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1. Introduction

Part of the importance of invariant sets in control is due to the
implicit stability properties of these regions of the state space. An
invariant set is a region of the state space such that the trajectory
generated by the dynamical system remains confined in the set
if the initial condition lies within it, see Blanchini and Miani
(2008). Particularly relevant is the property of robust (control)
invariance of a set, useful in the context of stability and constraints
satisfaction for uncertain systems. Also the issue of convergence
of model predictive control strategies, see Camacho and Bordons
(2004), is strongly related to invariance. Many results on invariance
have been obtained in previous years, for both linear, see for
instance Gilbert and Tan (1991), Kolmanovsky and Gilbert (1998)
and Rakovi¢, Kerrigan, Kouramas, and Mayne (2005), and nonlinear
systems, see Alamo, Cepeda, Fiacchini, and Camacho (2009), Bravo,
Limon, Alamo, and Camacho (2005) and da Silva and Tarbouriech
(1999). The problem of stability of nonlinear uncertain systems has
been recently addressed in Chesi, Garulli, Tesi, and Vicino (2009).

In this paper we present a method for computing a convex
robust control invariant set for discrete-time nonlinear uncertain
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systems, exploiting the properties of DC functions. Since many
nonlinear functions are expressible as DC functions, or at least, can
be arbitrarily closely approximated by one of them, the proposed
procedure is widely applicable.

The paper is organized as follows: Section 2 presents the
problem statement. In Section 3 a brief review on DC functions
is given. Conditions for control invariance for nonlinear systems
are formulated in Section 4. In Section 5 computational issues
are considered. In Section 6 the results are compared with other
methods via a numerical example.

Notation. For everyn € N, defineN, = {x e N: 1 < x < n}.
Given A € R™™, A; with i € N, denotes its i-th row. Given a set
D, co(D) denotes its convex hull, int(D) denotes its interior, D its
boundary and, for every o > 0, define the set D = {ax : x € D}.
The operators V, and V, denote the differential with respect to x
and u respectively.

2. Problem statement

Consider the nonlinear discrete-time time-invariant system

Xt =fxu) +w, (1
where x € X C R"is the state, x* € R" is the successor,
u € U C R™is the control and w € W C R" is the unknown but
bounded uncertainty, that can be a function of x and u and other
terms representing noises and exogenous disturbances.

Assumption 1. Assume thatsetsX C R", U C R™"and W C R"
are closed, convex and contain the origin in their interiors. Assume
also that W is compact.
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The formal definition of DC function follows.

Definition 1. A function « : RP — R, defined on D € RP convex,
is a DC function if there exist 8, y : RP> — R convex on D and such
that (x) = B(x) — y(x) forallx € D.

We will refer to o : R — R7 as a DC function if e;(-) is DC for all
j € Ny. Similarly, 8 : RP — RY is convex if §;(-) is convex for all
j € Ng.Wessay thatf (-, -),asin (1), is a DC function with respect to
variablesx € X and u € U, meaning that f (x, u) = g(x, u) —h(x, u)
where g(-, -) and h(, -) are convex in (x, u) € X x U.

Assumption 2. Assume that f(-, -) in (1) is a DC function defined
on X x U and differentiable at (0, 0). Denote g(-, -) and h(:, -)
the convex functions such that f(x, u) = g(x, u) — h(x, u), for all
(x,u) € X x U and assume g (0, 0) = h(0,0) = 0.

Below we recall general definitions of a robust control invariant
set and a A-contractive set for a generic nonlinear system, see
Blanchini and Miani (2008).

Definition 2. A set £2 is a robust control invariant set for the
system x* = f(x,u, w) and constraints x € X and u € U if
2 C X and for all x € £ there exists a u(x) € U such that
fx,ux), w) € 2,forallw e W.

In absence of uncertainty the related set is called a control invariant
set. Hence, a set §2 is a robust control invariant set for the system
if and only if there exists an admissible control law u = u(x) € U
defined for all x € £2 such that every trajectory of the controlled
system (1) starting within £2 remains inside it regardless of the
uncertainty realization.

Definition 3. A convex compact set £2 with 0 € int(§2) is A-
contractive for system x* = f(x, u, w) and constraints x € X and
u e Uif 2 C X and for all x € £2 there exists a u(x) € U such that
f&x, ux), w) € A2, forallw € W, with A € [0, 1].

Analogous definitions can be given for autonomous systems.
Clearly, A-contractiveness induces (robust) control invariance. For
£2 C X polytopic, i.e. 2 = {x € R" : Hx < 1}, the condition
for A-contractiveness is the existence of u(x) € U such that
Hf (x, u(x), w) < Al,forallx € 2and w € W.

3. Brief overview on DC functions

We recall some important properties of DC functions. First, it
is worth mentioning that the set of DC functions defined on a
compact convex set of R" is dense in the set of continuous functions
of this set. Then, every function defined on a compact convex set
admits a DC approximation arbitrarily close. Moreover, any twice
differentiable function is DC representable. In fact, suppose f :
D — R satisfies a%f(x) > —2al, for allx € D witha > 0. Then
fx) = g.(x) — ho(x), with g.(x) = f(x) + ax"x and h.(x) = ax"x
is a DC representation of f (x). See Adjiman and Floudas (1996) for
methods to obtain appropriate values of a. Some properties of DC
functions, see Horst and Thoai (1999), follow.

Property 1. DC functions satisfy the following properties:

e Every function f : R" — R whose second partial derivatives are
continuous everywhere is DC.

e Let D be a compact convex subset of R". Then, every continuous
function on D is the limit of a sequence of DC functions which
converges uniformly on D.

e Let f : R" — R be a DC function and g : R — R convex. Then,
the composite function (g o f)(x) = g(f(x)) is DC.

If f(-) is a DC function, also the following functions are DC:

e Any affine combination of DC functions.
e The pointwise maximum and minimum of DC functions.

e Functions |f (x)|, max{0, f(x)} and min{0, f(x)}.
e The product of DC functions.

Finally, note that there exist infinitely many DC representations
for every DC function f(x) = g(x) — h(x), obtained by adding the
same convex function to g(-) and h(-), for instance.

4. Control invariance condition for nonlinear systems

The results presented in this section constitute the main
contributions of this paper. Sufficient conditions for a set to be a
control invariant set for a DC system are given.

Definition 4. Let Assumptions 1and 2 hold. Given the DC function
fG,) : X xU — R"asin (1) and c € R", define F(-,-, ) :
X x U x R" — R as the function

F(x,u,0) = Y ¢i(gi(x, u) — h(x, u)

jeby
+ ) glg (x. ) — hi(x, w)), (2)
jeb—
where gi(x,u) = V,g(0,0)x + V,g(0,0)u and hi(x,u) =

Vih;j(0, 0)x 4+ V,hj(0,0)u, forj € Ny,and by = b, (c) = {j €
Np:¢>0}andb_ =b_(c) ={j e N, : ¢ < 0}.

Notice that b, (c) and b_(c) are the set of indices of non-
negative and negative elements of c, respectively.

Property 2. Let Assumptions 1 and 2 hold. Given the DC function
fG,): X xU — R"asin (1), for every c € R", function F(-, -, ¢)
defined in (2) is convex in (x, u) € X x U.

Proof. Function F(-, -, ¢) is the sum of elements composed by the
sum of a convex term and a linear one, then convex. O

In the following it is proved that, for any ¢ € R", the function
F(-, -, ¢) provides an upper bound of the function c'f (-, -).

Property 3. Let Assumptions 1 and 2 hold. Given the DC function
f(,) : X x U — R"as in (1), for every c € R" we have that
cTf(x,u) < F(x,u,c), forall (x,u) € X x U.

Proof. Being gjL(-, -) and hjL(~, -) the linearizations at (0, 0) of
convex functions, then gjL(x, u) < gj(x,u) and h]@(x, u) < hj(x,u)
forallj € N, and (x, u) € X x U. Thus, Cj(h]@(x, u) —hj(x,u)) <0
ifj € by and ¢j(gj(x, u) — gjL(x, u)) <0ifj e b_forallj € N, and
(x,u) € X x U.From this and (2), we have

Tfxu) = Fxu,0) = Y ¢ (hf(x, ) — By(x, w)

jeby
+ ) glgxw —gx.w) <0
jeb—
forallc € R"and forany (x,u) e X x U. 0O
If gi(-, -) and h;(-, -) are convex but not differentiable at (0, 0),

the linear functions gjL(-, -) and h}(~, -) can be obtained by means
of the subgradient of g;(-, -) and h;(-, -) at (0, 0).

Property 4. Let Assumptions 1 and 2 hold. Given the DC function
f(,) : X x U = R"as in (1), for every c¥ € R" and 6% > 0,
with k € Ny, such that ¢ = Y_i* , 0%ck, we have

N

F(x,u,c) < ZG"F(x, u,c®y, Vx,u) e X xU. (3)
k=1

Proof. Givenj € N,, denote d = d(j) = [cjl, cjz, o c}"‘]T and

defined™ =", 0" andd™ =3, 0% We have that
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dt > 0,d” < 0, by definition. Suppose that ¢; € b, (c), the case of
¢j € b_(c) is similar. If we prove

G (g(x u) — hi (x, w)) < d* (g(x,u) — hi (x,u))

+d (gf (%, u) — hj(x, ), (4)

that is, if the j-th term of the left-hand side of (3) is smaller than or
equal to the j-th term of the right-hand side, the property is proved.
Since ¢j = d™ +d~, gj(x, u) —g].L(x, u) > 0, hj(x, u) — h}(x, u) >0
by convexity, and d~ < 0, we have

G (g, u) — b (x, u)) < (d* +d7) (g(x, u) — hf (x, u))
—d (gi(x, u) — gf(x,w)) —d~ (h(x, u) — hj (x, u)),
which is equivalent to (4). Then the property is proved. 0O

We recall here the definition of support function of a set.

Definition 5. Given a set I’ C R", the support function of I”
evaluated at ¢ € R" is defined as: ¢ (c) = sup,., c'x.

If I is bounded then its support function is finite for any c € R".
If I' is convex and compact, it can be expressed as I’ = {x € R" :
c™x < ¢r(c),Yc € R"}and if I' is a polytope, I’ = {x € R" : Hx <
b}, thenx € I' ifand only if Hix < b; = ¢,~(Hf), foralli € Ny, see
Rockafellar (1970). The following property provides the necessary
and sufficient condition for A-contractiveness (and then for robust
control invariance) for system (1) in terms of support functions.

Property 5. Let Assumptions 1 and 2 hold. Given A € [0,1], a
convex, compact set 2 C X is a A-contractive set for system (1) and
constraints x € X and u € U if and only if there exists a control law
u = u(x) € U such that

c'f(xu@) < Apo(c) —dw(c), Vxe 2, Ve eR" (5)
Proof. By definition, 2 C X is a A-contractive set for system
(1) if there exists a control law u = u(x) € U such that x* =

fx,ux)) + w € A2, forallx € £2,and w € W. Since £2 is a
convex, compact set, this is equivalent to

T(F(x, u®) +w) < gro(c), Vxe R, YweW,Vc R (6)

Since ¢, (c) = A (c), then (6) holds if and only if cTf (x, u(x)) <
AP (c)—sup,,cw T w,forallx € 2 and any ¢ € R", which, in turn,
is equivalent to (5). O

Notice that condition (5) is given by an infinite number of
non-convex constraints, for all x € £ and all ¢ € R It will
be shown that, if £2 is a polytope, a condition for invariance can
be posed as a finite number of convex constraints involving only
its vertices. Recall that the condition for invariance for nonlinear
systems cannot, in general, be restricted to the boundary of the set,
see Blanchini and Miani (2008).

4.1. Control invariance for polytopic §2

First we consider a sufficient condition for a polytope 2 C X to
be A-contractive for the deterministic nonlinear system

xF=fx ), (7)

where f (-, -) is the DC dynamical function of (1). Then the result
will be used to provide a sufficient condition for robust control
invariance of a polytope for the uncertain nonlinear system (1). In
what follows, given a polytope 2 = {x e R" : Hx < 1} C X, its n,
vertices are denoted v/ € R", forj € Np,, and ny, are the rows of H,
i.e.H € R ",

Property 6. Let Assumptions 1 and 2 hold. Given A, € [0, 1] and a
polytope 2 = {x € R" : Hx < 1} C X, if there exist control actions
defined at the vertices, Y = u(v’) € U, for allj € N,,, such that

FOW, W, H) < Ap, Vj€N,,, VieN,, (8)

then $2 is a A-contractive set for system (7) and constraints x € X and
u € U. Moreover, there exists u(x) € U defined on 2 such that for
any Xo € £2 the trajectory {x;}ren generated by (7) with u, = u(xy),
satisfies x, € AX2, forall k € N.

Proof. From Property 3, it follows that

F(x,u,H) < Apo(H]) =1, Vxe 2, VieN, 9)

implies (5) with W = {0}, and then A-contractiveness of £2. In
general the inverse is not true, the condition is only sufficient. We
prove that there exists Y € U defined at vertices v/, forj € N,
such that (8) is satisfied if and only if there exists u(x) € U defined
on £2 such that (9) is fulfilled. Necessity is trivial, since v/ € £
for all j € N,,. Sufficiency has to be proved. Since any x € £2
can be expressed as the convex combination of the vertices then
there exist 6/(x) > 0,j € N, such that x = Y"1, ¢/(x) v/ and
Y 0/(x) = 1. Moreover u(x) = Y., 6/(x) v/ is admissible,
i.e. u(x) € U, from convexity of U. Consider € € [0, 1]. From the
convexity of F(-, -, H), for any H € R" and (8), we have that

F(ev', ew, HT) — er, < max {F(eV, e, H) — ern}
€|,
= max {F(0,0,H) — 0; F(W, o/, H) — A} <0,

that means that F(ev/, i, HT) < ey, forallj € N, andi € Ny,
for any € € [0, 1]. Consider X € €£2 and notice that there exists
X € 2 suchthatx = ex = Z;'L 6’ (x)ev', by definition. Define
u(®) = eu(x) = Y_i*, &/(x)erd, clearly u(x) € U. From Property 3
and convexity of function F(-, -, H"), for any H/ € R", it follows
that if x € €52 then

Hif &, u(x)) <F (ZL: & (x)er, Zv:éj(x)eu’, Hf)

j=1 Jj=1

< ZUGJ(X)F (e, e, H])
j=1

)

< Zefex,, = €A
=1

This with € = 1implies (9) and then A-contractiveness. Moreover,
we have that x € €£2 implies f (X, u(x)) € €A, 2, forall e € [0, 1],
thus xp € €2 implies x, € Ak2. O

The following corollary can be employed to enlarge a (robust)
control invariant set.

Corollary 1. Let Assumptions 1 and 2 hold. Consider a polytopic set
2 = {x € R" : Hx < 1} C X, and admissible control actions
defined at the vertices ¥ = u(v)) € U forallj € Ny, such that the
condition (8) is fulfilled. Given x € X, define 2 = co(RUR) =
{x € R" : Hx < 1}, where H € R"™*" and nj; € N. If there exists
il = ii(X) € Usuchthat F(%, i, H) < Ay, foreveryi e Ny, then 2
is a A-contractive set for system (7) and constraintsx € X and u € U.

Proof. Consider £ as candidate A-contractive set in Property 6. If
X € £2,then £2 = 2, trivial. Consider X ¢ §2. We check condition
(8) for £2 and all its vertices, that are given by x and a subset of the
vertices of £2. Point x fulfills it by assumption. Consider any vertex
of £2.Since 2 C 2 thena; = max,{Hix : x € 2} < 1,foreveryi €
Np,. Since strong duality holds, see Boyd and Vandenberghe (2004),
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we have that a; = mingicgm {d )L, 6} - Hi = >\, 6{Hy, 6' > 0},
which means that the dual optimizer, denote it ' € R, is such
that H; = Y,", §;H, and Y\, 6] = a; < 1,foralli € N,.. From
Property 4,forallv/ and i/, j € N,,, and foralli € Ny, we have that
FW, W, H) < 30, 0iF(W, ¥/, H]) < aihy < Ay, since vertices
of §2 satisfy (8). The result is proved. O

Property 6 provides a condition to determine if a polytope
is a control invariant set for system (7), Corollary 1 permits to
determine an enlarged control invariant set. These results are
extended to the uncertain system (1). No proof is given since it is
analogous to those of Property 6 and Corollary 1.

Property 7. Let Assumptions 1 and 2 hold. Consider a polytope 2 =
{x € R" : Hx < 1} C X, and the uncertain DC system (1). If there
exist control actions defined at the vertices ¥ = u(v’) € U for all
Jj € Ny, such that

F, 00, H) < hy — pw(H]),
fora X, € [0, 1], then £2 is a A-contractive set for system (1) and
constraints x € X, u € U. Moreover, given any x € X and denoting
2 =co(2UX) = {x € R" : Hx < 1} with H € R", if there exists
il = u(x) € U satisfying F(X, il, H) < A, —w (H]), for all i € Ny,
also the set $2 is a A-contractive set for the system (1) and constraints
xeX,uel.

Vj €Ny, Vie Ny, (10)

Notice that a A-contractive set §2 for the deterministic system
(7) with contracting factor A,, is also a A-contractive set for the
uncertain system (1), with contraction factor A,, if W is such that
maxieNnh ¢W(H1T) = )‘-w - )‘-n-

5. Practical issues on design

The first issue to be tackled in order to apply the results shown
in the previous section is how to define the potential control
invariant set £2. Once a suitable guess for £2 is given, the sufficient
condition for control invariance can be applied. One possible choice
is to select, as initial guess of £2, a (robust) invariant set for
the linear system obtained linearizing the nonlinear one, using
for instance results in Blanchini and Miani (2008), Gilbert and
Tan (1991) and Kolmanovsky and Gilbert (1998). An algorithmic
procedure yielding an invariant set for a deterministic autonomous
DC system is provided in Fiacchini, Alamo, and Camacho (2007).
We propose here a procedure to obtain A-contractive polytopes
for nonlinear systems, based on (10). The approach leads to a
convex optimization problem. Afterward, an enlarging method
which permits one to generate a sequence of nested A-contractive
polytopes is illustrated. The enlarging method is characterized by
a greater computational burden and then can be applied only to
relatively low dimensional systems. Once a control A-contractive
set §2 is computed, many approaches can be considered in order
to obtain the control law which makes the set A-contractive in
closed-loop. From a practical point of view, it is sufficient to define
a control law at the vertices, ¥ = u(v/), since any proper convex
combination of u(v/), j € Np,, ensures invariance of £2.

5.1. Computation of robust A-contractive polytope

Consider a polytope 2 = {x € R" : Hx < 1}, as the initial
guess determining the geometric shape of the A-contractive set.
The objective is to determine the maximal @ > 0, such that the
set a§2 is a A-contractive set for the nonlinear system (1). Recall
that, for every « > 0, we have that 2 = {x € R" : Hx < «}
and its vertices are av/, for j € N, . The maximal value of & can
be obtained by solving n, convex optimization problems in 1+ m

variables. Notice that the complexity grows with the number of
vertices of the polytope 2.

Algorithm 1 Computing a A-contractive set for system (1).
Given the system (1) and the polytope £2:

forj=1,...,n,solve
o = max
yI>0, WweU
st. FO/v, W, H]) <Ayl — ¢w(H]), i € Ny,
end
a =min{o/ : j € Ny},
return o $2.

5.2. Enlarging method

Once a control invariant or A-contractive set §2 has been
obtained, a first enlarging method, based on Corollary 1, can be
designed. Random points X in the state space are generated: if
for x € X there exists a u € U fulfilling the hypothesis of
Corollary 1, then the new control invariant set is obtained as the
convex hull of the current control invariant set and point x. It
has to be pointed out that the enlargement step often requires a
considerable computational effort. Notice in fact that simply the
selection of points X € X such that x ¢ £2 can be non-trivial for
high dimensional problems. We propose an alternative procedure
based on the following corollary.

Corollary 2. Let Assumptions 1 and 2 hold. Consider a polytope 2 =
{x e R" : Hx < 1} € X, withH € R™*" and A € [0, 1], such
that hypothesis of Property 7 holds for £2, and, given X € X, define
the set 2 = co(2 U X). If there exists a it = i(X) € U such that
F&, 0, H) < Ay — ¢w(H), forevery i € N, then 2 is a robust
A-contractive set for system (1) and constraints x € X and u € U.

Proof. Consider the non-trivial case of x & £2. We prove that £2
satisfies the hypothesis of Property 7. Denote A e R"”*" the matrix
such that 2 = {x € R" : Ax < 1}. The set of n; vertices of
Qis composed by % and a subset of vertices of £2 and then every
vertex of £2 satisfies (10). We prove that satisfaction of condition
(10) with HT, for every i € N,,, also implies fulfillment with H,
forallj € Nnﬁ. As proved for Corollary 1, 2 C Q implies the
existence of ¢/ > 0 such that AT = Y3 | 6IH], Y3 6 < 1 for
allj Np, - From this and Property 4 we have that for vertex d' of Q
there exists &i' € U such that F(d', ii/, I:IjT) < A= Bldw (H]),
forallj € Nnﬁ, and every k € N,,. From ¢w (an) = apw (1) for all
o > 0and ¢w(n +v) < gw(n) + gw(y) forall n, y € R", see
Schneider (1993), we have that ¢y, (I:Ijr) < > Oidw (HY) for all

J € Ny, then F(@, i, I:I]T) < Ay — Ow (I:I]T). Hence the hypothesis
of Property 7 holds for Q. O

The following convex optimization problem can be solved to
determine a point X € X to enlarge the A-contractive set 2 = {x €
R" : Hx < 1}. Given ¢ € R", the optimizer of

max c'X
xeX,ueU (11)
st. FRUH) < hy —owH]), ieN,,

is such that 2 = co(£2 U &) is a A-contractive set for the system
(1)and such that 2 C 2. Thus, the iterative resolution of problem
(11) provides a sequence of nested control A-contractive polytopes
£2.. Although a random component is still present, in the choice
¢ € R", with this enlarging method point X lies in the complement
of £2 or on its boundary.
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Fig.1. Comparison: invariant ellipsoid, invariant parallelogram and £25 and robust
control invariant set (dashed).

6. Numerical example

To illustrate the presented method, we apply it to an example
proposed in a continuous-time version in Chen, Ballance, and
O'Reilly (2001), where ellipsoidal invariant sets are considered. The
same system, discretized, has been used by Cannon, Deshmukh,
and Kouvaritakis (2003) to test their results on computation of
control invariant parallelogram. The example allows us to compare
the results illustrated in this paper with different methods.
Consider the system

Xk+1=[71~ {]Xk"f—'f{l/« [}:|+(1—M) |:(l) _04]Xk}uk

with T = 0.01, u = 0.9 and the constraints on input and state are
U={ueR:|u <2},X ={x € R?: |Xloo < 4}.The system
considered is deterministic. We set A, = 1 to obtain a control
invariant set. Algorithm 1 has been applied to obtain £, = «$2,
then the enlarging method has been applied to generate a sequence
£2), of nested control invariant sets, with k € Ngg. Fig. 1 presents a
comparison between the ellipsoidal invariant set proposed in Chen
etal.(2001), the parallelogram provided in Cannon et al. (2003) and
the control invariant set £240. Finally, a robust control invariant set
is also computed. If additive uncertainty for the continuous-time
system is bounded by W = {w € R" : ||w|lx < 0.4}, the set
depicted in dashed line in Fig. 1 is a robust control invariant set.

7. Conclusions

In this paper a condition for a convex set to be a control
invariant set for a nonlinear uncertain system is provided. Such
a condition is employed to design an algorithm for computing
a contractive polytopic invariant set for nonlinear systems. The
method overcomes the main problem, often computationally
unmanageable, of the computation of control invariant sets for
nonlinear systems, although improvements in the numerical
implementation deserve further analysis.
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