is always possible
to make M = M + F belong to any of the tractable cases of the max
function. The modified max function will be denoted as

V’K(‘Lv) = max VN(;L'.V,W).
weWpyn

Itis clear that Vi (z,v,w) =Vn(z,v,W) +wl Fw+ce? =||Hzx+
H,v+H,w|3+w" Fw+ce? is a convex function in = and v. Since
the pointwise supremum of an arbitrary infinite set of convex functions

is convex [4], it follows that f’ﬁ(;v, V) = max||w|| < VN (2, V, W) is
also convex in x and v. Choosing conveniently F’ and ¢, the following
assumption will be satisfied:
o CAH V(e v) < Vi(e,v) < Vi(e,v) + o€,

It will be shown how to compute F' and ¢ in such a way that C4 is
satisfied and ¢ minimized. For this purpose, it is important to introduce
the following auxiliary lemmas.

Lemma 1: Let us suppose that 7' > 0 is a diagonal matrix and that
0 < F < T and ¢ = 0. Then, making ¢ = tr T", C4) is satisfied.

Proof: From F’ > (itis inferred thatw” Fw > 0 and, therefore,

Va(z,v) < Ij’l\*f(;v, v). From F' < T and the diagonal nature of T, it
is inferred that w’ Fw < w Tw < (tr T)e?. Thus, V3 (z,v) <
Vi (z,v) + (tr T)e?. ]

Lemma 2: Let us suppose that T > 0 is a diagonal matrix; 0 >
F > —T and ¢ = tr T'. Then, making ¢ = tr T', C4) is satisfied.

Proof: From the assumptions of the lemma, w! Fw >

—w!Tw > —(tr T)e?. From this inequality and the fact that ¢ = tr T'
it is inferred that w? Fw + ce? > 0. Thus V3 (2, v) < V(2 v).
On the other hand, 0 > F implies that w’ Fw < 0 and therefore
Vi (x,v) < Vi(z,v) + (tr T)€ . [ |

Using previous lemmas, F' and ¢ will be chosen in such a way that
M = M + F belongs to one of the categories for which the maximiza-
tion problem can be solved in polynomial time.

N

A. M = M + F is a Positive-Semidefinite Band Matrix

Obtain matrix F' and the diagonal matrix 7" (of minimum trace) such
that0 < F < T, M;; + Fi; = 0,V¥|i — j| > L. Then making ¢ = 0
ando = tr T,M = M+ Fisa positive—definite L-band matrix.
Moreover, Lemma 1 guarantees that C4) holds.

The control input to the system uj = I xj + v is chosen in such a
way that Ax = A+ BK is stable. This implies that the elements M,
of matrix M vanish with the absolute value of |i — j|. Thus, the original
matrix M can be approximated by an L-band and, therefore, the value
of o, that measures the difference between V3 (z,v) and Ve, v),
decreases in an exponential way with the width of the band matrix.
Moreover, if K is chosen in such a way that all the eigenvalues of A x
are at the origin (dead-beat control), then A%* = 0. Under this control,
it is not difficult to show that matrix M has a band structure and no
approximation is required.

B. M = M + F has Non-Negative Elements

Note that there are systems for which M has non negative elements
(see [2]). In this case, no approximation is required and FF = 0, ¢ =
o = 0.If M does have negative elements, obtain matrix F' and the
diagonal matrix 7" (of minimum trace) such that 0 < F' < T, M;; +
F;; > 0,Vi,Vj. Then making ¢ = 0 and ¢ = tr T it results that M=
M + F has nonnegative elements. Moreover, Lemma 1 guarantees that
C4) holds again.

C. M=M+Fisa Negative—Semidefinite Matrix

Obtain matrix F' and the diagonal matrix I' (of minimum trace) such
that 0 > ' > =T and M + F < 0. Then, making ¢ = ¢ = tr 7T,

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 50, NO. 5, MAY 2005

M=M+Fisa negative—semidefinite matrix. It follows that Lemma
2 guarantees that C4) holds.

This modification of the objective function is closely related to Ho
control when F' is chosen to be a diagonal matrix. Let us suppose that
F = —pland that M — pI < 0, then Vi (, v, w) — ce? is equal to

N—-1

o (v w74 S (1l (v w)llZ

=0
+ [y (z, v, w7 — p'w]-T'wj) .
Thus, ‘7';\'(2?, v, w) — ce” is a finite quadratic cost, strictly concave
in w, with the same structure as the objective functions encountered in
the literature of H .., control (see [11, Sec. 4.7]).
D. M = M + F is Positive Semidefinite and Diagonal

Obtain diagonal matrix S and the diagonal matrix 1" (of minimum
trace) such that 0 < S — M < T. Then, making ' =S — M,c =0
ando = tr T, M = M + F = S is a positive—semidefinite diagonal
matrix and Lemma 1 guarantees that C4) is satisfied.

V. PROPOSED MIN-MAX PREDICTED CONTROL: STABILITY

The new min—max problem (that will be denoted P () ) is stated
as

Tio(w) = min Vi (2, v)

zj(x,v,w) €EX, VweWy, j=0,...., N -1
st an(e,v,w) €Q, VYw e Wn
uj(w,v,w) €U, VweE Wy, j=0,....,N =1

where ‘72\*7 («, v) denotes one of the approximations of the max function
proposed in the last section. Note that the feasibility region of Pn ()
equals the feasibility region of Py ().

It is clear that the optimal solution v* of problem P ( x) is a subop-
timal feasible solution for problem Py (). As it is claimed in the fol-
lowing property, the difference between the optimal value of the orig-

inal objective function and the value obtained with #* is bounded by
2

g€ .

Property 1: Denote v* the optimal solution to problem Py (z). If
assumption Cjy is satisfied, then

C VR 2 Ti() 2 Vi(a,0) — od

o TR(r) 2 TN (x) = TN (x) - oé’
Proof: First claim: The first inequality stems directly from the
suboptimality of v*. Denote now v* the optimal solution to problem

P (), the second inequality is obtained from C4)

T (@) =VA(w,v') 2 Vi(x,v") - o€’
> ﬁi(m,\?*) —cet > Valz,v*) — ae.
Second claim: Again, from C4)
Ti(@) =V3i(a,v") 2 Ve, v7) 2 Vi(e.v') = Ty (a).
Jn(z) =V (z,v') > V}\*r(.r,v*) —gé’
EVN';(;U,\NI*) —oé = -]N]tr(l') — o€

]

From a computational point of view, the main properties of the pro-
posed objective function V. ~(w, V) are that it is convex in v and that
its evaluation for a given pair (x, v) can be made in polynomial time.
Moreover, given (x, v), a subgradient (with respect to v) can also be
obtained in polynomial time. This class of optimization problem can
be solved in polynomial time using standard convex algorithms [4].
Note also that all the LMI problems proposed in the previous section
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TABLE I
PERFORMANCE COMPARISON
o J
Original min-max - 108.47
Band matrix (L = 5) 0.82 108.49
Nonnegative matrix 0.53 108.72
Diagonal matrix 129.6 | 113.49
Semidefinite negative | 151,55 | 112.06
Nominal MPC - 119.81

are always feasible and solved offline. The following property, which
is proved in Appendix I, plays an important role when analyzing the
stability of the proposed controllers.

Property 2: Denote I'(z,w) = ||z||% — || Ax e+ Dw|% — 2T (Q+
KT RI)x4~e®. If the system 2341 = Ax 2z is asymptotically stable
then there exists a positive—definite matrix I” and a positive scalar ~
such that C3) is satisfied and I'(z, w) > 0,Va € R"*,Vw € W.

As it is stated in the following theorem (proved in Appendix II), the
new min—max controller guarantees that the uncertain system evolves
to a bounded set that contains the origin.

Theorem 1: Let us suppose the following.

1) Assumptions C1)—-C4) are satisfied.

2) 2|3 = [|Axz + Dw||? —2* (Q+ KY REK)x + ~v¢* > 0,
Ve € R"*, Vw € W.
3) VY o= iﬁg,f)f,...;ﬁ};cﬂ} is the optimal solution to

problem Py (z#).
Then, the min—max controller (K s pc (xx) = Ky, + 0f) guarantees
that the state is ultimately bounded and for every wr. € W, zx41 =
Azr, + BKype (2r) + Dwy is such that
1) ve = {97,93,...,9%,-1,0} is a feasible solution to prob-
lems P (xg4+1) and Pn(zi41);
) T = Ti(ee) 2 2k Qon = (7 + 0)€
It is important to observe that v and ¢ do not depend on the size of the
uncertainty.

VI. ILLUSTRATIVE EXAMPLE

Let us consider the linear uncertain system

R L R L
Tr41 = 0 1 Tk 1 Uk 0 Wk

where both the state and the control action are constrained, namely
[|7k]loc < 5 and |ug| < 5. The uncertainty is bounded, ||w]|| < e,
€ = 1. The objective function is defined by matrices () = T and R = 1.
The control gain matrix ' = [—0.4221 — 1.2439] corresponds to
an LQR control law. The terminal region €2 is chosen as the maximal
robust invariant set of the system for K. The terminal cost function is

4.0696 3.8641
defined by P = {

Wy

3.8641 6.6199 |
As it is stated in Property 1, the difference between the optimum

value Jir (2 ) and the one obtained with the optimal solution of the
modified problem is bounded by o¢*. Table I shows the value of o for
the proposed controllers for a prediction horizon N = 15.

The values of J = Y7, 2T Qur + uF Ruy obtained when the
different controllers are applied to the system are shown in Table I. For
the computation of these values, a vanishing disturbance was applied to
the system; the initial condition was ¢ = [1 2.5]7 and the prediction
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Fig. 1. Computational burden comparison.

horizon N was equal to 15. As it can be observed in Table I, the value
of J corresponding to the nominal MPC is equal to 119.81, 10.45%
greater than the one corresponding to the original min—-max problem.
Given x, the nominal MPC is obtained minimizing, with respect v,
Vn(2k,v,0). The constraints of the nominal MPC problem are the
same as the ones of the original min—max problem.

Fig. 1 shows the computational burden comparison between the orig-
inal min—max problem and the modified approaches. These results are
given for the system and controller presented in this section, for dif-
ferent prediction horizons and over a hundred random samples. A log-
arithmic scale is used in the figure.

VII. CONCLUSION

A new formulation of the min—max predictive control is presented
in this note. The new controller is based on a modification of the objec-
tive function that allows us to compute the max function in polynomial
time. This makes possible the implementation of min—max predictive
control in real-time applications. It has been shown that the proposed
controller guarantees the robust satisfaction of the constraints and the
convergence to a bounded set that contains the origin.

APPENDIX I
PROOF OF PROPERTY 2

As x4+1 = Ak xy is asymptotically stable, there exists a symmetric
matrix P > 0 such that Cs is satisfied. This implies that matrix S =
P—ALPAx—Q— K" RK is definite positive. Note that I'(, w) can
be rewritten as T'(x, w) = a* Sz — 22" AL PDw — w" D" PDw +
~e2. Since S is a positive—definite matrix, T'(x, w) is a convex function
on . It can be easily shown that the minimum of I'(z, w) is attained at
" = S VAL PDw. Thus, ['(z,w) > —wT DT (PAxS AL P+
P)Dw+e* . Taking into account that the term on the right is a concave
function on w, it is concluded that I'(z, w) > 0 if

2
~ve© > max

W' D" (PAks*A{P + P) Duw
wevert{W}

where vert{WW} denotes the vertices of . Note that S is a posi-
tive—definite matrix. This implies that there is a finite value of + that
satisfies previous inequality. Dividing the last inequality by €2, the fol-
lowing equivalent inequality is obtained:

S ' D" (PAS AL P+ P) Dy

max
P Evert {Bf’ w }
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where vert{B{"* } denotes the vertices of the unit hypercube in IR"*.
It can be shown by means of Schur’s complement that this inequality
is satisfied if and only if for every @ € vert{Bj*}

~=9'DYPDY 9" DT PA,
T T o | >0 @
AT PDy P—ATPA, —Q - KTRK
APPENDIX II
PROOF OF THEOREM 1
First Claim: Given W = {to, @1,...,0n_1} € Wy and w;, €

W, denote

d(wy, W) = {wg, o, 1,...,0N_2} € Wi.

With this notation, and taking into account (2) and (3), it results that
for all w € Wy and for all w, € W

2 (Tht1, Vs, W) =241 (K, V", d(wy, W)),0 <
0<

’UJv(‘TI“'JF] » Vs, W) =Uj41 (4Bk77 ‘7*7 d('ll)}“ W))*

As ©* is a feasible solution for problem f’N(mk) it results (from the
previous equalities) that for all w € Wy and for all wy, € W :
xi(xhy1,vs, W) € X,7=0,...,N —1and u;(xpq1,vs, W) € U,
j=0,...,N =2,

Thus, it only remains to show that un—_1(zg+1,vs, W) € U
and xn(xpq1,Vs, W) € £, YW € Wy. From the previous
equalities and the feasibility of v* eN_1(Tgy1,Vs, W) =
ey (zp, v, d(wg,w)) € Q, VW € Wy. Taking into account
the assumptions on €2, it is inferred that un—1(gyi, Vs, W) =
Koy 1(vk41, Ve, W) € U, VW € Wy and an (2441, Vs, W) =
44[('Il\r_l(;l?}‘»+1 , Vs, VAV)—i—D'lﬁN_l € Q,Vw e Wy.

Second Claim: From equalities (5) and (6), it is inferred that, for
every wy € W and for every w = {wg,t1,...,0n_1} € Wh,
Va (241, Vs, W) is equal to

N—1

37l G ¥ dCwi, WG + g (e ¥, d(wp, W) |[5

=1
+ ||rcNf1(J?/e+17Vs-,VAV)”?J =+ ||1l/]\’—1(»rk+17v5aw)||i(
+ ||rcN(.71/¢+1,VsaVAV)||?J
= Vv (2, V", d(wi, W)) — i, Qi — ug, Ruy
— Nl (e, ¥, d(wi, )%
_I_ ||-TN—1 (,’I’,‘k+1-,vs,w)||22 —|— ||?l,‘\]—1 (flf'k«&»l-,vsyw)“??

llen (s va, w2

Taking into  account that wun—1(@Tkt1,Vs, W) =
Key_1(2k41,Vs,w) and that an(2gi1,Vs, W) =
Axen—i(®pt1,Vs, W) + Dib_1 it results that for every wiy € W
and every w € Wy

Vi (2ht1, Vs, W) — Vi (2, V7, d(wp, W))
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is equal to

A 2
||‘TN—1 (Ik+lavsvw)||Q+I{TR[\'
+ |[Axzn=1(Trt1, Vs, W) + Dirn—1 ||?7

- TZQTA - 'u,,?R'u,;C — le~n=1(2kt1, Vs, vir)||i, .

Thus, from the second assumption of the theorem, Vw; € W, Vw €
Wi

VN (Thg1, Vs W) — Vi (24, V", d(wie, W) < =24 Qg + ve.

From this inequality, it is inferred that Vi (xg41, vs) — Vi (25, VF) <
—2F Qi+ +€, Ywy, € W. From the last inequality and the first claim
of property 1), it results that for all w, € W

* ok ~ T p
IN(@rg1) VA (@rg1, ve) < VR (2, V) — g Qui + 7€
<

Ja(er) — 2 Qui + (7 + o)™

Define ®. = {x € R" : Py (2) is feasible and 2 Qx < (v + 0)e?}.
Then, the system evolves into set 2, = {& € R" : J3(2) < ale)}
where a(e) = max J5 (@) + (v + o)
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