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Introduction



V=8 p=3

Following the structure in Pozo, Puerto, Rodriguez-Chia (2020): The ordered median tree of hubs location problem.
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OMT framework

vi=8 p

PMED

p-median location problem®.

I
W

Find the location of p servers and assignments that minimizes the sum of the weighted allocation

cost of each node to a server.

LHakimi (1964)
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PMED

-+conn

PMEDC/PMEDT | p-median location problem with inner (tree) connection structure.

Solve the p-median problem connecting servers with a (tree) network.
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Ordered Median location problemz.

Find the location of p servers and assignments that minimize the sum of the sorted weighted
allocation cost of each node to a server.

2Nikel, Puerto (2005)
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OMT

amework: problem case

-+conn
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_ Ordered Median location problem with inner (tree) connection structure.

Solve the OM connecting servers with a (tree) network.
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Problem description



Problems involved and considerations

— Allocation
— Locate p servers
— Single allocation, each client is allocated to exactly one server
— All clients can potentially become servers
— Is costless for a server to allocate to itself
— s costless to use a node as a server
— Connection
—> Servers are connected using an inner tree structure
— Compensation

— Allocation to servers is compensated using scaling factor parameters

Problem objective

Minimize the total rank dependant compensated allocation cost of the system (weighted
by the number of allocations considered) plus the routing through the tree of servers
cost (weighted by the number of edges in the tree of servers).
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G undirected weighted network
% set of network nodes
E set of edges connecting network nodes

ijev indexes for the network nodes
P fixed number of servers to locate
i (i,j) € E (allocation/design) cost

lteV index for the ¢-th position of the sorted sequence allocation costs
Ag scaling factor for the ¢-th allocation cost

D = (V,A) the directed network of G of set of arcs A
ScVv subset of nodes
o(S) cut-set of S, edges with one node in S and other node outside S
5 (S) cut-set directed into S
57(S) cut-set directed out of S

An arborescence rooted at r € V of D is a subgraph D’ = (V, A, r) where A’ C A such
that each non-root node has exactly one incoming/outcoming edge (thus
|A’"| = V| —1) and D’ has no cycles.
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Compensation situations

Several situations can be model depending on A:
— median criterion: A = (1,1,...,1)
——

V]
- k-centrum criterion: A = (0,...,0, 1,...,1)

~——

LalVI] VI=LalV]]
- k-trimmed mean criterion: A = (0,...,0, 1,...,1 ,0,...,0)

~——

LalVi]  [VI=L(e+B)IVI]  LBIVI]
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Problem formulation



Variables declaration

Variables (general)
= x5 € {0,1} Vi,j € V, is 1 if client i assigned to server j.
= z; €{0,1} Vi,j € V,is 1if (i,j) is an edge connecting servers.
- x,-f- €{0,1} Vi,j,l € V, is 1 if client i is assigned to server j and assignation cost

(7,/) is ranked in the ¢-th position.

Variables (MTZ)
~ yij € {0,1} Vi,j € V, is 1iff (i, ) is an arc of the arborescence.

— [ > 0Vi€ V, is the position that node i occupies in the arborescence respect to
the root node.

Variables (flow based)
= fij > 0Vi,j € Vis the amount of flow through arc (i, ) in the tree of servers.

= rp € {0,1} Vi € V, is 1 if the node i € V is selected as the source node for the
tree of servers.
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Subtour elimination formulation

1
Fstb . min Z g g )\[c,J mé Cjjzjj (1a)
[GV

zev,,ev ijev
s.t. Zx,-,- =p (1b)
iev
Zx,-j = vieVv (1c)
Jjev
xij < Xjj Vi,jeV (1d)
2zj < Xij + Xjj vijeV (1e)
Z zj=p-1 (1f)
ijEV:i<)
ZZUS|5|—1 vS#£0,SCV (1g)
ijES
D K<t weev (1h)
ijev
Sy et Weevie<|v] (1)
ijev ijev
D 5= vije v (1)
Lev
i 2, % € {0,1} Vi j, L eV (1K)

Implemented through a branch-and-cut subtour elimination algorithm via connected components identification
12/30



MTZ formulation

F™Z : min Z Z /\gcux + —— Z cijzjj (2a)
Zzgv)‘f

LeVvijev ijev
s.t. Zx,-,- =p (Zb)
iev
Zx,-j =1l vieVv (20)
Jjev
Xij < Xj vi,jev (2d)
2z; < xii + Xjj Vi, je Vv (2¢)
> m=p-1 (20
iJEV:ii<)
S o=t Vie v\ {r} (28)
U.)€s— (i)
Yij + Yji = Zij VijjeV:i<j (2h)
[> 1 +1—n(l—yy) VijevVv (2i)
=1 ()
2<hi<p vie V\{r} (2k)
> oxf<t veev @
ijeVv
S <> Xt VEeV:ie<|V| (2m)
ijev ijev
D x=x vij eV (2n)
Lev

Xj» Vi 7> x5 € {0,1}, 1 > 0 % (2) 13/30



Flow based formulations

This formulation relies on a source node r € V which distributes the flow.

Contrary to the MTZ formulation, the choice of the root node is very influential as care
must be taken when spreading the flow. This selection can be done in two ways:

— Adding a set of variables r; € {0,1} Vi € V, is 1 if the node i € V is selected as
the source node for the tree of servers.

— Arbitrarily selecting the source node and distributing the flow along the tree,
distinguishing whether the node selected as the source is a server or not (figure
below).

1
Non-server source node Server source node

14/30



Flow based formulations

Flﬂ"'” :min Aecijx, Cij Zij (3a)
T o 2 T

LeVvijev ijeEV

ZXH =pP (3b)
iev

Zx,-j =1l viev (3¢)
jev

xij < Xjj vi,jeVv (3d)
2zj; < X + Xjj vijeVv (3¢)

Z zj=p—1 (3f)

iJeEV:i<j

Z,, -1 (3g)
iev

0 L 55 vieV (3h)

Z fi — Z fi=(p—-1ri—(xi—n) VieVv (30)

(ij) €87 (i) Usi)€s— (i)

fi < (p—1)z; VijeV:ii<j (€)]
i < (p— 1)z Vi,jeV:i<j (3k)
Z x<1 vievV (3
ijev

Z k< Z c;jx;+1 VeV :ie<|V| (3m)
ijeV ijev

fo. =X ViielV. G
lev

r,,xu,zu,x e {0,1} vi,j,t eV (3f) 15/50



Flow based formulations

1
Flov  min Z Z )\ecu =3 Z cijzjj (4a)
Zeev N

tevijev ijev
s.t. ini =p (4b)
iev
Ex,-, =1 VieV (4c)
jev
Xij < Xjj vijev (4d)
2zjj < Xji + Xjj vijev (4e)
Z zj=p—1 (4f)
ijEVi<j

Z fij — Z fii = pXri — Xii VieV (4g)

(ij)edt (i) Gi)es=(i)

fij <(p—1)z; Vi,jeV:i<j (4h)
fi <(p—1)z; Vi,jeV:i<j (4i)
Z <1 VievV (4))
ijev

Zc,,xu_zc,,u VeeVie<|V| (4K)
ijev ijev

Ex§ = x; Vijev (1)
Lev

x,,,z,,,x € {0,1} Vi j,Le VvV (4m) 16/30



Computational experience |




20
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30
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40
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50
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60
60
60
70
70
70
80
80
80
90
90
90
100
100
100

10

10
15
10
13
20
12
16
25
15
20
30
17
23
35
20
26
40
22
30
45
25
33)
50

cpu

12.42
14.95
12.19
201.43
170.04
289.87
1068.18
2731.51
2709.80
3600.17
3500.90
3600.30
3600.16
3463.82
3600.43
3600.25
3600.29
3600.46
3600.34
3600.42
3600.68
3605.03
3602.36
3601.45
3603.60
3601.25
3603.37

Fsubelr'm

gap

0.00
0.00
0.00
0.00
0.00
0.00
0.00
3.18
0.75
26.91
28.94
757.68
727.30
714.32
1422.85
853.96
1220.63
1584.22
1104.53
1323.93
1924.47
1287.25
1547.73
1934.19
1390.43
1633.03
2072.06

=]
°
-

OO0 0000000000 OHOOHOWWWOWBmOGBOGLOUOUuu .,

cpu

9.67
9.16
3.78
97.38
58.26
16.37
344.56
333.48
128.97
1903.51
425.58
261.16
2450.88
794.80
932.32
2882.69
2761.70
1047.98
3600.34
2885.87
2176.22
3603.49
2777.30
2737.79
3601.19
3279.68
2563.29

Fmtz

gap

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
1.33
0.00
0.52
9.05
0.43
0.26
10.23
1.46
0.22
54.55
1.64
1.08
71.17
25.10
0.73

=]
<
-

NHFONNMNOWNORDPWHROGAOGOG O OOOoOaOoOoOoooaaoaaoaaoa

cpu

6.12
5.10
2.92
135.67
37.26
17.79
366.53
350.11
215.18
2576.82
367.01
119.20
3036.14
663.83
951.71
2091.34
2980.91
1558.11
3600.97
3247.65
3600.25
3602.80
2791.34
2270.14
3600.59
3146.47
2369.44

flow
Fl

gap

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
1.68
0.00
0.00
3.92
0.00
0.05
0.00
0.35
0.00
10.56
2.18
118
33.68
0.90
0.38
18.23
6.43
0.60

(=]
°
-

NHOWWOONORNOGEREOGONOGOUUWOUOGOOOOOOOaooaaa

cpu

5.37
6.31
2.63
54.01
29.44
15.00
291.57
202.05
37.86
1726.42
463.44
67.12
2181.56
394.66
141.86
2133.86
2210.71
251.31
3124.01
2434.59
1362.71
3039.30
1511.64
691.77
3601.91
2670.32
2186.59

F2ﬂow
gap

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
1.02
0.00
0.00
0.22
0.38
0.00
16.44
0.73
0.00
10.74
0.00
0.00
18.30
0.81
0.32

=]
<
-
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Improvements




Initial solution (heuristic)

- PMEDT + OM heuristic algorithm
— Solve the PMEDT
— Fix variables X;j;, zjj of the PMEDT solution

— Solve the OM over the fixed variables, i.e., compute )?5 solution

= OM + MST heuristic algorithm
— Solve the OM

— Fix variables >_<,-j,>_<§ of the OM solution and the set of servers identified

X = {X,',' | xi = 1,Vi € V}

— Solve MST problem over the set of servers x (Kruskal or Prim algorithm)
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Covering formulation

Consider the ordered sequence of unique costs:
Co) = 0< ca) < ... <cH) = max Cjj
ijev
Variables (covering)

= wugp € {0,1} Vi, j € V if the £-th allocation cost is at least C(hy-

" B 1 1
F . min 72 s E E )\gugh(C(h)—C(h,l))+7p71 E cy2y (5a)
¢
eV

LeV heH ijev
s.t. Zx;,- =p (5b)
iev
Zx,-j -1 Viev (5¢)
jev
xij < X Vi,jeV (5d)
2z < xi + xj vi,jev (5¢)
z €T Vijev (5f)
D= D, vheH 69
tev iJEViej2e(p)
Ugh < Ups1p Vhe HVLe V:L<|V|
(5h)
xij, zij, uen € {0, 1} Vi,j, L € V,Yh€ H (5i)
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Covering formulation: preprocessings

Fixing u-variables to 1 Fixing u-variables to 0

up =0 Vee{l,...,N—H +p}

FI'® : méx Hy = ZZX‘/ (7a)

uf =1 VLe{H +1,...,N}

P méx Hy := Z Zx;j (6a)

iV jev iev jev
al ZX” =p (6b) s.t. Z Xi=p (7b)
iev aev
i <1 eV 7
Zx,-,-gl iev (6c) ZX’— '€ (7c)
jev
ey < hjeEV:ii#]
. T Xij S Xjj ) FE]
xj < X hjeEV:i#] (1d)
(6d) . .
Cij 2 C(n)Xij hjEV:i#]
¢ixj < -1 ijev (6e) (7e)
x; € {0,1} ijev. (6f) X € {0,1} ijevV. (7)
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Covering formulation: example

H} HY
—_—— —————
h  #alloclcj < cho1y N —Hi  #alloc|cy > cpoy N—H+p
1 2 2 4 2
2 3 1 4 2
3 4 0 4 2
4 4 0 4 2
5 4 0 3 3
0 0 0 0 0 0O 0 0 0 O
0 0 0 0 0 o — 0O 0 0 0O O
preproc(uen) = | 1 NE NE ONE 0 “~11 10 0 o0
1 1 NF NF NF 1 1.0 0 0
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Computational experience Il




20
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50
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90
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100

F¥ with fixing preprocessings

10

10
15
10
13
20
12
16
25
15
20
30
17
23
35
20
26
40
22
30
45
25
33
50

CcPU

0.34
0.49
0.24
2.09
1.12
0.7
2.95
4.51
1.54
10.21
3.65
2.08
11.95
B8
4.61
18.44
8.1
4.65
33.43
20.29
7.78
26.27
19.3
574.7
52.44
105.29
185

gap
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

opt

[ S NS IS BT B NS IS BEC NS BN B BNC BN R E B B S B C NS B C IS B B I RS G|

nod

1

105.4
26.8

81

80.6
283.6
503.4
1650.2
1606.8
1976.2
411.8
2077
1898.4
974.6
9334.6
1468.6
905.2
4601.6
3375.4
10820.2
5441.8
2045.4
5147
1829827.4
7089
161173.2
955019
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Benders decomposition




Benders decomposition

FMP . min Z Z Z Agc,j +p (8a)
rev A tlevijev
DD xi=e (@)
iev tev
DD K= vieV (8¢)
JeV tev
Zx, _Zx Vij eV (8d)
tev tev
(8e)
(8f)
Z xt <1 vee Vv (8g)
ijev
ZCUX'JfZCUXul VeV . L<|V|
ijev ijeV
(8h)
x5 €{0,1} Vi,j,L € V,n>0 (8i)
FSP . Minimun Spanning Tree — Kruskal algorithm

b
Opt.cut : ‘;stf Z,ev —(p=1)| <pn

Feasibility cuts are not needed 23/30



Classical Benders decomposition algorithm

Algorithm 1: OMT classical Benders decomposition

1 UB:=
2 LB:=0

while UB < LB do
Solve to optimality FMP — (objMP ), where objMP = objOM +
if objMP > LB then
| update LB

o @ & W

Solve to optimality FSF — objSF
8 | if objoM + obj5P < UB then
L update UB

10 Add optimality constraint Opt.cut to FMP
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Modern Benders decomposition algorithm

Algorithm 2: OMT branch-and-Benders-cut

1 Set tree T = {o}, where 0 = FMP has no branching constraints
2 Initialize a pool of cuts P = {}
3 while 7 is nonempty do

4 Select a node o/ € T

5 | T:=T\{o}

6 | Solve o — (objMP,x), where objMP = objoM + 1
7 if X is fractional then

8 Branch, resulting in nodes o’ and o’

9 T:=Tu{o", 0"}

10 else

1 LB := objMP

12 Solve FF — objSFf’

13 if 0bjOM + objSf < UB then

14 L update UB

15 Add optimality constraint Opt.cut to P
16 T:=Tu{o}
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rm-start phase for Benders

Problems in Benders decomposition algorithms
— Classical: every Opt.cut added implies solving to optimality a MP, computationally costly.

~ Modern: the pool of cuts PP considered in a specific node of the B&C procedure may not
contain cuts that have already been identified, slowing down the algorithm efficiency.

Warm-start phase

Introduce a certain number of cuts in the initial pool of cuts PP preventing that the cuts already
introduced are considered later again in the algorithm.

Parameters to tune for an optimal performance:

max.time™” — Time limit that every solution computation of the MP in the warm-start phase
can take to obtain the best feasible solution possible.

max.gapMP —» Gap percentage allowed between LBM" and UBMP in every MP of the
warm-start phase®.

max.time — Total time limit that the entire warm-start phase can take.

max.gap — Gap percentage allowed between LB and UB in the entire warm-start phase.

3gap(UB, LB) = 100 - VLB
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Computational experience IlI




20
20
20
30
30
30
40
40
40
50
50
50

10

10
1’5
10
13
20
12
16
25

cpu
3600.02
3600.02
3600.03
3600.04
3600.04
3600.03
3600.06
3600.04
3600.05
3600.05
3600.06
3600.06

classical

gap
41.03
43.38
66.38
60.67
74.28
86.99
71.97
92.89
88.37
126.50
99.69
105.59

cpu

783.63
3237.50
3600.25
3600.23
3600.41
3600.77
3600.29
3600.65
3600.97
3600.51
3600.75
3602.07

modern
gap
0.00
15.42
198.40
105.68
182.57
447.03
147.91
284.48
508.95
239.44
272.37
616.07

opt

O OO O OO0 OoOOoCoOoOoNV
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Tuning a warm-start phase for modern Benders decomposition

Tuning Benders modern decomposition parameters
N=20, p=5, density=1

1700
1600
1500
1400
1300
1200
1100
1000

1234567 8 91011121314 1516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42
Combinations

« CPU(s) * #cutsprephase (mean values)

labels: (tsubpre gsubpre, tpre,gpre)
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Conclusions and further work




Conclusions and furt work

Conclusions

OMT is a new case of study.
A modeling approach for solving the OMT is presented along this work.

Several competitive formulations have obtained optimal solutions up to 50 nodes, and with
small gap up to 100 nodes.

A Benders decomposition approach arises straightforward adapted to our problem structure.

The covering formulation with fixing preprocessings provides better results so far, solving to
optimality up to 100 nodes.

Further work

Improve efficiency of the subtour elimination algorithm via connected components (in progress).
Improve presented formulations using other sorting alternatives, valid inequalities, etc.

Tune a warm-start phase for the modern Benders decomposition approach (in progress).
Consider introducing fractional cuts in the Benders warm-start phase.

Test considering different criterion.
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All models are wrong, but some are useful.

GEORGE E. P. Box

Thanks for your attention

Questions, comments, suggestions and improvements are welcome
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