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MILP for DOMP Problem definition and notation

Motivations

Formulations

@ Let / be a set of clients. |I| = n.
@ Let J be a set of facilities. |J| = p.

@ Let C be the cost matrix.
cjj is the associated cost if client i is assigned to facility j.

@ Let A be the weighted ordered vector.

feasible solution

e JC
o [J[=p
ca(J) = rjnely e
cx(f) <--- <)
min " Akck(J)
k=1
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MILP for DOMP Problem definition and notation

Motivations

Formulations

A-vector Name
(1,1,...,1,1) p-median
(0,0,...,0,1) p-center

(0,0,...,0,0,1,1,...,1,1) k-centrum
—_———
k
(0,0,...,0,0,1,1,...,1,1,0,0,...,0,0) (ki + kz)-trimmed mean
—_—————
kl k2
(0,1,0,1,0,1,0,1,...) -
(...,0,0,1,0,0,1) -
(o, ..., 0,0, 1) Centdian
D. Ponce 3/29
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@ Problem is NP-hard.
@ Tight formulations for combinatorial problems.
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DOMP; formulation (N. Boland, P. Dominguez-Marin, S.Nickel and J.Puerto, 2006)

Three-index formulations

1 if client i is served by facility j
and cost ¢ (J) = cjj is the k-th

Xi’_; = smallest in the ordered sequence
c<(J)
0  otherwise
. 1 ifjed
Yi=\ 0o fj¢J
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Formulations

DOMP; formulation (N. Boland, P. Dominguez-Marin, S.Nickel and J.Puerto, 2006)

n n n

min ZZZ)\‘(CUXZ;
Three-index formulations i=1j=1 k=1

1 if client i is served by facility j

k _ .
and cost ¢ (J) = cjj is the k-th st Z ;XU =1 vi
Xi’_; = smallest in the ordered sequence J=1 k=1
e<() LN
0  otherwise Z inj =1 vk
i=1 j=1
v, _{ 1 ifjed Y
i=L 0 ifj¢J K o
D% S Vi
k=1
n
dovi=rp
=1
n n 1 n on .
S S e k=2
i i
b,y € {0,1} Vi, j, k
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DOMP; formulation (strong order constraints)

Three-index formulations L
1 if client i is served by facility j s.t N k=1
and cost ¢ (J) = ¢jj is the k-th o ¢ U
X;j = smallest in the ordered sequence J=1 k=1
e<(J) Ok
0  otherwise Xij = 1
. i=1 j=1
o 1 ifjed
Yi=1 o ifjg¢d LI <
xj <Y
k=1
n
Yj =P
j=1

k
Xij» Yj € {0,1}

From the DOMP to other combinatorial optimization problems
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Formulatlons

DOMP; formulation (weak order constraints)

. k k
min A CijXij
Three-index formulations ==l ke
n n
1  if client i is served by facility j k _ .
and cost ¢, (J) = Cj; is the k-th st Z j=1 vi
Xi‘; = smallest in the ordered sequence J=1 k=1
c<(J) no
0  otherwise xj =1 Yk
o i=1 j=1
e { 1 ifjed
i\ 0 ifjé¢J "k -
Xij < Yj Vi, j
k=1
n
vj=p
Jj=1
n n
POD IR 9D DRl IV B
i=1j=1 | i'=1j/=1 i'=1j"=1
] A
ngyj € {0,1} Vi, j, k
D. Ponce 11/29
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Remarks

v We have developed several tighter formulations.
v/ We have found interesting valid inequalities.

[ M. Labbé, D. Ponce, and J.Puerto
A comparative study of formulations and solution methods
for the discrete ordered p-median problem.
Computers & Operations Research, 78 (2017) 230-242
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Set partitionir mulation for DOMP

A Branch-and-Cut-and-Price procedure for DOMP r MP and Pricing problem

Valid inequalities

A

Yes
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Set partitioning formulation for DOMP
M Prob!
A Branch-and-Cut-and-Price procedure for DOMP Re MP and Pricing problem

Valid inequalities

S_ (i, k) : costumer i's cost is ranked at position k and
- all costumers allocated to the same facility

_ 1 if set S is in the solution and it is allocated
vyt = to facility j that must be open.
0 otherwise.
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Set partitioning formulation for DOMP
Master Problem
A Branch-and-Cut-and-Price procedure for DOMP Restric: relaxed MP and Pricing problem

Branching
Valid inequalities

1 5 9
c=|4 2 7 A= (210.5)
6 8 3

S ={(1,1)} S12={(1,1),(3,2)} S23 ={(2,1),(3,3)}
S =A{(1,2)} S13=1(1,1),(3,3)} S4={(22),(3,1)}
S3 = {(1 3)} Su = (172)7 (27 1)} So5 = {(2 2)7 (37 3)}
Sy = {(2 1)} Si5 = {(172)7 (273)} Sog = {(2 3)7 (37 1)}
S5 ={(2,2)} S16 ={(1,2),(3,1)}  Sr ={(2,3),(3,2)}
Se = {(2 3)} S17 = {(172)7 (393)} Sog = {(1 1)7 (272)7 (37 3)}
S7={(3,1)} S1s={(1,3),(2,1)}  Sa0 = {(1,1),(2,3),(3,2)}
Sg = {(3 2)} S19 = {(173)7 (2v2)} S30 = {(1 2)7 (27 1)7 (37 3)}
59 = {(3 3)} 520 = {(173)7 (3 1)} 531 {(1 2)7 (273)7 (37 1)}
S100={(1,1),(2,2)} 52 ={(1,3),(3,2)} S2={(1,3),(2,1),(3,2)}
Su={(1,1),(2,3)} S$2={(21),(3,2)} S3=1{(1,3),(2,1),(3,2)}
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Set partitioning formulation for DOMP
Master Problem
A Branch-and-Cut-and-Price procedure for DOMP Restric: relaxed MP and Pricing problem

Branching
Valid inequalities

1 5 9
c=|4 2 7 A= (210.5)
6 8 3

S ={(1,1)} S12={(1,1),(3,2)} S23 ={(2,1),(3,3)}
S =A{(1,2)} S13=1(1,1),(3,3)} S4={(22),(3,1)}
S3 = {(1 3)} Su = (172)7 (27 1)} So5 = {(2 2)7 (37 3)}
Sy = {(2 1)} Si5 = {(172)7 (273)} Sog = {(2 3)7 (37 1)}
S5 ={(2,2)} S16 ={(1,2),(3,1)}  Sr ={(2,3),(3,2)}
Se = {(2 3)} S17 = {(172)7 (393)} Sog = {(1 1)7 (272)7 (37 3)}
S7={(3,1)} S ={(1,3).(2,1)}  S20={(1,1),(2,3),(3,2)}
Sg = {(3 2)} S19 = (173)7 (2v2)} S30 = {(1 2)7 (27 1)7 (37 3)}
59 = {(3 3)} 520 = {(173)7(371)} 531 {(1 2)7(273)7(371)}
Si0=A{(1,1),(2,2)} S ={(1,3),(3,2)} S32={(1,3),(2,1),(3,2)}
Su={(1,1),(2,3)} S$2={(21),(3,2)} S3=1{(1,3),(2,1),(3,2)}

From the DOMP to other combinatorial optimization problems




Set partitioning formulation for DOMP
Master Problem
A Branch-and-Cut-and-Price procedure for DOMP Restric: relaxed MP and Pricing problem

Branching
Valid inequalities

1 5 9
c=|4 2 7 A= (210.5)
6 8 3

S ={(1,1)} S12={(1,1),(3,2)} S23 ={(2,1),(3,3)}
S =A{(1,2)} S13=1(1,1),(3,3)} S4={(22),(3,1)}
S3 = {(1 3)} Su = (172)7 (27 1)} So5 = {(2 2)7 (37 3)}
Sy = {(2 1)} Si5 = {(172)7 (273)} Sog = {(2 3)7 (37 1)}
S5 ={(2,2)} S16 ={(1,2),(3,1)}  Sr ={(2,3),(3,2)}
Se = {(2 3)} S17 = {(172)7 (393)} Sog = {(1 1)7 (272)7 (37 3)}
S7={(3,1)} S ={(1,3).(2,1)}  S20={(1,1),(2,3),(3,2)}
Sg = {(3 2)} S19 = (173)7 (2v2)} S30 = {(1 2)7 (27 1)7 (37 3)}
59 = {(3 3)} 520 = {(173)7(371)} 531 {(1 2)7(273)7(371)}
Si0=A{(1,1),(2,2)} S ={(1,3),(3,2)} S32={(1,3),(2,1),(3,2)}
Su={(1,1),(2,3)} S$2={(21),(3,2)} S3=1{(1,3),(2,1),(3,2)}

Associated cost to variable y138: cfg =Nz + M3 =9-05+7-2=185
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Set partitioning formulation for DOMP
Master Problem
A Branch-and-Cut-and-Price procedure for DOMP Restricted r ed MP and Pricing problem

s.t. Z Syko=1 Vi

Zzygzl vk
Sovs <1V

S
o> <o
S

j=1
ZZ Z yf§+ Z )’2 <n? k=2,...,n
i=1 j=1 | S3(i,k) 5$5(,k—1)

G <G 1G>Gy ]
yt €{0,1} VS,
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Set partitio
Master Pro
A Branch-and-Cut-and-Price procedure for DOMP Restricted relaxed MP and Pricing problem
3 hing
qualities

Relaxed Restricted Master Problem

>3 A ST

J=153(-,k

_nys >-1 Vj
334 > -
j=1 S
n n R ~
_ZZ Z vh+ Z vE >-n> k=2,...,n
i=1 j=1 | $3(,k) $3(i,k—1)
(GG CM>C
yJS' >0 vS,j
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s.t. Z Z y_’g =1

J=1 §5(i,")
n

> % =1
J=1 53(-,k)

-> v
S
=22 %
j=1 §

\%
o

v
|
]

n n

D2 X st X%
i=1 j=1 | $3(i,k) $3(i,k—1)

] REA]

Ys 20

From the DOMP to other combinatorial optimization problems
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&)
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t partitioning formulation for DC
Master Pr m
A Branch-and-Cut-and-Price procedure for DOMP Restricted relaxed MP and Pricing problem

Dual Problem

n n n n
(DP) max Za,-JrZkaZ’yjfpéonzek
i=1 k=1 Jj=1 k=2

st 3 it Z LBl MV DL LD I <d vjs
i1 —1 =1 | (i.0es (ik—1)es
(i, )ES HE k)ES :C->Ci:

= "ij RO
v, 6, ek >0 Vi, j, k
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t partitioning formulation for D
Master Pr m
A Branch-and-Cut-and-Price procedure for DOMP Restricted relaxed MP and Pricing problem

Valid inequalities

Dual Problem

n n n n
(DP) max Za,-JrZkaZ’yjfpéonzek
i=1 k=1 j=1 )

st 3 it Z LBl MV DL LD I <d vjs
i1 —1 =1 | (i.0es (ik—1)es
(i, )ES HE k)ES :C->Ci:

=" S
V>0, ek =0 Vi k

ZeHZe:fZa?fZBk
(i,k)eS (i,k—1)€S =1 k=
G2 Cji (GG (i, )€S (- k)es
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rtitionin
r Pr m
A Branch-and-Cut-and-Price procedure for DOMP Restricted relaxed MP and Pricing problem
3 hir

Pricing subproblem

n n n n n
e+ St X odl- - X oa
k=2 1=1 j=1 | (i,k)€S (i,k—1)€S i=1 k=1
1G>Gy GGy (ir)es (- k)es
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rtitionin
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A Branch-and-Cut-and-Price procedure for DOMP Restricted relaxed MP and Pricing problem
3 hir

Pricing subproblem

n n n n n
LIRS 9 31 D IS SITY B SRTED oS
k=2 1=1 j=1 | (i,k)€S (i,k—1)eS i=1 k=1
1G>Gy GGy {(i,-)€S {(+,k)ES
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A Branch-and-Cut-and-Price procedure for DOMP Restrlcted relaxed MP and Pricing problem

Pricing subproblem

n n n n n
ok o Soat X odl- - X oa
k=2 i=1 j=1 | (i,k)eS (i,k—1)eS i=1 k=1
1G>Gy GGy (i,-)€S {(+,k)ES
= > di+v+e.
(i,k)eS
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rtitioning formulation for DO
r Pr m
A Branch-and-Cut-and-Price procedure for DOMP Restricted relaxed MP and Pricing problem

Pricing subproblem

n n n n n
=y 6+ Gt D> al- D> - > B
k=2i=1 =1 | (i,k)es k—1)€S i= k=1
(’fic,-j (I:cﬁ<)c,-j (i,)es (-, k)ES

(hk)es
diJ di2u' d',17/
Dy = ’:21
i 9
where C;j; < G,j <--- < G .
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rtitioning formulation for DO
r Pr m
A Branch-and-Cut-and-Price procedure for DOMP Restricted relaxed MP and Pricing problem

Pricing subproblem

n n n n n
=y 6+ Gt D> al- D> - > B
k=2 i=1 j=1 i,k)ES k—1)€S i=1 —1
(’fic,-j (I:cﬁg)c,-j (i,)es (,k)es

(i,k)€S
1 2 n

By 9 di

dyj

D; =

1

di.j dy

where C;; < C,; <--- < G ;. Dynamic programming:O(n3)!!!
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ormulation for DOMP

A Branch-and-Cut-and-Price procedure for DOMP Restrlcted relaxed MP and Pricing problem
Bran

Lower bound

ZrRetrmp + P min Ce < Zipmp < ZReLRMP, (1)
jel,SeS()j)
ZReLRMP + Z mm C’ < ZirRMP < ZReLRMP, (2)

where zgermp and z gyp denote the optimal value of
ReLRMP and LRMP respectively.
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A Branch-and-Cut-and-Price procedure for DOMP

Valid inequalities

Branching on original variables

If xf € {0,1} fori,j,k =1,....n, then yt € {0,1}.
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et partitioning formulation for DC
Pr
A Branch-and-Cut-and-Price procedure for DOMP P and Pricing problem
Branching
Valid inequalities

Branching on original variables

If xf € {0,1} fori,j,k =1,....n, then yt € {0,1}.

0< > yhi<lforsomeij k=1, n?
S53(i,k)
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A Branch-and-Cut-and-Price procedure for DOMP

Valid inequalities

Branching on original variables

If x € {0,1} fori,j,k =1,...,n, then yl € {0,1}.

0< > yhi<lforsomeij k=1, n?
S53(i,k)

ZERO-branch ONE-branch
> -0 > -1

55(i,k) 55(i,k)
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A Branch-and-Cut-and-Price procedure for DOMP

Branc hn
Valid inequalities

ZVS Y oyi<tij=1,....nk=2..,n (¢)

59( S3(1,k—1)
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t partitioning formulation for DOMP

A Branch-and-Cut-and-Price procedure for DOMP

d MP and Pricing problem

Valid inequalities

ZVS Y oyi<tij=1,....nk=2..,n (¢)

53(14) S3(ik—1)

- === Root node Allnodes  — -+ = Disabled
90
80
7 20
L 10
o N
0,01 0,1 1 10 100

F|gu €. Number of solved problems per time using different cut strategies.
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ormulation for DOMP

A Branch-and-Cut-and-Price procedure for DOMP elaxed MP and Pricing problem

Remarks

v Set partitioning formulation with sets of pairs.
v/ Cutting planes added to the model.

[§ S. Deleplanque, M. Labbé, D. Ponce, and J.Puerto
A Branch-Price-and-Cut Procedure for the Discrete
Ordered Median Problem.
INFORMS Journal on Computing, 32 (2020) 582-599
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Convergence of column generation

Du Merle, Villeneuve, Desrosiers, and Hansen (1999)

The classical column generation algorithm performs poorly, as
degeneracy occurs at two levels: when solving the current
linear program and also during several successive major
iterations for which the added columns do not suffice to
modify the objective function value.

Pessoa, Uchoa, Poggi, and Rodrigues (2010)

Du Merle et al. (1999) proposed a dual stabilization technique
to alleviate the convergence difficulties in column generation,
based on a simple observation: the columns that will be part of
the final solution are only generated in the last iterations, when
the dual variables are already close to their optimal values.

From the DOMP to other combinatorial optimization problems D. Ponce 24/29



Convergence of column generation

Algorithm 1 Stabilization in ReLRMP.

1: A=A ®=0; LB(T)=0; GAP =1;
2: while GAP > ¢ do

3: Solve ReLRM P, obtaining ZRel RMP and T ReLRMP: Tst — Aﬂ-ReLRMP + (1 — A)f,
4. for j=1,...,ndo
5: Solve the pricing using 7st, obtaining S;
6: if T (mRreLrRMP) < O then Add variable y.; end if
7 end for )
8 LB(ma)=z(nt)+ Y. Tslmst);
S.j:yhadded
9: if At least one variable was added then
10: if LB(7st) > LB(7) then
11: T = mst; LB(T) = LB(mst);
12: end if
13: else
14: 7 = 7st; LB(T) = LB(7st);
15: end if
16: GAP = ZRelRup—LB(T) .
ZReLRMP
17: if GAP <1 — A then A =1 — GAP; end if
18: end while

From the DOMP to other combinatorial optimization problems D. Ponce 25/29



Convergence of column generation

250 | Py
y ’,” —

0 a7
g:g 200 i/
S /’iv/
1%2] "l/
S 150+ 4
o fi
S o
8 100
kS { - A =02
STY {' - A =0.4

i Ajpir = 0.6

50 + init
== Ajpjp =08
No Stabilization

20 40 60 80 100 120 140
Time(s)

Figure: Performance profile graph with different combination of
Ajpit, #solved instances / n.
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Convergence of column generation

A

Yes
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Convergence of column generation

[§ V. Blanco, A. Japén, D. Ponce, and J. Puerto
On the multisource hyperplanes location problem to fitting
set of points.
Computers and Operations Research, 128 (2021) 105124

[§ S. Benati, D. Ponce, J. Puerto, and A. M. Rodriguez-Chia
A branch-and-price procedure for clustering data that are
graph connected.

European Journal of Operational Research, (2021)

[§ V. Blanco, R. Gazquez, D. Ponce, and J. Puerto
A Branch-and-Price approach for the Continuous
Multifacility Monotone Ordered Median Problem.
Almost submitted
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Convergence of column generation

n Heurvar Iterations Vars Time

Exact Total

20 FALSE 13 13 2189 64.92
TRUE 4 23 2219 18.02
30 FALSE 15 15 2827 1034.97
TRUE 3 60 2856 191.84
40 FALSE 50 50 4713 9086.33
TRUE 13 136 4511 2229.21

Table: Average number of pricer iterations, variables and time
using the combined heuristic and exact pricers or only using the
exact pricer
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