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Introduccién

Introduccion

Una red (o grafo dirigido) es un conjunto de nodos conectados a través de arcos que
representan ciertas relaciones entre los nodos.

Las redes complejas son conjuntos de muchos nodos conectados que interactiian de
alguna forma. Topolégicamente son redes a las que se agregan algunas caracteristicas
dindmicas que hacen necesario estudiarlos desde varios puntos de vista. El uso y
explotacién eficiente de estas redes se estudia matemdticamente en el marco de la
teoria de grafos, que estd intimamente ligada a los problemas de optimizacién
combinatoria.

Abordar el disefio de una red compleja requiere definir modelos matematicos que
relacionen los elementos que intervienen en los nodos y arcos, asignar variables de
decision que permitan actuar sobre los mismos y definir medidas cuantitativas que
permitan evaluar las politicas de actuacién que se implementen. Ademas, muchas
aplicaciones de las redes complejas buscan encontrar una localizacién éptima para una
o mas instalaciones en la red, minimizando una funcién de inconveniencia entre estas
instalaciones y la demanda.

El proceso de optimizacién de una red compleja puede involucrar miiltiples criterios y
decisores con posibles objetivos diferentes y en conflicto.
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Introduccion

Algunos modelos de redes complejas de interés son:

» Redes logisticas: Desde el punto de vista empresarial, tienen como misién poner
en manos del consumidor determinados productos (bienes y servicios) optimizando
cuatro tareas fundamentales: produccidn, transporte, almacenaje, y distribucién.

» Redes de transporte: Tienen como misidn el transporte de pasajeros optimizando
cuatro tareas fundamentales: disefio de la red, determinacién de horarios, gestién
de vehiculos, y gestién de conductores.

j icacién: unicaci u
» Redes complejas de telecomunicacién: Un operador de telecomunicaciones que
posea varias conexiones entre diferentes nodos de una red, puede tomar decisiones
para ampliar la red, que suele contemplar una estructura de arbol e incluir hubs.

» Redes complejas de infraestructuras industriales: requieren de reglas de disefio
de redes complejas que involucran diversos servicios independientes compitiendo
por espacios de trazado escasos, respetando restricciones de trazado de alto nivel,
compatibilidad y fabricabilidad.
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Antecedentes

Avances en la investigacién matemdtica y nuevas tecnologias han hecho que cuestiones reciente-
mente inabordables puedan ser tratadas en la actualidad (Mesa, Ortega, Piedra and Pozo, 2021):

» Los problemas de disefio de redes surgen en el campo de las redes fisicas: eléctricas,
informdticas, comunicaciones, transporte, etc. (Ahuja et al., 1995; Medhi, 2004; Magnanti and
Wolsey, 1995; Hinojosa et al., 2008; Blanco et al., 2011; Chow, 2018).
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Antecedentes

Avances en la investigacién matemdtica y nuevas tecnologias han hecho que cuestiones reciente-
mente inabordables puedan ser tratadas en la actualidad (Mesa, Ortega, Piedra and Pozo, 2021):

» Los problemas de disefio de redes surgen en el campo de las redes fisicas: eléctricas,
informdticas, comunicaciones, transporte, etc. (Ahuja et al., 1995; Medhi, 2004; Magnanti and
Wolsey, 1995; Hinojosa et al., 2008; Blanco et al., 2011; Chow, 2018).

» Los modelos de localizacién son bdsicos en la fase inicial de andlisis de una red logistica o de
transporte (Laporte et al., 2015). Consideran una regién donde las demandas de un conjunto de
clientes deben ser satisfechas por los servicios a ubicar (servidores, horarios de transporte y lineas
de comunicacién). Son aspectos fundamentales la eleccién correcta de la funcién objetivo (Daskin,
1995) y la inclusién de las restricciones de capacidad (Kalcsics et al., 2010; Espejo et al., 2012).
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de comunicacién). Son aspectos fundamentales la eleccién correcta de la funcién objetivo (Daskin,
1995) y la inclusién de las restricciones de capacidad (Kalcsics et al., 2010; Espejo et al., 2012).

» La planificacién del transporte se encuentran en plena evolucién. En este campo destacan los
modelos de rutas de vehiculos (Toth and Vigo, 2002; Dror, 2000; Letchford and Lodi, 2007;
Barrena, Laporte, Ortega and Pozo, 2016; Corberdn et al., 2021) y los de disefio de sistemas de
transporte publico (see Mesa, Ortega and Pozo, 2014; Ortega, Pozo and Puerto, 2018).
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» La planificacién del transporte se encuentran en plena evolucién. En este campo destacan los
modelos de rutas de vehiculos (Toth and Vigo, 2002; Dror, 2000; Letchford and Lodi, 2007;
Barrena, Laporte, Ortega and Pozo, 2016; Corberdn et al., 2021) y los de disefio de sistemas de
transporte publico (see Mesa, Ortega and Pozo, 2014; Ortega, Pozo and Puerto, 2018).

» Los modelos de localizacién de hubs (Campbell et al., 2002; Alumur and Kara, 2008; Campbell
and O "Kelly., 2012; Contreras and O'Kelly, 2019) estdn presentes en muchos de los sistemas de
redes complejas (envios postales, telecomunicaciones, aerolineas, transporte). La funcién objetivo
mediana ordenada se ha incorporado a estos problemas (Puerto et al., 2011, 2013, 2016; Pozo,
Puerto and Rodriguez-Chia, 2021) induciendo nuevos patrones de distribucién.
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mediana ordenada se ha incorporado a estos problemas (Puerto et al., 2011, 2013, 2016; Pozo,
Puerto and Rodriguez-Chia, 2021) induciendo nuevos patrones de distribucién.

» A menudo el coste de la toma de decisiones es relativamente alto (Laporte, Mesa, Ortega and
Pozo, 2009). Diferentes decisores pueden tener objetivos diferentes y en conflicto (Laporte,
Ortega, Pozo and Puerto, 2017). El problema de agregar miiltiples criterios es de especial interés
cuando el nimero de soluciones de Pareto (Ehrgott, 2005) es demasiado grande o se requiere una
tnica solucién significativa. Los operadores promedio ponderado ordenado (Ferndndez, Pozo and
Puerto, 2014, Ferndndez, Pozo, Puerto and Scozzari, 2017) son muy tiles en este contexto.
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transit network
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TNTSP

The global transit planning process
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Figure: Global planning process
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TNTSP

The (split) Timetabling and Vehicle Scheduling Problem
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TNTSP

The (split) Timetabling and Vehicle Scheduling Problem

Timetabling Problem: Consists in determining arrival/departure times at each station
of each line of a network.
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TNTSP

The (split) Timetabling and Vehicle Scheduling Problem

Timetabling Problem: Consists in determining arrival/departure times at each station
of each line of a network.

Main features:

> Periodicity (timetables easy-to-remember vs time-dependent demand adjustment)

» Infrastructure (single corridor vs complete network)

> Objectives (transfer synchronization vs/with schedule delay minimization)

"M Blanco, Conde, Hinojosa and Puerto (2020) An optimization model for line planning and timetabling in automated
urban metro subway networks. A case study.
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TNTSP

The (split) Timetabling and Vehicle Scheduling Problem

Timetabling Problem: Consists in determining arrival/departure times at each station
of each line of a network.

Main features:

> Periodicity (timetables easy-to-remember vs time-dependent demand adjustment)
» Infrastructure (single corridor vs complete network)

> Objectives (transfer synchronization vs/with schedule delay minimization)

"M Blanco, Conde, Hinojosa and Puerto (2020) An optimization model for line planning and timetabling in automated
urban metro subway networks. A case study.

Vehicle Scheduling Problem: Consists in allocating a set of vehicles to a set of
timetables.

Main features:

» Infrastructure (single corridor vs complete network)
> fleet size minimization.

» operational costs minimization.
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TNTSP

The scheduled delay in a transit network
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TNTSP

The scheduled delay in a transit network

Example: Consider a user who aims to travel from station A to station B departing from
A at 8:30 and reaching B at 9:10. There are two itineraries A — B and A — C — B,
but if we consider the timetable this user may choose between three strategies:

(1) depart from A at 8:10 to arrive at B at 8:50,

(2) depart from A at 8:45 to arrive at B at 9:25, and

(3) depart from A at 8:25 to arrive at C at 8:40 and from C at 8:45 to arrive at B at
9:15.

8:10-8:50
8:45-9:25
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TNTSP

Passenger routings and capacities

User-oriented optimization of public transport requires data about the users in order to
develop realistic models. Current models take user data into account by using the
following two-phase approach:

(1) user routes are determined.

(2) the actual planning of timetables takes place using the knowledge of which routes
users wish to travel given the results of the first phase.
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TNTSP

Passenger routings and capacities

User-oriented optimization of public transport requires data about the users in order to
develop realistic models. Current models take user data into account by using the
following two-phase approach:

(1) user routes are determined.

(2) the actual planning of timetables takes place using the knowledge of which routes
users wish to travel given the results of the first phase.

Example (The Braess'’s paradox): Suppose that 4000 users want to go from START
to END in the minimum time possible. The numbers on the edges of the figure (45)
indicate a fixed travel time of 45 minutes, while the labels T /100 express that the time
in minutes required for traversing depends on the number of users using the arc divided
by 100.
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® Multi-objective integration of timetables, vehicle schedules and user routings in a
transit network

Background
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Background

Sequential /partial integration

5
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Ceder (2001) Efficient timetabling and vehicle scheduling for public transport

van den Heuvel, van den Akker and van Kooten (2008) “Integrating timetabling and vehicle scheduling in public bus

Guihaire and Hao (2008) Transit network re-timetabling and vehicle scheduling
Ceder (2011) “Optimal multi-vehicle type transit timetabling and vehicle scheduling”

Petersen, Larsen, Madsen, Petersen and Ropke (2013) “The simultaneous vehicle scheduling and passenger ..."
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TNTSP in a transit line

H Mesa, Ortega and Pozo (2014) “Locating optimal timetables and vehicle schedules in a transit line”
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Cost structure

ti— 3(I T = 1) ti ti+ (T - 1)

2 2
[t; — ¢ [t +ti(05,di) — tign|T

(Y -1

H Mesa, Ortega and Pozo (2014) “Locating optimal timetables and vehicle schedules in a transit line”
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® Multi-objective integration of timetables, vehicle schedules and user routings in a
transit network

Problem description
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Problem description

Definition (PTN):

» A Public Transportation Network (PTN) is
a graph G = (S, A) with a set of nodes S
representing stations and a set of arcs A,
where each arc represents a direct
connection between two stations of S.

Figure: PTN example
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» A Public Transportation Network (PTN) is
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Problem description

Definition (PTN): O ©),

» A Public Transportation Network (PTN) is
a graph G = (S, A) with a set of nodes S
representing stations and a set of arcs A, @ %)
where each arc represents a direct

. . Fi :PTN |
connection between two stations of S. leure exampie

Definitions:

» The associated Change&Go Network (CGN)
of a PTN is a graph G defined in order to
include transfer activities between lines of
the PTN.

» A hyperpath is the set of all possible
itineraries connecting an origin and a
destination. Each itinerary offers different
travel options for traveling according to
each combination of the potential
timetables from the different lines that can
be used for completing a trip.

Ne@

Figure: CGN example
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TNTSP

Timetable characterization

Definition: Given the set of line runs » € R, a timetable in T is defined as the set of
arrival/departure times at each station for each line run: © = {(9;55,9;3),7" €ER,l e
L,s € Sl}
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TNTSP

Timetable characterization

Definition: Given the set of line runs » € R, a timetable in T is defined as the set of
arrival /departure times at each station for each line run: © = {(, ),r € Rl €
L,se€ S}

rls? rls

Lemma: Assuming that:
(1) 0, -0, =Ns,rERIEL,sES
(2) 6,11 =6, =ms,T ERIEL,SES

rls

the following properties can be stated:
> ot -0, =1, TeRIEL

rl|Sy| rll
> © =X ={xy,l € L,t €T} where:
x4 € {0,1} is a binary variable equal to 1 < a line run is allocated in line [ at

time t.

Miguel A. Pozo ~ Mathematical modeling and multicriteria optimization in location and complex..



TNTSP

Schedule characterization




TNTSP

Schedule characterization

Proposition: (Vehicle Schedule) The timetable X is a vehicle schedule < the number
of vehicles required to perform X is lower than x <

Tl
S <m leL 1)
/=il
t—m;
wa le-HZ\t/_ leLteT t>nAt<|T|-m ©)
/=il #/=i
t—m
(_
Zszx 21 S K le LteT:t>TAt<|T| -7 (3)
t/_ t/_
angn (4)
leL
) € ZF leL. 5)
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® Multi-objective integration of timetables, vehicle schedules and user routings in a
transit network

Formulation
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TNTSP

Decision variables and main constraints

1] number of line runs located on each line [
Kl number of vehicles initially available on each line [
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TNTSP

Decision variables and main constraints

1] number of line runs located on each line [
Kl number of vehicles initially available on each line [
Tt equal to one if and only if a line run is located on line [ at time slot ¢

equal to one if and only if user ¢ is allocated to itinerary = € II; and
option r € Rir

Yirr
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Subproblems of the TNTSP depending on the types of constraints imposed.

TNTPS & TNTP® & TNTPY
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TNTSPS € TNTSPY < TNTSPU

Figure: Inclusion relationships between the solution spaces of the TNTSP subproblems.
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The multi-objective TNTSP
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The multi-objective TNTSP
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® Multi-objective integration of timetables, vehicle schedules and user routings in a
transit network

An e-constraint algorithm
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3-dimensional non-dominated set of solutions

We are interested in computing Pareto optimal solutions, i.e., an undominated set of
solutions with respect to the values of the different objective functions. Since we are
minimizing three different objectives, a special solution representation is required to
avoid plotting of a 3-dimensional non-dominated set of solutions (P), which would be
difficult to analyze by the decision maker. To this end, we project the solutions onto
the z1 X z2 plane, where 21 is the users’ inconvenience and z2 is the line runs cost. In
this plane the level curves plot points with the same z3 value (fleet size). This kind of
graphical representation is very informative since it shows the demand improvement
obtained by increasing either the number of vehicles or the budget for line-runs.

.- - 21
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TNTSP

An e-constraint algorithm

1
2
3
4
5

Algorithm 1: Non-dominated points set P

Select values p™in, pMa® MIN (MAT ) o // select input parameters
p = pMmaT; k= gMeT, P = {0} // reset values
while x > k™" do // while budget k is above its lower bound...

while p > p™" do // while budget p is above its lower bound...

solve: (zf, 23, 23) := arglex min(z1, 22, 23) s.t. (7?)-(??); // compute a
new non-dominated point

P:=PU{(z],25,23)}; // Add the new point to the set on
non-dominated points

pi=z5 —e€1; // decrease p
K:= K — €2; // set Kk for obtaining a new level curve
B p = pma:):; // reset 1%
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® Multi-objective integration of timetables, vehicle schedules and user routings in a
transit network

Computational experiments
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Computational experience

g

© ® 60
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Computational experience

Computational experience:

» We have considered six networks inspired from some already existing in the
literature (see Laporte et al. 1994; Laporte et al. 1997)

» For each O/D pair we have precomputed the different itineraries by using a
k-shortest path algorithm (Shier, 1979).

» The different travel options for traveling were calculated for each user, according
to the available itineraries, time windows, and travel times in the network.

»> We perform a trade off analysis between users’ and operator’s cost (see lbarra et
al., 2014)

All instances were solved with the
MIP Xpress 7.5 optimizer, under
a Windows 7 environment in an

. od b9 [N}
Intel(R) Core(TM)i7 CPU 2.93 00600 0-0F 00 s
GHz processor and 8 GB RAM. ¢ o é-o o o

(#4) Star (#5) Backbone
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Network configurations

(#1) Cartwheel (#2) U and Cross (#3) Semi-circumferential

@ O @ © 0o 0

’
’

o d o0 o ¢

,
’

8

.
’.

o o oo

’ . ’

©)

(#4) Star (#5) Backbone (#6) Triangle

Basic configurations obtained from 3 lines.
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Non-dominated solutions:

Cartwheel
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Level curves (k € {18,15,12,9,6}) of the Pareto fronts for the different graph
configurations.
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Non-dominated solutions:
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U and Cross
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Level curves (k € {18,15,12,9,6}) of the Pareto fronts for the different graph

configurations.
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Non-dominated solutions: Semi

300

200 :'- "n\ 2
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Level curves (k € {18,15,12,9,6}) of the Pareto fronts for the different graph
configurations.
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Non-dominated solutions:
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Non-dominated solutions: Backbone
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Non-dominated solutions: Triangle
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configurations.
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Non-dominated solutions:

300
290
280
270
260
250
240
230
220
210
200
190
180

170
160
150
140
130
120
110

20 25 30 35 10 15 50 60 65 70 75 80

Configurations #5, #3, #4, #1, #6, #2, from left to right

obj




TNTSP

Non-dominated solutions:
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TNTSP

Non-dominated solutions: x =9

7 80 obj

Mathematical model
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Parametric analysis of solutions
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® Multi-objective integration of timetables, vehicle schedules and user routings in a
transit network

Conclusions
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Conclusions

» We develop a framework for integrating the TNTP, the VSP and passenger
routings.

» We provide a TNTSP formulation starting from the TNTP and adding
constraints regarding to capacities, optimal passenger assignment and fleet size.

P> We compute the set of itineraries and options available for each transportation
request considering hard time windows, constraints for trip duration, departure
and arrival times, as well as inconvenience costs related to deviations from these
times.

» Formulations are tested and compared on a testbed of random instances and on
different networks as similarly proposed in previous studies in the literature.
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® New improvements for the Stackelberg Minimum Spanning Tree Game

Miguel A. Pozo ~ Mathematical modeling and multicriteria optimization in location and comple;



StackMST

New improvements for the Stackelberg Minimum Spanning

Tree Game
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Spanning Tree Problems (STPs) and formulations

» STPs are among the core problems in combinatorial optimization.

» The combinatorial object that represents spanning trees has important structural
properties and applications in many fields. Furthermore, they often appear as
subproblems of other more complex optimization problems.

» There exist several representations of the STP polytope.
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Spanning Tree Problems (STPs) and formulations

» STPs are among the core problems in combinatorial optimization.

» The combinatorial object that represents spanning trees has important structural
properties and applications in many fields. Furthermore, they often appear as
subproblems of other more complex optimization problems.

» There exist several representations of the STP polytope.

Formulation notation main constraints root # vars # const. int
Subtol
Hhtour Jraub ST oz <IS|-1, 0£SCV O(IE|) Ezp(n) Yes
Edmonds (1970) B
Kipp Martin k 1L, keEViueV:iu#k
TE™ << ’ Vk O(n|E|) O(n|E|) Yes
Martin (1991) X e S0 pevia—r (n|E|) O(n|E|)

(u,v)€8 (u)

Miller-Tucker-Zemlim

Miller et al. (1960) " by 2 bt L =n(l = yuo), (v,0) €A r O(E]) O(|E]) No
Flow -
. L v o v v O(E]) O(E|) No
Gavish (1983) (u,v)est (u) (v,u) €8~ (u) L wevAin
KM extended km2 LueViugnr
) w <9 O(|E E. Ye
Fernandez et al. (2017) T > quv < 0, u=r r (1ED) zp(n) Yes

(u,v)€8 (u)
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Spanning Tree Problems (STPs) and formulations

Formulation notation main constraints root # vars # const. int
Subtour sub . .
Edmonds (1970) T ST oz <IS|-1, 0£SCV O(IE|) Ewzp(n) Yes
monds B
Kipp Marti : :
pp e T Y are sy REVuEViuAR ¥k O(n|B|) O(n|El) Yes
Martin (1991) 0, ke V,u=k
(u,v)€8t (u)
Miller-Tucker-Zemlim
Miller et al. (1960) T b 2l +1=n(l = yu), (u,v) €A v O(lE]) O(IE[) No
Flow 1=
. Tiew S e Y ewu= { yu=r r O(E) O(E|) No
Gavish (1983) (u,0) €8+ (u) (v)eo— (u) —1, u € V\{r}
KM extended :
Fernd extende Thm2 > Quv < Lo SV fHEe r  O(|E|) Ezp(n) Yes
ernandez et al. (2017) 0, u=r
(u,v)est (u)

Property:Let P(’T(')) denote the polyhedron associated with the linear programming
relaxation of formulation 7() and P, (T(')) the projected polyhedron associated with

formulation 7). Thenb k P Py (T™17)
Pp(T°%°) = Pp(T"™) = P (T"™*) C #
Py (TFlow)
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Spanning Tree Problems (STPs) and formulations

Formulation notation main constraints root # vars # const. int
Subtour
Edmonds (1970) Teub ST @ <IS|-1, 0#£SCV O(|E|) Ezp(n) Yes
monds cC€E(S)
Kipp Martin 1, keV,ueV:iu#k
N T S mws{yreyuey? ¥ OIE]) OmIE]) Yes
o (w)€ot (w) SR

Miller-Tucker-Zemlim

Ttz l, >1 1—n(1— , (u,v) € A r O(|E O(|E No
Miller et al. (1960) v 2 bt A= yuw) (w2) (en - ogEn
Flow , 1 -
: o puv S em={tohy v O(E) O(E|) No
Gavish (1983) (u,v) €8+ (u) (v,w) €8~ (u) “houwE VALY
KM extended . :
’ extende: Thm2 > duo < 1L, ueV:iu#r r O(E|) Eap(n) Yes
Fernandez et al. (2017) 0, u=r
(u,v)€8 (u)
min Y cexe Kipp Martin MSTP formulation (Martin, 1991) (1)
e€EE
Z Te =n — 1 (7b)
ecE
> ks <0 kevV (7¢)
sEV:(k,s)EA
Apyy <1 k,bu€Viu#k (7d)
vEV:(u,v)EA
Ikuv t Ikvu = Tuv k €V, (u,v) €EE (7e)
Tyy = 0 (u,v) € E (7)
Ay = 0 ke V, (u,v)€eA (7g)
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STP as a subproblem: OWA and OWASTP
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STP as a subproblem: OWA and OWASTP

Definition (Ordered Weighted Average (OWA) operator): Given
» @ C Z™: a combinatorial object (feasible set),
p linear objective functions. (P ={1,...,p})
C': coefficients of i-th objective function. C' € RPX",

| 2
>
» y = Cxz € RP: obj. funct. values for z € Q. y = (y1, ..., yp) € RP.
> o: permutation of indices of P such that yo;, > ... > yo,.

| 2

w € RP weights vector.
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STP as a subproblem: OWA and OWASTP

Definition (Ordered Weighted Average (OWA) operator): Given
» @ C Z™: a combinatorial object (feasible set),
» p linear objective functions. (P ={1,...,p})
> (C: coefficients of i-th objective function. C € RPX™,
» y = Cxz € RP: obj. funct. values for z € Q. y = (y1, ..., yp) € RP.
> o: permutation of indices of P such that yo;, > ... > yo,.
> w € RP weights vector.
the OWA operator is defined as
OWA(C7W)(CC) =w'ys
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STP as a subproblem: OWA and OWASTP

Definition (Ordered Weighted Average (OWA) operator): Given
» @ C Z™: a combinatorial object (feasible set),
» p linear objective functions. (P ={1,...,p})
> (C: coefficients of i-th objective function. C € RPX™,
» y = Cz € RP: obj. funct. values for z € Q. y = (y1, ..., yp) € RP.
> o: permutation of indices of P such that yo;, > ... > yo,.

> w € RP weights vector.

the OWA operator is defined as
OWA(cw)(z) = w'Yo

Definition (OWA Problem (OWAP)): The OWA optimization problem (OWAP) is to
find
in OW A .
min (Cw) (@)

See: Ferndndez, E.; Pozo, M.A. & Puerto, J. (2014). A modeling framework for Ordered Weighted Average
Combinatorial Optimization. Discrete Applied Mathematics
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STP as a subproblem: OWA and OWASTP

Definition (Ordered Weighted Average (OWA) operator): Given
» @ C 7Z™: a combinatorial object (feasible set),
» p linear objective functions. (P = {1,...,p})
> (C': coefficients of i-th objective function. C' € RPX™,
» y = Cz € RP: obj. funct. values for z € Q. y = (y1,...,yp) € RP.
> o: permutation of indices of P such that yo; > ... > yo,,.
> w € RP weights vector.

the OWA operator is defined as
OWA(cwy(z) = w'Yo

Definition (Ordered Weighted Average Spanning Tree Problem (OWASTP)): Let T
denote the set of spanning trees defined on G. Then,

OWASTP: ;nei%lOWA(C,w)(x)'

Galand, L. & Spanjaard, O. (2012) Exact algorithms for OWA-optimization in multiobjective spanning tree problems.
Computers & OR

Fernandez, E.; Pozo, M.A. & Puerto, J. (2017). Ordered Weighted Average Optimization in multiobjective spanning
tree problems. EJOR
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STP as a subproblem: Ordered Median Tree of Hubs Location Problem
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STP as a subproblem: Ordered Median Tree of Hubs Location Problem

PMED

PMED: p-median location problem: Find the location of p facilities and allocations
that minimizes the sum of the weighted access cost of each node to a facility.

See: Hakimi (1964)
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STP as a subproblem: Ordered Median Tree of Hubs Location Problem

“+conn.

PMEDC
PMED

PMEDC: p-median location problem with inner Connected structure: Solve the p-
median problem connecting facilities with a network.
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STP as a subproblem: Ordered Median Tree of Hubs Location Problem

“+conn.

PMEDC
PMED — -

1
PMEDT

PMEDT: p-median location problem with inner Tree structure: Solve the p-median
problem connecting facilities with a tree.
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STP as a subproblem: Ordered Median Tree of Hubs Location Problem

—
“+conn. + flow

PMEDC HL
PMED — - -

1
PMEDT

HL: Network Hub Location Problem: Find the location of hub facilities and spokes
allocations that minimizes the sum of the weighted shortest paths between all vertex
pairs, subject to a budget constraint for the inter-hub connected structure.

See: O'Kelly (1986)
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STP as a subproblem: Ordered Median Tree of Hubs Location Problem

—
“+conn. + flow

PMEDC HL
PMED — - —--

PMEDT ﬂ—

THL: Tree of Hubs Location problem: Find the location of hub facilities and spokes
allocations that minimizes the sum of the weighted shortest paths between all vertex
pairs, imposing that the inter-hub structure is a tree.

See: Contreras, I., Fernandez, E., Marin, A. (2010); Contreras, I., Ferndndez, E., Marin, A. (2009);Martins, E.,
Saraiva, R., Miranda, G. (2013)
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STP as a subproblem: Ordered Median Tree of Hubs Location Problem

e
“+conn. + flow
PMEDC
PMED — ="
PMEDTI
J—&—sort
oM
©)
ZONE)
For C(1) < C(2) <...< cv)) and A\ > ... > A\V\ tca) & AL, - eV >\\V\

0M: Ordered Median location problem: Find the location of p facilities and allocations
that minimizes the sum of the sorted weighted access cost of each node to a facility.

See: Nickel, S. and Puerto, J.(2005)
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STP as a subproblem: Ordered Median Tree of Hubs Location Problem

—
“+conn. + flow

PMED — -

+sort.

oM
oMC

0MC: Ordered Median Location Problem with inner Connected structure: Solve the
OM problem connecting facilities with a network.
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STP as a subproblem: Ordered Median Tree of Hubs Location Problem

—
“+conn. + flow
PMEDC
PMED —
1
PMEDT [
I
+sort.
OMT
1
oM L—--!
oMC

OMT: Ordered Median Location Problem with inner Tree structure: Solve the OM
problem connecting facilities with a tree.

Mathematical modeling and multicriteria optimization in location and complex..
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STP as a subproblem: Ordered Median Tree of Hubs Location Problem

—_—
“+conn. + flow

PMED — - — -

+sort.

oMC OMHL

OMHL: Ordered Median Hub Location problem: Network hub location problem with
single assignment where a fixed number of hubs have to be located and connected.

See: Puerto, J., Ramos, A. B., Rodriguez-Chia, A.M. (2011); Puerto, J., Ramos, A. B., Rodriguez-Chia,
A.M.(2013); Puerto, J., Ramos, A. B., Rodriguez-Chia, A.M., Sanchez-Gil, M.C. (2013)
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Miguel A. Pozo



StackMST

STP as a subproblem: Ordered Median Tree of Hubs Location Problem

—_—
“+conn. + flow

PMED — - .

J—&—sort

M -
aMe OMHL

OMTHL: Ordered Median Tree of Hubs Location problem: Network hub location
problem with single assignment where a fixed number of hubs have to be located
and connected by means of a non-directed tree and costs are ordered weighted averaged.

See: Pozo, M.A., Puerto, J., Rodriguez-Chia, A.M. (2021)
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® New improvements for the Stackelberg Minimum Spanning Tree Game

Introduction: Bilevel Optimization and StackMST
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Bilevel Optimization and Stackelberg game
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Bilevel Optimization and Stackelberg game

Bilevel optimization problem:
opt Fy (xu: xé)
(zu,xp) EXu
stz € argopt {Fo(Tu, 2e) : (Tu, 20) € Xo}
Ty

A bilevel optimization problem is that involving two types of decision vectors .,y
called upper and lower level varibles where the lower level varibles belong to the set of
optimal solutions of another optimization problem that is parametric in the upper-level
variables. Here we denote F,, and Fj the upper and lower level objective functions
respectively and we denote X, and X, the upper and lower level feasible solution sets
respectively.
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Bilevel Optimization and Stackelberg game

Bilevel optimization problem:
opt Fy (xu: :Eg)
(zu,xp) EXy
st. =z € argopt {Fy(zu, ze) : (Tu,Te) € Xo}
Ty

A bilevel optimization problem is that involving two types of decision vectors .,y
called upper and lower level varibles where the lower level varibles belong to the set of
optimal solutions of another optimization problem that is parametric in the upper-level
variables. Here we denote F,, and Fj the upper and lower level objective functions
respectively and we denote X, and X, the upper and lower level feasible solution sets
respectively.

Stackelberg game: In game theory, a bilevel optimization problem is known under the
name of Stackelberg game (von Stackelberg, 1934) and it consists in a leader and a
follower who play sequentially. Those players compete with each other: the leader
makes the first move, and then the follower reacts optimally to the leader’'s action.
The leader knows ex ante that the follower observes its actions before responding in
an optimal manner. Therefore, to optimize its objective, the leader anticipates the
optimal response of the follower.
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Introduction: StackMST example

Example

Let G be the graph depicted in Figure (left) where red edges provide a spanning tree
of total cost 20.

c10=5
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Introduction: StackMST example

Example

Let G be the graph depicted in Figure (left) where red edges provide a spanning tree
of total cost 20.

c10=5

Blue edges can be priced in order to provide a StackMST solution of value 20 and a
revenue of 15.
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Introduction: StackMST example

Example

Let G be the graph depicted in Figure (left) where red edges provide a spanning tree
of total cost 20.

Blue edges can be priced in order to provide a StackMST solution of value 20 and a
revenue of 15.
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Background

Bilevel shortest-paths
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Background

Bilevel shortest-paths

> Labbé, M., Marcotte, P. and Savard, G. (1998) A bilevel model of taxation and
its application to optimal highway pricing
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Background

Bilevel shortest-paths

> Labbé, M., Marcotte, P. and Savard, G. (1998) A bilevel model of taxation and
its application to optimal highway pricing

» Roch, S., Savard, G. and Marcotte, P. (2005) An approximation algorithm for
Stackelberg network pricing
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Background

Bilevel shortest-paths

| 2

>

>

Labbé, M., Marcotte, P. and Savard, G. (1998) A bilevel model of taxation and
its application to optimal highway pricing

Roch, S., Savard, G. and Marcotte, P. (2005) An approximation algorithm for
Stackelberg network pricing

van Hoesel, S. (2008) An overview of Stackelberg pricing in networks

Labbé, M. and Violin, A. (2013) Bilevel programming and price setting problems
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Background

Bilevel shortest-paths
> Labbé, M., Marcotte, P. and Savard, G. (1998) A bilevel model of taxation and
its application to optimal highway pricing

» Roch, S., Savard, G. and Marcotte, P. (2005) An approximation algorithm for
Stackelberg network pricing

» van Hoesel, S. (2008) An overview of Stackelberg pricing in networks
» Labbé, M. and Violin, A. (2013) Bilevel programming and price setting problems
Bilevel MSTPs (StackMST)

» Gassner, E. (2002) Maximal spannende Baumprobleme mit einer Hierarchie von
zwei Entscheidungstragern
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» Roch, S., Savard, G. and Marcotte, P. (2005) An approximation algorithm for
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» van Hoesel, S. (2008) An overview of Stackelberg pricing in networks
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Bilevel MSTPs (StackMST)

» Gassner, E. (2002) Maximal spannende Baumprobleme mit einer Hierarchie von
zwei Entscheidungstragern

» Cardinal, J., Demaine, E., Fiorini, S., Joret, G., Langerman, S., Newman, |. and
Weimann, O. (2011) The Stackelberg minimum spanning tree game
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Bilevel shortest-paths
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Background

Bilevel shortest-paths
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Stackelberg network pricing
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bounded-treewidth graphs
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® New improvements for the Stackelberg Minimum Spanning Tree Game

Problem description and preliminary results
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Problem definition

> Let be given a graph G = (V, E) whose edge set is partitioned into a set B of
blue edges (controlled by the leader) and a set R of red edges, and assume that
red edges are weighted and contain at least one spanning tree of G.

> A positive cost c. is associated to each red edge ¢ € R and a positive price Te
has to be determined for each blue edge e € B

» We denote by = the design variables used to describe the STP polytope 7.

(StackMST)  FO: max > Tea (8a)
— e€B
s.t. T = argmin{z Texe + Z Cee} (8b)
€T .eB c€R
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Basic results

Property: In every optimal StackMST solution T. € CF = {c., : ¢/ € R} for each
e € B.
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Basic results

Property: In every optimal StackMST solution T. € CF = {c., : ¢/ € R} for each
e € B.

Let C(e, S) be the set of cycles of G that include edge e and edges of the set S C E\{e}
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Basic results

Property: In every optimal StackMST solution T. € CF = {c., : ¢/ € R} for each
e € B.

Let C(e, S) be the set of cycles of G that include edge e and edges of the set S C E\{e}

Property (MSTP optimality condition): A spanning tree T" is an optimal MSTP
solution if for each edge e & T, each edge ¢/ € T~ and in the cycle that contains e

has a cost less or equal than cc:
T is an opt. MSTP solution < c.r <ce,Ve € E:e¢ T ,e' €C(e,T ):e #e
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Basic results

Property: In every optimal StackMST solution T. € CF = {c., : ¢/ € R} for each
e € B.

Let C(e, S) be the set of cycles of G that include edge e and edges of the set S C E\{e}

Property (MSTP optimality condition): A spanning tree 7 is an optimal MSTP

solution if for each edge e & T, each edge ¢’ € T~ and in the cycle that contains e
has a cost less or equal than cc: . .
T is an opt. MSTP solution < c.r <ce,Ve € E:e¢ T ,e' €C(e,T ):e #e

Property (StackMST optimality condition): If T~ is an optimal StackMST solution

then:
Cor < Ce eER:eiT*,e'GRﬂC(e,T*):e';ée (9a)
T < ce e€R:edT ,d €BNCe,T ):e£e  (9b)
Cer < Te eGB:eé’T*,e/ERﬂC(e,T*):e';ée (9¢)
Ty €T e€B:e@dT ,e €BNC(e,T )ie #e  (9d)
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Basic results (cont.)

Second, we observe (see Cardinal et al., 2011) that the cost of each blue edge
belonging to an optimal solution is bounded from above by the minimum among the
maximum of the red costs of each cycle that contain the blue edge.
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Basic results (cont.)

Second, we observe (see Cardinal et al., 2011) that the cost of each blue edge
belonging to an optimal solution is bounded from above by the minimum among the
maximum of the red costs of each cycle that contain the blue edge.

Property (Strong necessary condition for an optimal StackMST solution): If T  is an
optimal StackMST solution and T the associated tree, then

3
Te < min max c., e€ BNT
©€C(e,E) e/ EONR
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Basic results (cont.)

Second, we observe (see Cardinal et al., 2011) that the cost of each blue edge
belonging to an optimal solution is bounded from above by the minimum among the
maximum of the red costs of each cycle that contain the blue edge.

Property (Strong necessary condition for an optimal StackMST solution): If T  is an
optimal StackMST solution and T the associated tree, then

3
Te < min max c., e€ BNT
©€C(e,E) e/ EONR
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StackMST

Basic results (cont.)

Second, we observe (see Cardinal et al., 2011) that the cost of each blue edge
belonging to an optimal solution is bounded from above by the minimum among the
maximum of the red costs of each cycle that contain the blue edge.

Property (Strong necessary condition for an optimal StackMST solution): If T is an
optimal StackMST solution and T the associated tree, then

3
Te < min max c., e€ BNT
©€C(e,E) e/ EONR

Property (Weak necessary condition for an optimal StackMST solution): If T is an
optimal StackMST solution then
el = M. ec B

e = min cor ST < max @
©€eC(e,R),e’€© ©€eC(e,R),e’ €6
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Basic results (cont.): The Best-Out-Of-k algorithm
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Basic results (cont.): The Best-Out-Of-% algorithm

Property (The Best-Out-Of-k algorithm): Let ¢! < ... < c/¥| be the |K| different
edge costs that appear in the initial red set of edges, where k£ € K is the index of
the k — th cost and CF = {c! < ... < clE} is the set of costs. The Best-Out-Of-k
algorithm consists in choosing the best cost ¢¥ to be assigned to all T' values. Note
that the 7" values returned by this algorithm can be expressed in the following way:

= (" )1x|B] /k—argmax Zc e 8 x—argmln{Zc Te + Zcexe}
€T

eeB eER
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StackMST

Basic results (cont.): The Best-Out-Of-% algorithm

Property (The Best-Out-Of-k algorithm): Let ¢! < ... < c/¥| be the |K| different
edge costs that appear in the initial red set of edges, where k£ € K is the index of
the k — th cost and CF = {c! < ... < clE} is the set of costs. The Best-Out-Of-k
algorithm consists in choosing the best cost ¢¥ to be assigned to all T' values. Note
that the 7" values returned by this algorithm can be expressed in the following way:

= (c* )1x|B] /k—argmax Zc e 8 x—argmln{Zc Te + Zcexe}
€T

eeB eER

Theorem: (Cardinal et al., 2011)

The Best-out-of-k is a min{k,1 + Inb, 1 + In W }-approximation algorithm, where b
denotes the number of blue edges, and W = c"“/c1 is the maximum ratio between red
costs.

Miguel A. Pozo ~ Mathematical modeling and multicriteria optimization in location and complex..



StackMST

A general framework for providing StackMST feasible solution

Algorithm 2: StackMST-H algorithm

> solpesy: Current best solution (by default Te = ¢/ K|, ve € B).
b: Number of blue edges to modify (by default b = | B|)

>

P S: Set of edges that has been chosen in previous iterations (by default S = @)
»  pq: probability of choosing edges from B or from B\ S (by default p; = 0)
S

po: probability of choosing a direction of movement where “moving up” is chosen with probability po and “moving down” with
probability 1 — po (by default po = 0)
» ST O P,: stopping condition (by default “repeat | K | times”)
output: soly, o0 Current best solution.
1 while STOP, = false do
2 According to p1, a subset B g of b blue edges is chosen from B U S or from B\S.
3 S« SUBg.
4 Edges e € Bg verifying Te > Me or Te < me are removed from Bg.

5 According to pg, for each e € Bg increase/decrease by one unit k in ck.
6 Evaluate the StackMST solution updating clg foralle € Bg.
7 if solye gy is outperformed then
8 Update solp ey
9 else
10 L k
reset values c foralle € Bg
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StackMST

A general framework for providing StackMST feasible solution

Algorithm 2: StackMST-H algorithm

> solpesy: Current best solution (by default Te = ¢/ K|, ve € B).
b: Number of blue edges to modify (by default b = | B|)

>

P S: Set of edges that has been chosen in previous iterations (by default S = @)
»  pq: probability of choosing edges from B or from B\ S (by default p; = 0)
S

po: probability of choosing a direction of movement where “moving up” is chosen with probability po and “moving down” with
probability 1 — po (by default po = 0)
» ST O P,: stopping condition (by default “repeat | K | times”)
output: soly, o0 Current best solution.
1 while STOP, = false do
2 According to p1, a subset B g of b blue edges is chosen from B U S or from B\S.
3 S« SUBg.
4 Edges e € Bg verifying Te > Me or Te < me are removed from Bg.

According to pg, for each e € Bg increase/decrease by one unit k in ck.

@

6 Evaluate the StackMST solution updating clg foralle € Bg.
7 if solye gy is outperformed then

8 Update solp ey

9 else

10 L reset values c’; foralle € Bg

Property (StackMST-H algorithm and the Best-Out-Of-k algorithm): The Best-Out-
Of-k algorithm is equivalent to StackMST-H for the following set of input parameters:
b=|B|, pl =1, p2 =0, solpest = 0, STOP. = “repeat | K| times”.
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StackMST

® New improvements for the Stackelberg Minimum Spanning Tree Game

StackMST formulations
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Non-linear formulation

(StackMST) F© : max > Teae (10a)
- eEB
s.t. T = argmln{z Texe + Z CeTe}
€T eeB eceR
(10b)
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Primal-dual non-linear formulation

Let ming>o{cx : € T} be a continuous linear MSTP formulation and
max,>o{dp : p € TP(c)} its dual form. We also denote by 7P (c, T) the polytope
resulting by replacing c. by T. for each e € B of TP.
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StackMST

Primal-dual non-linear formulation

Let ming>o{cx : € T} be a continuous linear MSTP formulation and
max,>o{dp : p € TP(c)} its dual form. We also denote by 7P (c, T) the polytope
resulting by replacing c. by T. for each e € B of TP.

Therefore, we can express the StackMST as

FO . rjr}i;;g Z Texe (11a)
~ e€B
s.t. rzeT (11b)
weTP(,T) (11c)
S Tewe + Y ceme = dp. (11d)
ecB ecER
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StackMST

Primal-dual linear formulation

Fp I,F%GEZBpe (12a)
zeT (12b)
weTP(e,T) (12¢)
Z Pe + Z CeTe = dpt. (12d)
ecB eER
MeTe < pe < Mexe e€B (12€)
pe < Te e€B (12f)
Te Spe‘f'Me(l_xe) e€eB (12g)
me < Te < M, e€ B (12h)
ze € {0,1} ecE (12i)
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P-d linear formulation with discrete values of 7" and p

Let {c!,..., c‘K‘} be the set made up of the | K| different edge costs that appear in
the initial red tree. If k € K is the index of the k — th cost and K = {1, ..., | K|} we
can also specify the set K for each edge as K. = {k € K : me < k< Mc}.

Let z§ be a binary variable equal to one < edge e is priced with the k-th cost.

Te= Y zkc* e € B, (13)
keEK,
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StackMST

P-d linear formulation with discrete values of 7" and p

Let {c!,..., c‘K‘} be the set made up of the | K| different edge costs that appear in
the initial red tree. If k € K is the index of the k — th cost and K = {1, ..., | K|} we
can also specify the set K for each edge as K. = {k € K : me < k< Mc}.

Let z§ be a binary variable equal to one < edge e is priced with the k-th cost.

Te= Y zkc* e € B, (13)
k€K,
assuming that each edge is priced with just one of the costs, that is
Z k=1 e€B. (14)
kEKe
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StackMST

P-d linear formulation with discrete values of 7" and p

Let {c!,..., c‘K‘} be the set made up of the | K| different edge costs that appear in
the initial red tree. If k € K is the index of the k — th cost and K = {1, ..., | K|} we
can also specify the set K for each edge as K. = {k € K : me < k< Mc}.

Let z§ be a binary variable equal to one < edge e is priced with the k-th cost.

Te= Y zkc* e € B, (13)
k€K,
assuming that each edge is priced with just one of the costs, that is
Z k=1 e€B. (14)
kEKe

Analogously, the values of p can be also discretized by means of using the binary

variable Z!f equal to one < edge e gives the benefit of the k — th cost.

Pe = Z zhck e € B. (15)
kEK.
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StackMST

P-d linear formulation with discrete values of 7" and p

Let {c!,...,c/ I} be the set made up of the |K| different edge costs that appear in
the initial red tree. If k € K is the index of the k — th cost and K = {1, ..., | K|} we
can also specify the set K for each edge as K. = {k € K : me < k< Mc}.

Let z§ be a binary variable equal to one < edge e is priced with the k-th cost.

Te= Y zkc* e € B, (13)
k€K,
assuming that each edge is priced with just one of the costs, that is
Z k=1 e€B. (14)
kEKe

Analogously, the values of p can be also discretized by means of using the binary

variable 25 equal to one < edge e gives the benefit of the k — th cost.

Pe = Z zhck e € B. (15)
k€K,
Additionally we would need to impose that
>k =a., e€B (16)
kKEK.
zk < 2k, e€ B,ke K. (17)
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P-d linear formulation with discrete values of 7" and p

F,: maxz Z Egck (18a)

e€cBkeK.

xeT (18b)
we TP, z) (18c)
Z Z zhek 4 Z CeTe = dpt (18d)
e€EBkeEK, eER

doE=1 ccB (18¢)
keK,

> gk ==, e€B (18f)
keK,e
k< 2k, e€BkeK. (18g)
22 <EF (1 - ), e€B,kc K. (18h)
2k 2k € {0,1} e€ E ke K. (18i)
ze € {0,1} ccE (18))
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F, and F},, comparison
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F, and F},, comparison

Property: Let QZE;;I be the projection of the polytope defined by constraints
(12b)—(12h) over the x variables and Q7’5 the projection of the polytope given by
(18b)—(18h) over the z variables. Then Q7 5% C Q’Z’;;I.
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StackMST

® New improvements for the Stackelberg Minimum Spanning Tree Game

Experiments
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StackMST

Computational experience

» Instances G = (V, E) are generated according to those described in Morais et al.,
2016. We choose |V| € {20, 30,50, 70}, ¢mae = 150, d € {10%, 20%, 30%, 50%}
and |C| ={3,5,7}.

Miguel A. Pozo  Mathematical modeling and multicriteria optimization in location and complex..



StackMST

Computational experience

» Instances G = (V, E) are generated according to those described in Morais et al.,
2016. We choose |V| € {20, 30, 50, 70}, cmaz = 150, d € {10%, 20%, 30%, 50% }
and |C| ={3,5,7}.

» In all tables results correspond to a groups of 10 instances with the same triplet
(IV1],d,|C|). We present average results (and some maximum values) for each
group. This way, in total, we have a set of 240 benchmark instances.
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StackMST

Computational experience

» Instances G = (V, E) are generated according to those described in Morais et al.,
2016. We choose |V| € {20, 30,50, 70}, ¢mae = 150, d € {10%, 20%, 30%, 50%}
and |C| ={3,5,7}.

» In all tables results correspond to a groups of 10 instances with the same triplet
(IV1],d,|C|). We present average results (and some maximum values) for each
group. This way, in total, we have a set of 240 benchmark instances.

» All instances were solved with the MIP Xpress 7.7 optimizer, under a Windows 10
environment in an Intel(R) Core(TM)i7 CPU 2.93 GHz processor and 16 GB
RAM. Default values were initially used for all parameters of Xpress solver and a
CPU time limit of 1800 seconds was set. We have also tested different
combinations of parameters for the solver cut strategy and intensity of heuristics
but, unless it is specified, the best results were obtained with the parameters of
the solver set to the default values.
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StackMST

Computational experience

» Instances G = (V, E) are generated according to those described in Morais et al.,
2016. We choose |V| € {20, 30, 50, 70}, cmaz = 150, d € {10%, 20%, 30%, 50% }
and |C| = {3,5,7}.

» In all tables results correspond to a groups of 10 instances with the same triplet
(IV1],d,|C|). We present average results (and some maximum values) for each
group. This way, in total, we have a set of 240 benchmark instances.

» All instances were solved with the MIP Xpress 7.7 optimizer, under a Windows 10
environment in an Intel(R) Core(TM)i7 CPU 2.93 GHz processor and 16 GB
RAM. Default values were initially used for all parameters of Xpress solver and a
CPU time limit of 1800 seconds was set. We have also tested different
combinations of parameters for the solver cut strategy and intensity of heuristics
but, unless it is specified, the best results were obtained with the parameters of
the solver set to the default values.

» The caption just below each block gives the formulation the block refers to.
Throughout the section we denote by FIS‘) the combination of the BMSTP Fj,

formulation together with a STP 7() (idem with FZU)

Miguel A. Pozo  Mathematical modeling and multicriteria optimization in location and complex..



StackMST

Computational experience

» Instances G = (V, E) are generated according to those described in Morais et al.,
2016. We choose |V| € {20, 30,50, 70}, ¢mae = 150, d € {10%, 20%, 30%, 50%}
and |C| ={3,5,7}.

» In all tables results correspond to a groups of 10 instances with the same triplet
(IV1],d,|C|). We present average results (and some maximum values) for each
group. This way, in total, we have a set of 240 benchmark instances.

» All instances were solved with the MIP Xpress 7.7 optimizer, under a Windows 10
environment in an Intel(R) Core(TM)i7 CPU 2.93 GHz processor and 16 GB
RAM. Default values were initially used for all parameters of Xpress solver and a
CPU time limit of 1800 seconds was set. We have also tested different
combinations of parameters for the solver cut strategy and intensity of heuristics
but, unless it is specified, the best results were obtained with the parameters of
the solver set to the default values.

» The caption just below each block gives the formulation the block refers to.
Throughout the section we denote by FIS‘) the combination of the BMSTP Fj,
formulation together with a STP 7() (idem with FZU)

> The separation of the cutset inequalities in formulation 7572 was implemented
using a max-flow based algorithm (Gusfield, 1990). Heuristics in Xpress solver
were configured with intensity 2 (out of 3) and an initial solution was given to the
problem.
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Computational results 1/4

Table: StackMST results for the FIS‘) formulations.

|V | d |C||gRL gUL gUL gUL gUL |#| nod|gRL gUL gUL gUL gUL® |#| nod|gRL gUL gUL gUL gUL* |#| nod|gRL gUL gUL gUL gUL’ |#| nod
20 30 3 [135 - - - - 10 1339 - - - - 10 76 |48 - - - - 10 12|49 - - - - 10 1e2
2030 5 (182 - - - - 10 4e4|95 - - - - 10 83|95 - - - - 10 14|95 - - - - 10 2e4
2030 7 (174 - - - - 10 14|85 - - - - 10 53|92 - - - - 10 93|92 - - - - 10 1es
2050 3 (48 16 - 16 88 7 25|34 14 - 14 86 8 54|34 18 - 18 81 6 1e5[3.4 08 - 08 78 9 1le
2050 5 71 58 - 58 12 0 4e5|7.1 52 - 52 106 1 25|7.1 52 - 52 111 1 3¢5|7.1 52 - 52 114 1 4es
2050 7 (89 78 17 79 16 1 3¢5(89 79 1.6 79 16 1 25|89 8 17 8 16 1 35|89 8 17 8 16 1 4e5
303 3 |69 34 03 34 145 6 1le4|4.4 33 03 33 148 5 le4 [44 32 03 32 15 5 24|44 28 03 28 133 6 2e4
303 5 (98 6 31 61 141 2 34|72 6 29 6 14 2 24[72 6 29 6 14 1 5e4|7.2 64 2.9 64 14 1 6ed
30 30 7 (134 94 6.8 95 162 0 6e4 |10.1 94 6.8 94 152 0 2e4 [10.1 94 69 95 152 0 5e4 [10.1 9 6.8 9 133 0 7e4
3050 3 (04 02 - 02 16 9 33|02 02 - 02 16 9 123[02 02 - 02 16 9 4e3[0.2 02 - 02 16 9 4e3
3050 5 41 38 08 41 103 1 3e4|3.8 38 05 38 74 1 1le4 3.8 38 05 38 76 1 3e4|3.8 38 05 38 74 1 5ed
3050 7 |59 57 44 65 21 0 34|57 57 43 63 195 0 1le4 |57 57 45 65 21 0 3e4 |57 57 4.2 6.2 185 0 6es
50 10 3 [162 41 1 44 13 2 1e4|3.7 19 06 19 109 7 23|44 2 06 2 104 7 23|48 18 0.6 1.8 96 6 5e3
50 10 5 |19.3 53 15 63 97 1 1e4 |55 24 05 25 7 5 3e3(63 29 05 29 72 4 7e3|68 2.3 06 2.4 73 5 led
50 10 7 225 63 28 74 182 2 le4| 8 37 19 4 149 5 23|86 47 17 48 132 4 7e3|86 3.4 1.6 3.4 105 5 09e3
5020 3 [41 26 0.6 26 6.6 1 53|28 24 06 24 6.6 2 13|28 25 06 25 6.6 1 4e3| 3 27 0.6 27 6.6 0 8e3
50 20 5 | 94 8.2 144 148 251 0 5e3 (8.2 8.2 97 102 173 0 1e3 (8.2 8.2 99 103 166 0 5e3|8.2 8.2 8.7 9.1 145 0 8e3
50 20 7 [13.8 12.120.1 204 308 0 5e3(12.112.1157 16 259 0 1e3 |12.112.1155 158 24.1 0 5e3 [12.112.114.314.7 26.6 0 9e3
70 10 3 [163 7.6 73 112 213 0 1e3|7.3 68 6 92 192 1 52|75 65 64 93 191 1 9e2|75 67 6 9.1 195 1 1e3
70 10 5 [18.7 131 157 164 266 0 9e2 | 13 12.4158 16 267 0 1e2 |13.1 128 154 159 273 0 8e2 [13.1 125 14.414.6 23.7 0 9e2
70 10 7 | 21 148 227 234 332 0 9e2 (15.1 144 22 223 332 0 1e2|152 145 22 223 30.4 0 7e2 152 14.6 19.920.4 327 0 1e3
7020 3 (1.1 11 47 51 186 0 1e3|11 11 57 61 246 0 25 |11 11 1 14 38 0 72|11 11 09 1.3 3.8 0 5e2
7020 5 |47 4.6 77 77 239 0 22|4.6 46 77 78 243 0 3 |46 4.6 54 54 132 0 4e2 4.6 4.6 52 53 138 0 6e2
7020 7 [ 81 8 119119 237 0 22| 8 8 119119 237 0 o | 8 8 10.110.121.8 0 42| 8 8 108 108 21.8 0 8e2
TTow km itz pkm2
Fp Py Fy Fp
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Computational results 2/

Table: StackMST results for the F{) formulations.

|V| d |C||gRL gUL gUL gUL gUL® |#| nod|gRL gUL gUL gUL gUL® |#| nod|gRL gUL gUL gUL gUL |#/| nod|gRL gUL gUL gUL gUL* |#| nod
20 30 3 |135 - - - - 10 1e3[39 - - - - 10 52 |48 - - - - 10 22249 - - - - 10 se
20 30 5 [18.2 - - - - 10 14|95 - - - - 10 53|95 - - - - 10 7e3 9.5 - - - - 10 1e4
2030 7 [174 - - - - 10 84 (85 - - - - 10 1e4 |92 - - - - 10 24|92 - - - - 10 1e5
2050 3 |48 07 - 07 68 9 5e4[3.4 08 - 08 81 9 le4 |34 07 - 07 67 9 3e4(34 - - - - 10 2e4
205 5 |71 25 01 26 8 1 5e5|7.1 08 06 14 81 5 7e4|7.1 07 - 07 62 7 25|7.1 0.2 04 0.6 42 6 25
2050 7 (89 42 26 51 105 0 5e5[89 39 2 42 101 3 1e5(8.9 23 17 24 58 3 25|89 24 18 25 55 3 3¢5
3030 3 [69 21 11 29 12 6 5e4 |44 1 03 1 72 8 33(44 11 03 11 57 7 5e4|44 0.7 04 0.8 48 8 204
3030 5 98 5 42 63 218 1 8e4|7.2 57 4 67 221 2 le4 |7.2 47 35 53 14 2 4e4 |7.2 3.6 31 3.8 11.8 3 6es
30 30 7 [13.4 82 11.9 133 249 0 9e4 [10.1 9.4 103 129 249 0 1le4 [10.1 85 9.1 108 19 0 6e4 [10.1 7.5 105 112 239 0 1e5
3050 3 |04 02 02 03 31 9 le4|02 - - - - 10 3[02 - - - - 10 62(02 - - - - 10 22
3050 5 |41 38 61 91 205 1 7e4|3.8 36 54 83 205 2 le4 [3.8 24 23 41 185 5 24|38 1.5 05 1.6 4.6 4 8ed
3050 7 |59 57 91 11 21 0 84 |57 57 64 84 21 0 1e4 |57 57 72 9 21 0 6e4 |57 47 73 83 20 0 1led
50 10 3 [162 27 11 32 135 3 1le4|3.7 19 0.6 19 10 6 1e3|44 1 08 1.2 122 9 1e3|48 12 08 14 8.6 6 6e3
50 10 5 193 57 24 75 105 0 24 |55 26 06 27 6.6 4 23|63 25 11 31 128 3 93|68 3 12 37 122 2 2e4
50 10 7 (225 7.1 37 9 242 1 led| 8 48 2 52 133 3 33|86 52 24 59 135 3 83|86 45 23 52 14 3 led
5020 3 |41 24 65 8 252 2 1le4 |28 23 4 55 252 3 7e2 (28 24 23 4 139 2 4e3| 3 16 13 23 6.6 2 2ed
50 20 5 | 9.4 8.2 161 165 264 0 1le4 [8.2 8.2 16 164 264 0 1e3 8.2 8.2 151 156 264 0 8e3|8.2 8.2 153 157 264 0 1led
50 20 7 |13.812.120.8 21.1 30.8 0 le4 [12.112.120.6 20.9 30.8 0 9e2 [12.112.1207 21 308 0 8e3 [12.112.1 21 213 308 0 led
70 10 3 163 5.8 77 99 212 1 1e3|73 61 78 103 197 1 1le2| 75 64 7.8 105 197 1 6e2| 75 64 71 10 193 1 8e2
70 10 5 [18.7 13.2 166 17.5 281 0 1e3| 13 126 163 166 255 0 1e2 [131 125 165 166 26 0 6e2 |13.1 127 166 17 281 0 1e3
70 10 7 | 21 149 228 236 332 0 1e3|15.114.2227 228 332 0 1e2 [152 147 22.8 233 332 0 7e2 |152 146 228 233 332 0 1e3
7020 3 [1.1 11 93 97 284 0 23|11 11 92 96 284 0 3 |11 11 43 46 284 0 1e3|1.1 0.9 83 85 284 2 2e3
7020 5 |47 4.6 77 78 243 0 3¢3|4.6 46 77 78 243 0 3 (4.6 4.6 77 78 243 0 23|46 46 77 78 243 0 5e3
7020 7 |81 8 121121 248 0 23| 8 8 121121 248 0 3 8 8 121121 248 0 1e3| 8 8 121121 248 0 4e3
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Computational results 3/4

Table: StackMST results comparison for the best formulations with time limits of 0.5h and 5h.

|V| d |C||gRL gUL gUL gUL gUL* |#/| nod|gRL gUL gUL gUL gUL® |#| nod|gRL gUL gUL gUL gUL* |#/| nod|gRL gUL gUL gUL gUL* |#| nod
2030 7 9.2 - - - - 10 14 9.2 - - - - 10 Te5([9.2 - - - - 10 1e4 [ 9.2 - E—- - 10 TIeb
205 3 (34 08 - 08 78 9 1.5[34 - - - - 10 24 (34 03 - 03 34 9 3e5/34 - - - - 10 2e4
205 5 |71 52 - 52 114 1 4e5|7.1 02 04 06 42 6 25 [7.1 42 - 42 102 3 3e6|71 - - - 02 9 3
3030 3 |44 28 03 28 133 6 204 (4.4 07 04 08 48 8 24|44 22 03 22 97 6 25/4.4 03 03 03 2.8 9 1e
3050 3 (02 02 - 02 16 9 4e3(02 - - - - 10 22|02 - - - - 10 1e4| 0.2 - - - - 10 2e2
3050 5 (3.8 38 06 38 74 1 5e4 |38 15 07 16 46 4 84|38 35 06 35 74 2 5e5 (3.8 06 07 0.7 3.4 7 7e5
3050 7 |57 57 42 62 185 0 6e4 |57 47 73 83 20 0 15|57 57 3.7 57 16.1 0 6e5 |57 3.7 62 62 168 0 1leb
50 10 5 | 6.8 23 11 24 73 5 1e4 (6.8 3 17 37 122 2 24 (68 1.3 1 1.3 53 7 64|68 21 16 27 122 6 1e5
50 10 7 [ 8.6 34 2.2 34 105 5 9e3 (8.6 45 29 52 14 3 le4|8.6 22 22 22 9 6 84 |86 32 23 33 11 4 1led
5020 3| 3 27 0.8 27 66 0 83| 3 16 15 23 66 2 24| 3 25 08 25 66 2 6e4| 3 09 1 1.1 3.4 4 25
50 20 7 [12.1121 143 147 266 0 9e3 [12.1121 21 213 308 0 le4 [12.112111.912.221.3 0 9e4 [12.111.818.1 18.1 303 0 9ed
70 10 3 | 7.5 67 79 91 195 1 1e3|7.5 64 91 10 193 1 82 |7.5 66 6 7.1 193 1 1le4|7.5 55 71 7.1 18.8 2 7e3
70 10 7 |15.214.6 20.1 204 327 0 1e3 [15.2146 23 233 332 0 1e3(15.214.514.414.526.9 0 1e4 |15.214.5212 213 332 0 led
7020 3 |11 11 09 13 38 0 52|11 09 83 85 284 2 23|11 1 07 1 26 1 53|11 07 63 63 284 4 3ed
70 20 5 |46 4.6 52 53 138 0 62 |4.6 46 77 78 243 0 53|46 46 46 46 107 0 7e3 |46 46 65 65 243 0 5ed
FEMZ 05n FFmM2 050 FE™Z 5h FFm2 5,
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Computational results 4/4

Table: StackMST results comparison for the best formulations.

[V| d|C||objL objU gUL ¢t |objL objU gUL t |objL objU gUL ¢
20 30 7 | 541 597 938 - 541 541 - 101.6] 541 556 27 -
20 50 3 | 190 190 - 0 190 190 - 0 | 190 190 1}
20 50 5 | 395 467 1542 - 407 467 1285 - 407 414 1.69 -
30 30 3 | 413 425 282 - 413 413 - 9471|413 413 - 150.1
30 50 3 1830 1862 1.72 - 1830 1830 -  19.7 |1830 1830 9.9
30 50 5 | 1254 1320 5 - 1320 1320 - 31.3 | 1188 1320 10 -
30 50 7 | 497 524 5.15 - 506 524 344 - 506 506 1511.9
50 10 5 |1470 1588 7.43 - 1470 15286 3.83 - |1470 1470 - 3686.1
50 10 7 | 732 828 1159 - 734 769.2 4.58 - 734 7786 573 -
50 20 3 [2239 2301 269 - 2239 2301 269 - [2239 2239 - 2068.3
50 20 7 | 582 760 2342 - 683 799 14.52 - 641 795 19.37 -
70 10 3 | 4599 4694 2.02 - 4641 4641 - 6409.9|4641 4641 - 5878.6
70 10 7 | 1604 2002 19.88 - 1787 2023 11.67 - 1646 2023 18.64 -
70 20 3 | 759 763 0.52 - 763 763 - 245.6| 763 763 - 3886
70 20 5 | 934 1173 2038 - 1086 1173 7.42 - 1019 1173 13.13 -
70 30 5 | 1167 1227 4.89 - 1227 1227 - 500.7] 1083 1227 11.74 -
Frnor 5h F;me 5h FFm2sp
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A path-based StackMST approach
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A path-based StackMST formulation

Let P denote the set of pairs of nodes such that i < j. We define now @7{3@ as the
flow through edge (u,v) going from origin 4 to destination j with (i,7) € P. The
following set of constraints define a polyhedral description of the spanning trees of G.

path ij_
T : > Piv =
veV:i(i,v)EA

> el - > e, =

(u,v)€EA (v,u)EA
> “ng =1
(u,j)€EA

.. Y
Py oy < Tuw
:E:: Tyy =n — 1
(u,v)EE
@i, >0

0<z, <1

Miguel A. Pozo

(,4) e P

(i,j) e PLveV:iv#i,j

(i,5) e P

(i,5) € P,(i,5') € P, (u,v) € E:u,v #1435

(1,4) € P, (u,v) EA:vF#i,u#j
ec E

(19a)

(19b)

(19¢)

(19d)
(19¢)

(19f)
(19)
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ec E

(19a)
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(19)
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A path-based StackMST formulation

Let P denote the set of pairs of nodes such that i < j. We define now @7{3@ as the
flow through edge (u,v) going from origin 4 to destination j with (i,7) € P. The
following set of constraints define a polyhedral description of the spanning trees of G.

path ij_
T : > Piv =
vEVi(i,v)EA

> el - > e, =

(u,v)€EA (v,u)EA
> “ng =1
(u,j)€EA

.. Y

ity + P < Tuw
:E:: Tyy =n — 1

(u,v)EE

@i, >0

0<z, <1

(,4) e P

(i,j) e PLveV:iv#i,j

(i,5) e P

(i,5) € P,(i,5') € P, (u,v) € E:u,v #1435

(1,4) € P, (u,v) EA:vF#i,u#j
ec E

Property (Optimality cuts (minimal cost) for TPath):
(@t + L) cun < cij(1— z45) (3,5) € P, (w,v) € E : (u,v) # (i, )

Miguel A. Pozo

(19a)

(19b)

(19¢)

(19d)
(19e)

(19f)
(19)
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A path-based StackMST formulation

Fpath .

max Z Pe

eeB
(z,9) € TP
Pe < Mexe
pe < Te
Te < pe+ Mc(1 —z¢)
oty < (o + Pri) Me
Tuv <ty + Me(1 = @y, — @3)
(@3 + @) cun < cij (1 —x45)
oy < cij (1 — x45)
(@3 + Po)cun < Tij — pij
ij
tyv < Tij — pij
Pty >0
Ty >0
ij
th'U 2 0

pe 20

ee€ B
e€ B
e€ B

(4,4) €
(i,9) €
(i,9) €
(i,9) €
(1,9) €
(i,9) €
(i,9) €
e€B
(i,3) €
e€ B

StackMST

P, (u,v) € B
P,(u,v) € B
R, (u,v) € R: (u,v) # (4,7)
R, (u,v) € B: (u,v) # (4,)
B, (u,v) € R: (u,v) # (%,7)
B, (u,v) € B : (u,v) # (4,7)
P, (u,v) € A

P, (u,v) € A
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Conclusions

Conclusions:

» In this paper we have presented a catalog of new mathematical programming
formulations for the StackMST based on the properties of the MSTP and the
bilevel optimization paradigm.

We have established theoretical and empirical comparisons between these new
formulations that have shown to be effective for efficiently solving random
instances of 20 to 70 nodes.

In particular, formulations F*™2 and FF™2 outperform previous computational

results in the literature based on a Branch-and-Cut-and-Price approach reported
in Morais et al. (2016).
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Thanks for your attention
Questions, comments, suggestions... are welcome.
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