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a  b  s  t  r  a  c  t

Economic  Model  Predictive  Controllers,  consisting  of  an  economic  criterion  as  stage  cost  for  the  dynamic
regulation  problem,  have  shown  to  improve  the  economic  performance  of  the  controlled  plant.  However,
throughout  the  operation  of  the  plant,  if  the economic  criterion  changes  –  due  to  variations  of prices,
costs,  production  demand,  market  fluctuations,  reconciled  data,  disturbances,  etc.  –  the  optimal  operation
point  also  changes.  In industrial  applications,  a  nonlinear  description  of  the  plant  may not  be  available,
since  identifying  a nonlinear  plant  is a very  difficult  task.  Thus,  the models  used  for  prediction  are  in
general  linear.  The  nonlinear  behavior  of  the plant  makes  that the  controller  designed  using  a  linear
model  (identified  at certain  operation  point)  may  exhibit  a poor  closed-loop  performance  or  even loss  of
feasibility  and  stability  when  the  plant  is  operated  at  a different  operation  point.  A way  to  avoid  this  issue
is  to consider  a collection  of  linear  models  identified  at each  of the  equilibrium  points  where  the plant  will
be  operated.  This  is  called  a  multi-model  description  of  the plant.  In  this  work,  a  multi-model  economic
MPC  is proposed,  which  takes  into  account  the  uncertainties  that arise  from  the  difference  between
nonlinear  and  linear  models,  by  means  of a multi-model  approach:  a  finite  family  of  linear  models  is

considered  (multi-model  uncertainty),  each  of  them  operating  appropriately  in  a  certain  region  around
a given  operation  point.  Recursive  feasibility,  convergence  to the economic  setpoint  and  stability  are
ensured.  The  proposed  controller  is  applied  in two  simulations  for controlling  an  isothermal  chemical
reactor  with  consecutive-competitive  reactions,  and  a continuous  flow  stirred-tank  reactor  with  parallel
reactions.

© 2017  Elsevier  Ltd. All  rights  reserved.
. Introduction

The main goal of advanced control strategies is to operate the
lants as close as possible to the economically optimal operation
oint, while ensuring stability. In the process industries, this objec-
ive is achieved by means of a hierarchical control structure [28,11]:
n economic optimization level – usually referred as Real Time
ptimizer (RTO) – sends the economically optimal setpoints to an
PC  layer, which calculates the optimal control action to be sent to
he plant, in order to regulate it as close as possible to the setpoint,
aking into account a dynamic model of the plant, constraints, and
tability requirements [23,31].

∗ Corresponding author.
E-mail addresses: ferramosca@santafe-conicet.gov.ar (A. Ferramosca),

lejgon@santafe-conicet.gov.ar (A.H. González), dlm@us.es (D. Limon).

ttp://dx.doi.org/10.1016/j.jprocont.2017.02.014
959-1524/© 2017 Elsevier Ltd. All rights reserved.
The time-scale separation between the RTO and MPC  layers that
this hierarchical control scheme produces has two main conse-
quences on the economic performance of the plant. The first one is
that the economic setpoint calculated by RTO may  be inconsistent
or unreachable with respect to the dynamic layer [17]. A solution to
this issue is to add a new optimization level in between of RTO and
MPC, referred as the steady state target optimizer (SSTO). The SSTO
calculates the steady state to which the system has to be stabilized,
solving a linear or quadratic programming and taking into account
information from the RTO and the linear model used in the MPC
[29,34,21].

The second consequence is produced by the way  the MPC  con-
troller is designed. Usually the MPC  control law is designed to

ensure asymptotic tracking of the setpoint, without taking into
account the issue of transient costs [5]. This way to operate, which
is practically optimal when the setpoint does not change with
respect to the dynamic of the system, may  provide poor economic
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erformance in those applications (usually characterized by fre-
uent changes in the economic criterion) for which the cost in the
ransient is more significant than the cost at the steady state. Eco-
omic MPC  [30] is the solution proposed in the last few years to
vercome these drawbacks.

Different ways to approach this control problems have been pro-
osed in literature: Dynamic Real Time Optimizer (D-RTO) [9,17,33]
olves a dynamic economic optimization and delivers target tra-
ectories (instead of target steady state) to the MPC  layer; the
ne-layer MPC  strategies integrate the RTO economic cost function
s a stationary part of the MPC  cost function [1,35,2]; Economic
PC considers the nonlinear economic cost of the RTO as the stage

ost of the dynamic regulation problem. This method has been
idely studied in the last few years, and Lyapunov stability has

een proved for different cases [9,16], resorting to strong duality
ssumptions [10,12], and to dissipativity assumptions [5,3,15,24].

From a practical point of view, the economic criterion to be min-
mized may  vary during the operation of a plant, for both: (i) market
uctuations, which may  cause changes in the cost function and

n the prices that parameterize this function, and (ii) variations in
isturbances estimation or constraints, due to data reconciliation
lgorithms. Thus, EMPC formulations characterized by either time-
arying or parameter-varying stage costs seem to be more suitable
6,7,12].

In general, in industrial applications, a nonlinear description of
he plant may  not be available, since identifying a nonlinear plant
ould be a very difficult task. On the other hand, the methods for
he identification of linear models are very easy to implement, and
re common practice in industries. For this reason, MPC  controllers
re designed using a linear model, which may  not represent the
ehavior of the plant in all its operation points. For the case of
etrochemical processes, for instance, the plant to be controlled

s nonlinear, but has sparse operation points with different eco-
omic behaviors. The nonlinear behavior of the plant makes that
he controller designed using a linear model (identified at certain
peration point) may  exhibit a poor closed-loop performance or
ven loss of feasibility and stability when the economically opti-
al  operation point is changed. A convenient form of representing

hese plant-model uncertainties is by considering a finite family of
inear models identified at each of the equilibrium points where the
lant will be operated. This way, each operating point allows one to
btain a linear model sufficiently accurate to describe the system,
nd which operates appropriately in a certain region around such
quilibrium point. Furthermore, since not many operating points
re considered in the operation of this kind of systems, only few
inear models could be required to describe the complete opera-
ion of the plant. This approach, called multi-model description of
he plant, is a formulation of robust MPC  which has shown to be of
nterest from a theoretical point of view [8,14,13,22] as well as for
ractical implementation [28].

In this work, the economic MPC  for changing economic costs
resented in [12], has been extended to the case of a multi-model
epresentation of the plant and offset-free estimation. To this aim,

 finite family of linear models is obtained, which describes the
ehavior of the plant to be controlled, in different operation points.
hese points are economically optimal steady states for the plant
nder a certain choice of the economic criterion. Following the

dea of [8], the models are required to share the same applied
ontrol actions and a contractive constraint is imposed. However,
o the aim of reducing conservativeness, the models are required
o have only a few control actions (in the optimal control) equal
o each other, while the remaining controls in the sequence are

ree degrees of freedom for each model. Recursive feasibility, sta-
ility and convergence to the optimal operation point are always
nsured, no matter which model of the family represents the true
lant.
cess Control 54 (2017) 1–13

The proposed controller is applied in two  simulations for
controlling an isothermal chemical reactor with consecutive-
competitive reactions, and a continuous flow stirred-tank reactor
with parallel reactions. The results of such simulations show how
the multi-model approach ensures feasibility and stability when
the economically optimal operation point changes, as well as better
economic performance than nominal offset-free controllers.

The work is organized as follows. In Section 2 the problem is
stated. In Section 3 the proposed multi-model Economic MPC is pre-
sented. In this section, Lyapunov stability of the proposed controller
is proved, and its main properties are presented. Finally, illustrative
examples and conclusions of this study are provided in Sections 4
and 5.

2. Problem statement

Consider a system described by an nonlinear discrete time-
invariant model

x+
p = f (xp, u) (1)

where xp ∈ R
n is the measured state of the plant to be controlled,

u ∈ R
m is the current control vector, and x+

p is the successor state.
Function f(x, u) is assumed to be continuous and differentiable
at any equilibrium point. The solution of this system for a given
sequence of control inputs u and initial state xp is denoted as
xp(j) = �(j;xp, u) where xp = �(0;xp, u). The state of the system and
the control input applied at sampling time k are denoted as xp(k)
and u(k) respectively. The system is subject to hard constraints on
state and control:

xp(k) ∈ X, u(k) ∈ U (2)

for all k ≥ 0.

Assumption 1. X  and U are convex and compact, and both sets
contain the origin in their interior.

The steady-state conditions of the plant (xs, us) are such that (1)
is fulfilled, i.e.

xs = f (xs, us) (3)

Consider now, a nonlinear function feco(x, u, �) that is a measure
of the economic objectives of the plant. The parameter � describes
prices, costs or production goals, that might be varying during the
operation of the plant. This parameter has to be considered as an
input to the RTO layer, resulting from the economic scheduling and
planning, and may  be time-varying due to market fluctuations or
data reconciliation. Thus, let us define the RTO problem as follows:

Definition 1. The optimal operation of the plant is given by the
steady state (xs, us), which satisfies

(xs, us) = argmin(x,u)feco(x, u, �) (4)

s.t. x ∈ X, u ∈ U
x = f (x, u)

Notice that the optimal operation point depends on the value of
�, that is (xs(�), us(�)). However, for the sake of clarity, in what
follows, we will use the notation (xs, us).

Assumption 2. The cost feco(x, u, �) is locally Lipschitz continuous
in (xs, us); that is there exists a constant � > 0 such that,
|feco(x, u, �) − feco(xs, us, �)| ≤ �|(x, u) − (xs, us)|
for all � and all (x, u) ∈ X  × U such that |x − xs| ≤ ε and |u − us| ≤ ε,
ε > 0.
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.1. Multi-model description of the plant

In industrial application of MPC, in general, function f(x, u) may
ot be available, may  not be identified or may  not be used by the
ontroller (for instance due to its complexity). For these reasons,
inear models are usually utilized for prediction. These models are
enerally identified at a certain operation point of the plant. The
ffset-free design of the MPC  is a well-know solution to robustify
he controller and to reduce the gap between the model and the
lant [27,26,19,20]: a disturbance model is added to the predic-
ion model in order to estimate and cancel the difference between
redictions and measurements.

However, the linear model used for prediction represents the
ehavior of the plant only around a certain operation point, i.e.
round the point at which the plant has been identified. If the opti-
al  operation of the plant changes, that is if � changes, the optimal

teady state solution to Problem (4) also changes. Hence the lin-
ar model used for prediction may  not describe the behavior of the
lant in this new point anymore and the offset-free strategy may
ail to accomplish its task.

The main idea of the proposed work is to incorporate, in the MPC
esign, a multi-model description of the plant, in order to cope
ith model uncertainties. To this aim, a collection � of L linear
odels is supposed to be known [8,14]. These models are identified

t different (possible) operating points of the real plant, in such a
ay that model uncertainties are represented.

Let us define the set of possible linear plants as � = {�1, . . .,  �L},
here �i corresponds to the particular plant (Ai, Bi), i ∈ I1:L . Fol-

owing the idea of the offset-free control, for each model �i ∈ �,
 ∈ I1:L , we propose the following augmented system for predic-
ions:

x+
i

d+
i

]
=
[

Ai In

0 In

]  [
xi

di

]
+
[

Bi

0

]
ui (5)

here di represents the disturbance corresponding to model �i.
otice that, the equilibrium condition for the augmented system

5) is such that

Ai − I, Bi

][ x∞
i

u∞
i

]
+ d∞

i = 0 (6)

s satisfied.
Moreover, let us assume that, for any time k, there exists one

odel in the family that best describes the plant at the current
peration point. This model will be denoted as �r = (Ar, Br) ∈ �.  It
s assumed that it is not know which model of the family � is �r.
he only known fact is that �r ∈ �.  On the other hand, let us define
s �no ∈ �,  the nominal model, that is the model that is used to
esign the controller.

ssumption 3. The pair (Ai, Bi) is controllable and each model �i
s subject to constraints (2).

Under Assumption 3, we define the sets of admissible equilib-
ium states and inputs of system (5) as

s,i = {(xi, ui) ∈ �(X  × U)  | xi = Aixi + Biui + di} (7)

s,i = {xi ∈ X  | ∃ui ∈ U such that (xi, ui) ∈ Zs,i} (8)

here � ∈ [0, 1) is a constant arbitrarily close to 1, added in order to
void possible losses of controllability caused by active constraints.
emark 1. The models �i that compose the family � are strictly
elated to the parameter � of function feco(x, u, �). In fact, they are
dentified at different operation points of the nonlinear plant (1),

hich are the minimizers of Problem (4) for different values of �.
cess Control 54 (2017) 1–13 3

This implies that the values that � may  assume, have to be known
a priori in order to generate the family of linear models �.

2.2. Observer

The estimation of the state and the disturbance of each model
�i ∈ � are done by means of the following observers of the aug-
mented system:

x̂i(k + 1) = Aix̂i(k) + Biui(k) + d̂i(k) + Lx
i (x̂i(k) − xp(k) + d̂i(k)) (9)

d̂i(k + 1) = d̂i(k) + Ld
i (x̂i(k) − xp(k) + d̂i(k)) (10)

where x̂i(k) ∈ R
n is the observed state at time k, d̂i(k) ∈ R

n is the
estimated disturbance at time k, and xp(k) is the measured state of
the real plant at time k. Furthermore, Lx

i
and Ld

i
are the observer

gains of the state and disturbance estimation respectively, and
they have to be chosen in such a way  that each observer is stable
[27,26,19].

Remark 2. [Observability] Conditions for observability of model
(5) are given in [27,19]. In these works, the augmented system is of
the form[

x(k + 1)

d(k + 1)

]
=
[

A Bd

0 Ind

][
x(k)

d(k)

]
+
[

B

0

]
u(k) (11)

y(k) =
[

C Cd

][ x(k)

d(k)

]
(12)

where Bd ∈ R
n×nd is a state disturbance matrix, with d(k) ∈ R

nd ,
and y(k) ∈ R

p being the output of the system. System (11) is observ-
able if and only if (C, A) is observable and

rank

([
A − In Bd

C Cd

])
= n + nd (13)

This last condition is satisfied if and only if the dimension of the
disturbance is taken smaller than or equal to the dimension of the
measurements, that is if nd ≤ p [19, Proposition 1].

In the present work, we  are considering that the complete state
of the nonlinear plant (1) is measurable, with Bd = In, C = In, Cd = 0n×n,
p = n, nd = n, and A /= 2In. Hence, condition (13) is satisfied.

Remark 3. Note that the equilibrium condition of the observer
satisfies Eq. (6). In fact, at the equilibrium, the estimated disturb-
ance d̂ converges and, since we  are assuming that observer is stable,
this implies that x̂∞

i
− x∞

p + d̂∞
i

= 0. Then,

[
Ai − I Bi

][ x̂∞
i

u∞
i

]
+ d̂∞

i = 0 (14)

for all i ∈ I1:L .

For the sake of clarity let us define the following extended vec-
tors of states and disturbances:

z =

⎡
⎢⎢⎣

x1

...

xL

⎤
⎥⎥⎦ , w =

⎡
⎢⎢⎣

d1

...

dL

⎤
⎥⎥⎦ (15)

where z ∈ R
Ln, and w ∈ R

Ln.

3. Multi-model economic MPC  formulation
In this section, the economic MPC  formulation, based on a
multi-model approach, is proposed. As standard in economic MPC
literature [30,7], the economic cost function feco is used as stage



4  of Pro

c
e
m
i
c
m
a
d

V

f
b

	

w
b
p
i
t
t
n
e
t
t

d

D
s

m

i

A




�

l
u
r
m
m
u

i

 A. Ferramosca et al. / Journal

ost of the MPC  controller. In particular, in the present work we
xtend the formulation presented in [12] to take into account a
ulti-model description of the plant. This particular formulation

s suitable for the case of changes in the economic criterion (i.e.
hanges in �) since it always ensures feasibility thanks to a slightly
odified cost and a relaxed terminal constraint, that accounts for

ny admissible steady state. Let us define the following economic
ynamic cost:

dyn
Ni

(x̂i, d̂i, �; ui) =
N−1∑
j=0

feco(xi(j) − xi(N − 1) + xs, ui(j)

− ui(N − 1) + us, �) (16)

or all i ∈ I1:L . The cost function of the proposed MPC  is then given
y:

e
N(ẑ, �; v) = Vdyn

Nno
(x̂no, d̂no, �; uno) +

L∑
i=1


(xi(N − 1),  ui(N − 1))

(17)

here ẑ is the observed state at time k, xi(j) is the prediction
ased on the model �i and it is such that xi(0) = x̂i. The cou-
le (xi(N − 1), ui(N − 1)) represents the prediction, for each model

 ∈ �,  of (xi(j), ui(j)) for j = N − 1; these predictions are forced, in
he optimization problem, to be an admissible equilibrium point,
hat is (xi(N − 1),  ui(N − 1)) ∈ Zs,i, i ∈ I1:L . This way, the termi-
al state is let as an extra degree of freedom, in order to always
nsure feasibility. Moreover, note that, when xi(N − 1) converges
o xs, then the stage cost function Vdyn

Ni
(x̂i, d̂i, �; ui) becomes equals

o the economic cost feco(x, u, �).
Function 
(xi, ui) is the so-called offset cost function, and is

efined as follows:

efinition 2. Let 
(xi, ui) be a positive definite convex function
uch that the unique minimizer of

in(xi,ui) ∈ Zs,i

(xi, ui) (18)

s (xs, us). �

ssumption 4. There exist positive constants � i such that

(xi, ui) − 
(xs, us) ≥ �i‖xi − xs‖ (19)

Let v = {u1, u2 . . .,  uL} be the set of control sequences to be calcu-
ated. This set is such that the first M elements of each sub-sequence
i, with 1 ≤ M ≤ N, are forced to be equal for all models in �.  The
emaining N − M elements are free degrees of freedom for each
odel. This means that at least the first element is unique for all
odels in �.  Notice also that, if M = N, then the whole sequence is

nique for all models.
At time k, the optimization problem Pe

N(ẑ, ŵ,  �, ṽ) to be solved
s given by:

minv 	e
N(ẑ, �; v)

s.t. xi(0) = x̂i, di(0) = d̂i, i ∈ I1:L

xi(j + 1) = Aixi(j) + Biu(j) + di(j), j ∈ I0:N−1, i ∈ I1:L

di(j + 1) = di(j), j ∈ I0:N−1, i  ∈ I1:L

xi(j) ∈ X, ui(j) ∈ U,  j ∈ I0:N−1, i ∈ I1:L

u (j) = u (j), j ∈ I , i /= m, i, m ∈ I

(20)
i m 0:M−1 1:L

(xi(N − 1),  ui(N − 1)) ∈ Zs,i, i ∈ I1:L

Ve
Ni

(x̂i, d̂i, �; ui) ≤ Ve
Ni

(x̂i, d̂i, �; ũi), i ∈ I1:L
cess Control 54 (2017) 1–13

where the last constraint, is a robustness constraint [8], and

Ve
Ni

(x̂i, d̂i, �; ui) = Vdyn
Ni

(x̂i, d̂i, �; ui) + 
(xi(N − 1),  ui(N − 1)) (21)

for all i ∈ I1:L .
The parameter of problem (20), ṽ, is a feasible solutions to prob-

lem (20), based on a solution to the same problem at time k − 1.
That is, defining as v0(k − 1) the optimal solution to Problem (20)
at time k − 1, then

ṽ(k) = {ũ1(k), ũ2(k), . . ., ũL(k)}

where ũi(k) = {u0
i
(1; k − 1), u0

i
(2; k − 1),  . . .,  u0

i
(N − 1; k −

1), u0
i
(N − 1; k − 1)}  is a sequence made by shifting one step

ahead the optimal sequence u0
i
(k − 1) and adding in the tail the

admissible equilibrium input at time k − 1.
Note that, if M = N, then ui = u for all i ∈ I1:L . Therefore v = {u,

u . . .,  u}, and ṽ = {ũ, ũ.  . ., ũ}.
The optimal value of the decision variables will be denoted as

v0 and u0
i
. The control law, in the receding horizon fashion, is given

by �e
N(ẑ, ŵ, �, ṽ) = u0

i
(0; ẑ, ŵ, �, ṽ). Notice that this control action

is unique for all models in �,  since M must be at least equal to 1.
The feasible region of Problem (20), XN , is the set of state of the

real plant, xp, for which a feasible solution to Problem (20) exists,
that is

XN = {xp ∈ X  | ∃v such that for i ∈ I1:L : xi(j) ∈ X,

ui(j) ∈ U, j ∈ I0:N−1; (xi(N − 1),  ui(N − 1))

∈ Zs,i; Ve
Ni

(x̂i, d̂i, �; ui) ≤ Ve
Ni

(x̂i, d̂i, �; ũi)}

Remark 4. The idea of optimizing over a set of control sequences
with just M elements in common, with 1 ≤ M ≤ N, represents a
different solution than the one proposed in [8]. In this way, one
can choose the degrees of freedom of each model in the family,
reducing conservativeness. Indeed, the choice of M is a trade-off
between conservativeness and computational burden. In fact, with
this solution, the number of optimization variables of Problem (20)
is (M + L(N − M))m;  so, the smallest the value of M,  the less conserva-
tive the control problem, but the higher the number of optimization
variables.

Remark 5. The constraint (xi(N − 1),  ui(N − 1)) ∈ Zs,i is equiv-
alent to imposing xi(N) = xi(N − 1). In other words, the triplets
(xi(N − 1), ui(N − 1), di(N − 1)) define admissible equilibrium
points, such that xi(N) = xi(N − 1) = Aixi(N − 1) + Biui(N − 1) +
di(N − 1) ∈ Xs,i. In this way, the terminal constraint necessary for
stability is relaxed, in such a way  that the state at the end of the hori-
zon is forced to be just an equilibrium point, and not the optimal
steady state xs.

Remark 6. The last constraint of Problem (20) is the key point of
the proposed approach. In fact, it ensures that the obtained control
sequence produces a cost decreasing for all models �i ∈ �.  This
way, a candidate Lyapunov function based on the cost given in Eq.
(21), can be proposed to prove asymptotic stability.

Remark 7. Note that the proposed controller, and hence the
resultant control law, are not based on a switching strategy. The
ingredients of Problem (20) do not change during the operation of
the plant, neither the models. The parameter � may by subject to
changes, since it describes prices, costs or production goals, that

might be varying during the operation of the plant. A change of
� means a change in the economic objective, and hence in the
economically optimal operation point, but does not determine a
change of any other ingredient of Problem (20).
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emark 8. Note that if the variation of � is continuous and is small
nough to produce a small effect on the cost, then the proposed
ontroller is Input-to-State Stable with respect to this variation of

 [18].

.1. Stability

The usual way to prove asymptotic stability of an MPC controller
s to use the optimal value of the cost function as a Lyapunov func-
ion. This approach, however, cannot be used in an economic MPC
ramework [30,5], and in particular in the MPC  algorithm proposed
n this work.

In this section we will make some assumptions, and definitions
ill be given in order to derive a candidate Lyapunov function for

he proposed controller. First, let us define model �r = (Ar, Br) ∈ �
s the linear model that (locally) represents the behavior of the
onlinear plant at the operation point (xs, us).

Note that the steady state condition for model �r is such that
s = Arxs + Brus + d∞

r,s
Then, function (21), associated to model �r, is

e
Nr

(x̂r , d̂r , �; ur) =
N−1∑
j=0

feco(xr(j) − xr(N − 1) + xs, ur(j) − ur(N − 1)

+ us, �) + 
(xr(N − 1),  ur(N − 1)) (22)

he previous cost is not necessarily positive definite and then it
annot be used as a candidate Lyapunov function. However, under
he assumption of dissipativity of the system with respect to the
conomic cost function [10,30,5,12], a candidate Lyapunov function
an be derived.

ssumption 5. There exists a function  : X  → R  such that

inx,ufeco(x, u, �) + (x) − (x+) ≥ feco(xs, us, �) (23)

.t. x ∈ X, u ∈ U (24)

ith x+ = Arx + Bru + dr. Moreover, defining the rotated cost function

(x, u, �)�=feco(x, u, �) + (x) − (x+) − feco(xs, us, �) (25)

here exists a K-functions ˛F such that F(x, u, �) ≥ ˛F(‖x − xs ‖). �

Based on this assumption, let us define the following
otated cost function F̃(x, u, p) = feco(x − x(N − 1) + xs, u − u(N −
) + us, �) + (x) − (x+) − feco(xs, us, �)

This function satisfies the following properties [12]:

roperty 1.

 For all (x(N − 1), u(N − 1)) = (xs, us), F̃(x, u, �) = F(x, u, �).
 For all (x, u) = (x(N − 1), u(N − 1)), F̃(x, u, �) = F(xs, us, �) = 0
F̃(x, u, �) ≥ ˛F (‖x − x(N − 1)‖) for certain a K-function ˛F. �

Define also, the rotated offset cost function 
̃(x, u) as follows:

efinition 3. The rotated offset cost function is given by:

˜(x, u) = 
(x, u) + (x) − (xs) − 
(xs, us) (26)

here (.) is the same as in (25). �
We can now define an auxiliary cost function for model �r:

˜ e
Nr

(x̂r , d̂r , �; ur) =
N−1∑
j=0

F̃(xr(j), ur(j), �) + 
̃(xr(N − 1),  ur(N − 1))

(27)
cess Control 54 (2017) 1–13 5

Lemma  1. The difference between the cost functions
Ṽ e

Nr
(x̂r , d̂r , �; ur) and Ve

Nr
(x̂r , d̂r , �; ur) is a constant ı given by

ı = (xr) − (xs) − Nfeco(xs, us, �) − 
 (xs, us)

The proof to this Lemma  can be found in A.1 section.
Based on these results, function (27) can be considered as a can-

didate Lyapunov function, in order to prove asymptotic stability of
the closed-loop system under the control law �e

N(ẑ, ŵ, �, ṽ).
Consider the following assumption on the controller parame-

ters:

Assumption 6. The prediction horizon N is such that

rank(CoN,i) = n, i ∈ I1:L

where CoN,i = [AN−1
i

Bi. . .AiBiBi] is the N-controllability matrix of
system (Ai, Bi). Moreover, there exists a dead-beat control gain Ki,
such that Ai + BiKi, i ∈ I1:L , has null eigenvalues.

Theorem 1. Consider that Assumptions 1–6 hold, and consider a
given parameter � for the economic cost feco(x, u, �). Assume that
there exists a k̄ such that for k ≥ k̄, d̂i(k + 1) = d̂i(k), that is the dis-
turbances di have converged. Then, the closed-loop system converges
asymptotically to a steady point (xs, us) that satisfies (4), fulfilling the
constraints throughout the time.

Proof. The proof will be given separately for the two cases M = N
and 1 ≤ M < N.

Case M = N
Consider the measurement at time k ≥ k̄,  xp(k), the observed

state x̂i(k) and the observed disturbances d̂i(k), i ∈ I1:L . Consider
also the solution to Problem (20), given by v0(k) = {u0(k), . . .,  u0(k)},
where

u0(k) = {u0(0; k), u0(1; k), . . ., u0(N − 1; k)}
Since M = N, from Problem (20), this sequence is feasible for all mod-
els �i ∈ �.  This sequence of optimal control actions, provides L
optimal states sequences of the form

x0
i (k) = {x0

i (0; k), x0
i (1; k), . . .,  x0

i (N − 1; k), x0
i (N; k)}

where x0
i
(0; k) = x̂i(k), and x0

i
(N; k) = x0

i
(N − 1; k) (by the constraint

(xi(N − 1),  ui(N − 1)) ∈ Zs,i).

Since by assumption, d̂i(k + 1) = d̂i(k), from equation (10) we
have that Ld

i
(x̂i(k) − xp(k) + d̂i(k)) = 0, and then, by stability of the

observer, x̂i(k) − xp(k) + d̂i(k) = 0.
This implies that, at time k + 1,

x̂i(k + 1) = Aix̂i(k) + Biu
0(0; k) + d̂i(k) = x0

i (1; k)

d̂i(k + 1) = d̂i(k)

for all i ∈ I1:L . In particular, we  have that:

x̂r(k + 1) = Arx̂r(k) + Bru0(0; k) + d̂r(k) = x0
r (1; k)

d̂r(k + 1) = d̂r(k)

where �r = (Ar, Br) ∈ �,  is the model that best describes the behav-
ior of the plant at the current operation point.

In order to prove asymptotic stability, let us define the following
function on model �r:

Jr(x̂r(k), d̂r(k), �; u(k)) = Ṽ e
Nr

(x̂r(k), d̂r(k), �; u(k)) − 
̃(x0
r (N −

1; k), u0(N − 1; k))

The value of this function corresponding to u0(k) is

J0
r (x̂r(k), d̂r(k), �).

Notice that function J0
r (x̂r(k), d̂r(k), �) satisfies the following

properties:
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 J0
r (x̂r(k), d̂r(k), �) ≥ ˛(‖xr(k) − xs‖), where  ̨ is a K-function.

In fact,

J0
r (x̂r(k), d̂r(k), �) ≥ F̃(xr(0; k), u0(0; k), �) ≥ ˛F (‖xr(k)

− x0
r (N − 1; k)‖) ≥ ˛(‖xr(k) − xs‖)

where the second to last inequality comes from Property 1 and
the last one from Lemma  2 in A.1.

 J0
r (x̂r(k), d̂r(k), �) ≤ ˇ(‖xr(k) − xs‖), where  ̌ is a K-function.

In fact, since X  is compact, J0
r (xs, d̂∞

r , �) = 0, and
J0
r (x̂r(k), d̂r(k), �) is continuous in x̂r(k) = xs, then there exists a
K-function  ̌ such that J0

r (x̂r(k), d̂r(k), �) ≤ ˇ(‖xr(k) − xs‖), for all
xr ∈ XN , [31].

Next, we want to prove that function J0
r (x̂r(k), d̂r(k), �)

s non-increasing. To this aim, define the following fea-
ible solution to problem (20), at time k + 1, ũ(k + 1) =
u0(1; k), . . .,  u0(N − 1; k), u0(N − 1; k)

}
Notice that ũ(k + 1) is a sequence made by shifting one step

head the sequence u0(k) and adding in the tale the admissible
quilibrium input at time k.

Define also the associated state sequence of model �r

˜ r =
{

x0
r (1; k), . . .,  x0

r (N; k), x0
r (N; k)

}
nd recall that x̂r(k + 1) = x0

r (1; k) and x̃r(N; k + 1) = x0
r (N; k), since

ˆr(k + 1) = d̂r(k). The value of function Jr(., ., .) corresponding
o ũ(k + 1) and x̃r is then Jr(x̂r(k + 1), d̂r(k + 1),  �; ũ(k + 1)), with

ˆr(k + 1) = d̂r(k). Notice that 
̃(x0
r (N − 1; k + 1),  u0(N − 1; k + 1)) =

˜(x0
r (N; k), u0(N; k)) = 
̃(x0

r (N − 1; k), u0(N − 1; k)).
Following standard arguments in MPC  literature [31], compar-

ng this last cost with J0
r (x̂r(k), d̂r(k), �), we obtain

Jr = Jr(x̂r(k + 1), d̂r(k + 1),  �; ũ(k + 1)) − J0
r (x̂r(k), d̂r(k), �)

= Ṽ e
Nr

(x̂r(k + 1), d̂r(k + 1),  �; ũ(k + 1))

− Ṽ e
Nr

(x̂r(k), d̂r(k), �; u0(k)) = −F̃(xr(k), u0(0; k), �)

On the other hand, the value of the auxiliary cost, due
o the optimal solution at time k + 1, u0(k + 1), is Ṽ e

Nr
(x̂r(k +

), d̂r(k + 1),  �; u0(k + 1)). Comparing it with Ṽ e
Nr

(x̂r(k + 1), d̂r(k +
), �; ũ(k + 1)), we obtain:

Ṽ e
Nr

(k + 1) = Ṽ e
Nr

(x̂r(k + 1), d̂r(k + 1),  �; u0(k + 1))

− Ṽ e
Nr

(x̂r(k + 1), d̂r(k + 1),  �; ũ(k + 1))

= Ve
Nr

(x̂r(k + 1), d̂r(k + 1),  �; u0(k + 1)) + ı

− Ve
Nr

(x̂r(k + 1), d̂r(k + 1),  �; ũ(k + 1)) − ı

= Ve
Nr

(x̂r(k + 1), d̂r(k + 1),  �; u0(k + 1))

− Ve
Nr

(x̂r(k + 1), d̂r(k + 1),  �; ũ(k + 1)) ≤ 0

here the last inequality comes from the last constraint of problem
20). Hence, we can state that

J0
r = J0

r (x̂r(k + 1), d̂r(k + 1),  �) − J0
r (x̂r(k), d̂r(k), �)

= J0
r (x̂r(k + 1), d̂r(k + 1),  �) − Jr(x̂r(k + 1), d̂r(k + 1),(

ˆ
�; ũ(k + 1)) + Jr(x̂r(k + 1), dr(k + 1),  �; ũ(k + 1))

−J0
r (x̂r(k), d̂r(k), �)

)
≤ −F̃(xr(k), u0(0; k), �)
cess Control 54 (2017) 1–13

Then, from Property 1, there exists a K-function  ̨ such that:

J0
r (x̂r(k + 1), d̂r(k + 1), �) − J0

r (x̂r(k), d̂r(k), �) ≤ −˛(‖xr(k)

− x0
r (N − 1; k)‖) ≤ −˛J(‖xr − xs‖) (28)

where the last inequality comes from ˛(‖xr(k) − x0
r (N − 1; k)‖) ≥

˛(˛e(‖xr(k) − xs‖)) = ˛J(‖xr(k) − xs‖), following Lemma  2 in A.1.

Then, we can conclude that J0
r (x̂r(k), d̂r(k), �) is a Lyapunov func-

tion, and (xs, us) is an asymptotically stable equilibrium point for
the closed-loop system described by model �r. Therefore,

lim
k→∞

‖xr(k) − xs‖ = 0, lim
k→∞

‖u(k) − us‖ = 0

Then, since (Ar, Br) represents the model identified at (xs, us), we
can state that for k → ∞
f (xp(k), us) = Arxs + Brus + d∞

r,s

xs = Arxs + Brus + d∞
r,s

Then, f(xp(k), us) = xs for k → ∞,  that is

lim
k→∞

‖xp(k) − xs‖ = 0

Case 1 ≤ M < N
In this case, the optimal sequence at time k is such that

v0(k) = {u0
1(k), u0

2(k), . . .,  u0
L (k)}

with u0
1(0 : M − 1; k) = u0

2(0 : M − 1; k) = · · · = u0
L (0 : M − 1; k) =

u0(0 : M − 1; k). The optimal control sequence for model �r is
given by

u0
r (k) = {u0(0; k), u0(1; k), . . .,  u0(M − 1; k), u0

r (M;  k). . .,

u0
r (N − 1; k)}

Following the same steps as for the case M = N, we  can conclude
that

�J0
r ≤ −F̃(xr(k), u0(0; k), �)

Notice that, from the positive definiteness of the rotated cost, stated
in Property 1, we can conclude that, for k → ∞,  then u0(0; k) →
u0

r (N − 1; k) → us, and x̂r(k) → x0
r (N − 1; k) → xs. Lyapunov stabil-

ity can be proved following exactly the same steps as in the proof
of case M = N.�

3.2. Properties of the proposed controller

The proposed controller enjoys some interesting properties that
are hereafter highlighted.

1 Economic optimality
Since the controller is formulated as an Economic MPC  [30],

that is considering an economic function as the stage cost of
the MPC  controller, then it ensures that the evolution of the
closed-loop system will be economically optimal in the tran-
sient. Moreover, since it is assumed that there is always one of
the model in the set � that represents (locally) the behavior of
the real plant and by Assumption 5, the controller also ensures
convergence to the economically optimal operation point of the
plant, that is the one that minimizes feco(x, u, �).

2 Guaranteed feasibility
Since the constraints of Problem (20) do not depend on the

optimal operation point (xs, us), the controller ensures feasibil-
ity under any change of the parameter �. Indeed, one of the
consequence of the effort to maintain feasibility is that, while

x(N − 1) /≈ xs, the proposed controller may  be suboptimal, in the
sense that its performance may  differ from the economic MPC
presented in [10,30]. It is shown in [12] that this suboptimality
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Table 1
Linearization points for Simulation I scenario.

Model x1 x2 x3 x4 u1 u2 �

�1 4.9759 1.0097 3.5787 1.4454 10 7.4791 (7,1)
A. Ferramosca et al. / Journal

is due to the particular stage cost and to the terminal constraint
imposed to the control problem, and it can be considered as the
price one has to pay for ensuring feasibility under any change of
�.

 Robustness under model uncertainties
In general, in industrial practice, the plants to be controlled are

nonlinear, but have sparse operation points with different eco-
nomic behaviors. A way to take into account all those different
behaviors is to consider a finite family of linear models (multi-
model description), which operate appropriately in a certain
region around a given operating point [8,14,13]. In this context,
each operating point defines a linear model sufficiently accu-
rate to describe the system. Therefore, the proposed controller
ensures stability, feasibility and economic optimality whenever
the linear model associated to the operation point is one in the
family of the multi-model description, although it is unknown
a priori which one. Since this model changes with the opera-
tion point, and then with �, the resulting control law ensures
robustness under changes of �.

Note that, as it will be shown in the illustrative examples, if
the linear prediction model is not “good enough”, that is, it is
obtained identifying at an operation point far from the current
one, the offset-free strategy by itself, that is, without robustness,
may  not be able to control the plant. In this case, the multi-model
approach will help to get the task done.

 Output feedback
Note that, if the state of the real plant xp(k) is not measurable

but a vector of measured output yp(k) = g(x(k)) is available, an
output feedback formulation of the proposed controller can be
easily implemented. This can be done by identifying the linear
models as in Eqs. (11)–(12) and, provided that the observability
requirement given in (13) is fulfilled, by taking an observer of the
form

x̂i(k + 1) = Aix̂i(k) + Biui(k) + Bdd̂i(k) + Lx
i (Cx̂i(k)

+ Cdd̂i(k) − yp(k)) (29)

d̂i(k + 1) = d̂i(k) + Ld
i (Cx̂i(k) + Cdd̂i(k) − yp(k)) (30)

In this case, the equilibrium condition would be given by[
Ai − I Bi

Ci 0

][
x̂∞

i

u∞
i

]
+
[

Bd,i

Cd,i

]
d̂∞

i =
[

0

yp,∞

]
(31)

and all the results given here would still apply.

. Illustrative examples

.1. Isothermal chemical reactor with consecutive-competitive
eactions

The proposed controller has been tested in simulation for
ontrolling an isothermal chemical reactor with consecutive-
ompetitive reactions [7,30]. The process considers two reactions
f the form

0 + B → P1

1 + B → P2

The nonlinear model describing this process is given by:
˙1 = u1 − x1 − �1x1x2 (32)

˙2 = u2 − x2 − �1x1x2 − �2x2x3 (33)

˙3 = −x3 + �1x1x2 − �2x2x3 (34)
�2 5.3813 0.8583 3.4383 1.1804 10 6.6573 (10,2)
�no 3.9044 1.5612 3.7523 3.7523 10 10 (10, − 1)

˙x4 = −x4 + �2x2x3 (35)

where x1, x2, x3, and x4 are the concentrations of P0, B, P1 and P2. The
control inputs u1 and u2 are the inflow rates of P0 and B. The values
of the parameters �1 and �2 are set as 1 and 0.4, respectively.

The constraints on the states are given by 0 ≤ xi ≤ 10, i = 1, 2, 3,
4, while the constraints on the inputs are 0 ≤ uj ≤ 10, j = 1, 2.

In the following simulations, three different controllers have
been compared: a nominal Economic MPC  without robustness con-
sideration, formulated as in [12]; a nominal offset-free Economic
MPC, that is an EMPC formulated as the previous one, but consider-
ing a prediction model as in Eq. (5); and finally, an Economic MPC
with the multi-model approach proposed in the present work.

In all simulations, the system is assumed to start from the point
x0 = (2.2060, 1.2665, 1.8545, 0.9395), u0 = (5, 5). The nonlinear sys-
tem (32)–(35) is taken as the real plant. The simulations have been
executed in the Matlab environment, and the optimizations have
been executed using the Matlab function fmincon.

4.1.1. Simulation I
In this first simulation, the economic objective is to maximize

the concentration of product P1, that is x3, and to minimize the con-
trol action, plus a regularization cost. The economic cost function
reads:

feco(x, u, �) = −�1x3 + �2(u1 + u2) + ‖x − xs‖2
Q + ‖u − us‖2

R (36)

where � = (�1, �2) are the prices on the cost function, Q = 0.1I4 and
R = 0.1I2, where xs and us are the economically optimal steady state
and input given by the corresponding value of �.

The multi-model MPC  has been applied by linearizing the plant
in 3 different operation points, each of them representing the point
that minimizes the economic cost function for a certain value of �.
These linearization points are shown in Table 1.

The linearized models have been discretized using the zero-
order hold method with a sampling time of 0.1 s.

Two  changes of the economic cost have been considered,
based on the following prices: �[1] = (7, 1), �[2] = (10, 2). The eco-
nomic optimal costs provided by these two prices are respectively:
feco(x[1]

s , u[1]
s , �[1]) = −7.5718 and feco(x[2]

s , u[2]
s , �[2]) = −1.0680,

where (x[1]
s , u[1]

s ) and (x[2]
s , u[2]

s ) are the linearization points for mod-
els �1 and �2 given in Table 1.

The MPC  controller has been setup with N = 6. The offset cost
function has been taken as a weighted ∞−norm, that is 
(x,
u) =  ̨ ‖ x − xs ‖ ∞, with  ̨ = 200.

The results of this simulation are shown in Figs. 1 and 2. In
particular, the time evolution of the states and input of the real
plant when controlled by the multi-model EMPC with M = N are
plotted in black solid line, by the nominal EMPC with offset-free
in red dashed line, and by the nominal EMPC without offset-free
in blue dashed-dotted line. The optimal economic steady state is
plotted in black dotted line. The multi-model controller is always
capable to drive the plant to the optimal steady state that opti-
mizes the economic cost function, even when the optimal operation
point changes, always ensuring feasibility and stability. On the

other hand, the nominal EMPC without offset-free fails to stabilize
the system at the optimal steady state, while the nominal EMPC
with offset-free is able to drive the system towards the optimum
but cannot stabilize it. This shows the main advantage of using a
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Fig. 1. Time evolution of the states: economic optimal point in black dotted line, multi-model EMPC with M = N in black solid line, nominal EMPC with offset-free in red
dashed  line, nominal EMPC without offset-free in blue dashed-dotted line. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Fig. 2. Time evolution of the inputs: economic optimal point in black dotted line, multi-model EMPC with M = N in black solid line, nominal EMPC with offset-free in red
dashed line, nominal EMPC without offset-free in blue dashed-dotted line. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Table  2
Simulation I. Transient economic performance.

�(�1) �(�2)

Nominal 300.16 614.75
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Table 3
Simulation II: linearization point for the nominal model.

Model x1 x2 x3 x4 u1 u2 �

�no 2.2060 1.2665 1.8545 0.9395 5 5 -

Table 4
Simulation II. Transient economic performance.

�(�1) �(�2)

Nominal 194.95 143.89

F
d
v

Offset-free 191.32 54.32
Multi-model 148.39 0.79

ulti-model approach: the offset-free by itself, even if it clearly
mproves the performance of the nominal EMPC, appears to be
ot enough robust in case of significant plant-model mismatches.
he worse is the model, the less robust is the nominal EMPC with
ffset-free.

The economic performance has been assessed using the measure
f the transient cost, that is:

(�) =
T∑

k=0

feco(x(k), u(k), �) − feco(xs, us, �) (37)

here T is the simulation time. A better performance is the one that
inimizes the transient cost. The results are shown in Table 2. As

t was expected, the multi-model approach shows better perfor-
ance than the other controllers.

.1.2. Simulation II: average nominal model
In this second test, a different nominal model has been used. This

odel has been obtained by linearizing the nonlinear system at the
teady state provided by maintaining the inputs at their average
alue. This linearization point is shown in Table 3.
The other two models, �1 and �2 are kept as in the previous
imulation. The same simulation as in the previous section has
een run. The MPC  controllers have been maintained with the same
onfiguration.

ig. 3. Time evolution of the states: economic optimal point in black dotted line, multi-
ashed  line, nominal EMPC without offset-free in blue dashed-dotted line. (For interpreta
ersion  of this article.)
Offset-free 146.77 8.42
Multi-model 134.51 0.91

The results of this second simulations are shown in Figs. 3 and
4. Note that, also in this case, the multi-model controller is capable
to stabilize the system, while the nominal MPC  fails in this task.

Again, the economic performance has been assessed using the
index (37). The results are shown in Table 4. Also in this case, the
multi-model approach shows better economic performance than
the other two controllers, even if the performance of the nomi-
nal MPC  gets better with the new prediction model, which indeed
seems to be better than the previous one.

4.2. CSTR with parallel reactions

In this second example, we  consider a continuous flow stirred-
tank reactor with parallel reactions [4,25].
R → P1

R → P2

model EMPC with M = N in black solid line, nominal EMPC with offset-free in red
tion of the references to color in this figure legend, the reader is referred to the web
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Fig. 4. Time evolution of the inputs: economic optimal point in black dotted line, multi-model EMPC with M = N in black solid line, nominal EMPC with offset-free in red
dashed line, nominal EMPC without offset-free in blue dashed-dotted line. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

F  line, m
r he rea

w
w
(

x

x

x

ig. 5. Time evolution of states and input: economic optimal point in black dotted
ed  dashed line. (For interpretation of the references to color in this figure legend, t

here R is the reactant, P1 is the desired product, and P2 is the
aste product. The nonlinear model for this system is given by

from dimensionless mass balance):

˙1 = 1 − 104x2
1e−1/x3 − 400x1e−0.55/x3 − x1 (38)
˙2 = 104x2
1e−1/x3 − x2 (39)

˙3 = u − x3 (40)
ulti-model EMPC with M = 1 in black solid line, nominal EMPC with offset-free in
der is referred to the web version of this article.)

where x1 and x2 are concentrations of R and P1, while x3 is temper-
ature in the reactor. The control input u represents the heat flow
into the reactor.

The constraints on the states are given by 0 ≤ xi ≤ 10, i = 1, 2, 3,
while the constraints on the input are 0.049 ≤ u ≤ 0.449.
In the following simulations, two different controllers have been
compared: a nominal Economic MPC  with offset-free, and an Eco-
nomic MPC  with the multi-model approach proposed in the present
work.
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Table  5
Linearization points for Example 2 scenario.

Model x1 x2 x3 u �

�1 0.0832 0.0846 0.1491 0.1491 1

x
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Table 6
Example 2. Transient economic performance.

�(�)

Multi-model EMPC 0.2164

−1

j=0

[f

 − 1)

 − Nf

 ur(N

 − 1
�2 0.9947 0 0.049 0.049 −1
�no 0.0206 0.0762 0.2490 0.2490 –

In this simulation, the system is assumed to start from the point
0 = (0.0206, 0.0762, 0.2490), u0 = (0.2490). The nonlinear system
38)–(40) is taken as the real plant. The simulations have been exe-
uted in the Matlab environment, and the optimizations have been
xecuted using the Matlab function fmincon.

The economic objective is to maximize the concentration of
roduct P1, that is x2, plus a regularization cost. The economic cost
unction reads:

eco(x, u, �) = −�x2 + ‖x − xs‖2
Q + ‖u − us‖2

R (41)

here � is the price on the cost function, Q = 0.1I3 and R = 0.1, and
xs, us) are the economically optimal steady state and input given
y the corresponding value of �.

The multi-model MPC  has been applied by linearizing the plant
n 3 different operation points: two of them representing the point
hat minimizes the economic cost function for a certain value of �,
hile the nominal one is taken as an average model. These lineari-

ation points are shown in Table 5.
The linearized models have been discretized using the zero-

rder hold method with a sampling time of 0.1 s.
The economic cost has been setup considering: � = 1. The

conomic optimal steady state provided by this price is the linear-
zation point for models �1 given in Table 5.

Both MPC  controllers have been setup with N = 5. The offset
ost function has been taken as a weighted ∞−norm, that is 
(x,
) = ˛(‖x − xs ‖ ∞ + ‖ u − us ‖ ∞), with  ̨ = 100. The multi-model EMPC
as been desigined with M = 1.

The results of this simulation are shown in Fig. 5. Note that,
he multi-model controller is able to drive the plant to the optimal
teady state, ensuring feasibility and stability. On the other hand,
he nominal offset-free EMPC cannot stabilize the plant, which

learly exhibits an unstable behavior. Once again, this simulation
hows the benefit of using a multi-model approach.

The economic performance has been assessed using the measure
f the transient cost given by Eq. (37).

A better performance is the one that minimizes the transient
ost (�). The results are shown in Table 6. Once again, the multi-

Ṽ e
Nr

(x̂r , d̂r , �; ur) =
N−1∑
j=0

F̃(xr(j), ur(j), �) + 
̃(xr(N − 1),  ur(N − 1)) =
N∑

−(xr(j + 1)) − feco(xs, us, �)] + 
(xr(N − 1),  ur(N

+ xs, ur(j) − ur(N − 1) + us, �) + (xr) − (xr(N))

− 
(xs, us) =
N−1∑
j=0

feco(xr(j) − xr(N − 1) + xs, ur(j) −

− Nf eco(xs, us, �) − 
(xs, us) =
N−1∑
j=0

feco(xr(j) − xr(N
odel approach shows a lower transient cost as one would have
xpected (since the nominal offset-free EMPC is not able to stabilize
he plant).
Nominal offset-free EMPC 0.5222

5. Conclusions

In this paper, an economic MPC  based on multi-model descrip-
tion of the plant is proposed. A finite family of linear models has
been considered (multi-model uncertainty), which operates appro-
priately in a certain region around a given operation point. In this
way, each operation point defines a linear model, providing an
enough accurate description of the system.

It has been shown that feasibility and stability conditions are
preserved under changes in the economic cost function providing
a better robust performance thanks to the multi-model approach.
Moreover, the real plant converges to the optimal point that opti-
mizes the economic cost function.

The proposed controller has been tested on two  chemical reac-
tors, showing better performance and robustness than standard
offset-free controllers.
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Appendix A.

A.1. Proof to Lemma 1

Proof. The proof to this lemma  follows similar argument as in [12,
Appendix A]. Considering the definition of F̃(x, u, �) and 
̃(x, u), we
have:

eco(xr(j) − xr(N − 1) + xs, ur(j) − ur(N − 1) − us, �) + (xr(j))

) + (xr(N − 1)) − (xs) − 
(xs, us) =
N−1∑
j=0

feco(xr(j) − xr(N − 1)

eco(xs, us, �) + 
(xr(N − 1),  ur(N − 1)) + (xr(N − 1)) − (xs)

 − 1) + us, �) + 
(xr(N − 1),  ur(N − 1)) + (xr) − (xs)

) + xs, ur(j) − ur(N − 1) + us, �) + 
(xr(N − 1),  ur(N − 1)) + ı

where ı = (xr) − (xs) − Nfeco(xs, us, �) − 
 (xs, us) and
xr(N) = xr(N − 1) due to fact that (xr(N − 1), ur(N − 1)) defines
an equilibrium point.

Hence,
Ṽ e
Nr

(x̂r , d̂r , �; ur) = Ve
Nr

(x̂r , d̂r , �; ur) + ı

�
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.2. Technical Lemmas

emma  2. Consider model (5) subject to constraints (2). Consider
hat Assumptions 1–6 hold. Assume that there exists a k̄  such that
or k ≥ k̄, d̂r(k + 1) = d̂r(k), that is the disturbances dr have con-
erged. Let xs be the optimal steady state defined in Definition 1. For
ll xr = x̂r(0) ∈ X  and x0

r (N − 1) ∈ Xs,r , define the function e(xr) =
r − x0

r (N − 1).  Then, there exists a K-function ˛e such that

e(xr)‖ ≥ ˛e(‖xr − xs‖) (42)

roof. Notice that, due to convexity, e(xr) is a continuous function
31]. Moreover, let us consider these two cases.

 ‖e(xr) ‖ =0 iff xr = xs. In fact, (i) if e(xr) = 0, then xr = x0
r (N − 1),

and from Lemma 3, this implies that x0
r (N − 1) = xs; (ii) if xr = xs,

then by optimality x0
r (N − 1) = xs, and then xr = x0

r (N − 1). Then,
‖e(xr) ‖ =0.

 ‖e(xr) ‖ >0 for all ‖xr − xs ‖ >0. In fact, for any xr /= xs, ‖e(xr) ‖ /= 0
and moreover ‖xr − xs ‖ >0. Then, ‖e(xr) ‖ >0.

hen, since X  is compact, in virtue of [32, Ch. 5, Lemma  6, pag. 148],
here exists a K-function ˛e such that ‖e(xr) ‖ ≥ ˛e(‖xr − xs ‖). �

emma  3. Consider system (5) subject to constraints (2). Consider
hat Assumptions 1–6 hold, and consider a given parameter � for the
conomic cost feco(x, u, �). Consider that, for k ≥ k̄, d̂r(k + 1) = d̂r(k) =
∞
r , that is the disturbances reach a stationary value d∞

r and the opti-
al  solution to Problem (20) is such that x0

r (N − 1; k) = xr(k), and
0
r (N − 1; k) = u0

r (0; k). Then x0
r (N − 1; k) = xs, and u0

r (N − 1; k) = us.

roof. Consider that (x0
r (N − 1; k), u0

r (N − 1; k)) is the opti-
al  solution to (20) at time k. Since by assumption u0

r (N −
; k) = u0

r (0; k) and xr(k) = x0
r (N − 1; k), then from Property 1,

˜ e,0
Nr

(x̂r(k), d̂r(k), �) = 
̃(x0
r (N − 1; k), u0

r (N − 1; k))

Moreover, since by assumption, d̂r(k) = d∞
r , from equation (10)

e have that Ld
r (x̂r(k) − xp(k) + d∞

r ) = 0, and then, by stability of the
bserver, x̂r(k) − xp(k) + d∞

r = 0.
This implies that, taking into account that (x0

r (N − 1; k), u0
r (N −

; k)) is a stationary point (the time dependence is removed for the
ake of clarity):

0
r (N − 1) = Arx0

r (N − 1) + Bru0
r (N − 1) + d∞

r = x̂r(k + 1)

ˆr(k + 1) = d̂r(k) = d∞
r

his implies that, model �r ∈ � converges to the stationary point
0
r (N − 1).

Assume now that, this stationary point is not the optimal one,
hat is (x0

r (N − 1),  u0
r (N − 1)) /= (xs, us). Then, by convexity, there

xists a  ̌ ∈ [0, 1] such that

x̃s, ũs) = ˇ(x0
r (N − 1),  u0

r (N − 1)) + (1 − ˇ)(xs, us)

haracterizes a stationary point, and moreover there exists a fea-
ible control sequence ũr = {ũr(0), ũr(1),  . . ., ũr(N − 1)}  that drives
he state of model �r from (x0

r (N − 1),  u0
r (N − 1)) to (x̃s, ũs). This

equence is such that, the j-th element is given by ũr(j) = Kr(x̃r(j) −
˜s) + ũs, and x̃r(j + 1) = Arx̃r(j) + Brũr(j) + d∞

r , x̃r(0) = x0
r (N − 1).

hen, the cost to drive the system from (x0
r (N − 1),  u0

r (N − 1)) to
x̃s, ũs) is given by

˜ e
Nr

(x0
r (N − 1),  d∞

r , �; ũr) =
N−1∑

F̃(x̃r(j) − x̃s + xs, ũr(j) − ũs + us, �)
j=0

+ 
̃(x̃s, ũs) ≤ �0‖xr(N − 1)0 − x̃s‖ + 
(x̃s, ũs)

+ � = �0(1 − ˇ)‖x0
r (N − 1) − xs‖ + 
(x̃s, ũs) + �

[

[
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where � = (xr(N − 1)0) − (xs) + 
 (xs, us) and

�0 = L(1 + |Kr |) 1 − |Ar + BrKr |N
1 − |Ar + BrKr |

Notice that, the last inequality and definitions come from Lemmas
3 and 4 in [12].

Define now W(ˇ) = �0(1 − ˇ)‖x0
r (N − 1) − xs‖ + 
(x̃s, ũs) + �.

Using the same arguments as in [12, Lemma  5], it can be shown
that there exists a value of  ̌ ∈ [0, 1) such that the value W(ˇ)
is smaller than the value of this cost for  ̌ = 1, which is W(1) =

̃(x0

r (N − 1),  u0
r (N − 1)) = Ṽ e,0

Nr
(ˆ̂xr(k), d̂r(k), �). This contradicts the

optimality of the solution to Problem (20) at time k, and the fact
that model �r has already converged to a stationary point. Then
it has to be that (x0

r (N − 1),  u0
r (N − 1)) = (xs, us). So the Lemma is

proved. �
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