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Introduction to Support Vector Machines (SVM)

Introduction to Support Vector Machine (SVM)

o x; € R? training sample i = 1,...,n.
o y; € {—1,+1} their labels.
o f(x) = wlx + b to optimally separate the training sample.
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Introduction to Support Vector Machines (SVM)

Classic SVM model (Bradley and Mangasarian, 1998)
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Introduction to Support Vector Machines (SVM)

Classic SVM model (Bradley and Mangasarian, 1998)

min —||'wH2 + CZ@

=1
st. yi(wlz;+b)>1-¢&, €N,
& >0, i€N.

In its dual form:

max E a,——E E 0GOG Y YT - T

=1 j=1

s.t. Zaiyi =0,
i=1

Ogaig(], 1€ N.

L B G



Introduction to Support Vector Machines (SV

Classic SVM model (Bradley and Mangasarian, 1998)

min —||'wH2 + CZ@

=1
s.t. yi('chciqu)/ —&, 1€N,
& >0, i€N.

In its dual form:

max Z o — = Z Z azajyzy] :Bi, :Iij)
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s.t. Zaiyi =0,
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New approaches to SVM
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New approaches to SVM
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o Considered norms: ¢1-norm and #s-norm.
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New approaches to SVM

‘ 1 n
min  ~[lwl} +C ) &
p =1

st. yi(wla; +b)>1-¢,
& >0, i€N.

o Considered norms: ¢1-norm and #s-norm.

e Feature selection.

o Penalization of deviations associated with misclassified individuals:

e Ramp Loss.
o Ordered Weighted Average.
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New approaches to SVM
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Including feature selection in SVM:

Including feature selection

(FS-SVM) min  [w]: +C> &,
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Including feature selection

d n
FS-SVM i * )+ C i
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Including feature selection
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Including feature selection in SVM:

Strategies to tighten [ and u

@ Algorithm I: Based on solving a linear model derived from the original

one.
(LP) w+,?ul§§7,£,v wi + wy,
s.t. FS-SVM constraints,
d n
> (i +wy)+C> & < UB,
j=1 i=1
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Strategies to tighten [ and u

@ Algorithm I: Based on solving a linear model derived from the original

one.
+ —
(LP) w*,?u@?z,g,v wy, +wy
s.t. FS-SVM constraints,
d n
Z(w;“ +w; ) + CZ& < UB
j=1 i=1

0<wv; <1, VjeD.

@ Algorithm II Based on a Lagrangian relaxation of the model.

UB — zEE -
=t : LB
u! = min , g
70 1- Z?; QiYiTijo i =1
UB — zE8 -
U, :=min LB -1, (B — E vj)

)
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Including feature selection in SVM:

A heuristic approach for FS-SVM: the Kernel Search

e Kernel Search (KS): Solve a sequence of restricted MILP
derived from the original problem to obtain a bound.

o Applications:

o Location problems. (Guastaroba and Speranza, 2012)
o Portfolio selection. (Angelelli et al., 2012)

e Kernel (K): Set of “promising” variables v, w* and w™.

L Ry
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A heuristic approach for FS-SVM: the Kernel Search
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Including feature selection in SVM:

A heuristic approach for FS-SVM: the Kernel Search

wh ool wi owi g wd o w)
Wy Wy Wy ... Wy W, wkH - Wy
v vy V3 ... UVk—1 U Uky1l ... U4

V.

Initial Kernel Sorted remaining variables.

o > (wf+w;)+C) &< UB,

o Z’UjZl.

K| Ko | Kgl oo f oo o) | K

K=KUK; JEK;
o Update UB.
e Update K.
K+ E E z 9ac




Including feature sele

Computational results on FS-SVM

e Intel(R) Core(TM) i7-4790K CPU 32 GB RAM. Cplex 12.6.3.

Small number of features

Name m n  Class(%)
BUPA 345 6 42/58
PIMA 768 8 65/35
Cleveland 297 13 42/58
Housing 506 13 51/49
Australian 690 14  44/56
GC 1000 24 30/70
WBC 569 30 37/63
Ionosphere 351 33 64/36

Small sample size

Big number of features
Big sample size

Part 1: Validation of the model

o Ten-fold-cross-validation,

o Accuracy: pr

TP+TN
TN+FP+FN

Part 2: Strategies I and II and heuristic approach

Name m n Class(%) Name m n Class(%)
Colon 62 2000 35/65 Lepiota 8124 109 52/48
Leukemia 72 5327 47/53 Arrythmia 420 258 57/43
DLBCL 77T T129  75/25 Madelon 2000 500 50/50
Carcinoma 36 7457 53/47 Mfeat 2000 649 10/90
TP | TN
TP+FN ' TNAFP
and AUC; TEEFNTNEIF
25/06/2021
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re selection

Validation of the FS-SVM model

WBC n=569 d=30

100%

50

9%

——MILP1
e Fisher
—>=RFE
—#—KS FS-SVM

Form. Av. ACC Av. AUC Av.F. B C
0-SVM 97.37%  96.92% 0 - 1
£-SVM  98.07%  97.58% 30 - 22

LP-SVM  97.89% 97.44% 30 - 27°
MILP1  97.02%  96.45% 3 3 -
MILP2  97.89%  97.54% 23 23 275

FSV  4235%  54.03% 20 - -
Fisher-SVM  95.60%  96.19% 30 30 20
RFE-SVM  95.78%  96.33% 23 23 20
FS-SVM  97.72%  97.20% 4 4 2
KS FS-SVM  97.712%  97.20% 4 4 2t
DLBCL n=77 d=7129
Form. Av. ACC Av. AUC Av. F. B C
06-SVM  98.75%  97.50% 32 - 1
£-SVM 96.25%  94.17% 7129 - 1
LP-SVM  97.50%  95.00% 7129 -2

MILP1  88.75%  85.83% 10 10 -

FSV  49.75%  66.67% 23 - -

Fisher-SVM  83.50%  88.17% 100 100 277
RFE-SVM  98.75%  99.17% 40 40 27
KS FS-SVM  98.75%  97.50% 30 30 20

1

16

26

—4—MILP1
~E—-MILP2
e Fisher
~=é=RFE
—#=FS-SVM




Including feature sele

Strategies and heuristic approach

Heuristic results

Colon
B/C Gap txs tBest
Colon n=62 d=2000

FS-SVM St. + FS-SVM 20/1 0.0 5.77 125.26
B/C  _Gap Time  Gap  lw bl ow 20/ 2 0.0 20.87 1388.57
20/2° 0.0 579.94 0.0 31.91 93.35  125.26 20/22 0.0 12.90 1564.57
20/2! 0.3 7200.19 0.0 35.65 1911.11 1946.76 3 ! : .
20/22 0.3 7200.10 0.0 3530 163442 1669.72 20/2 0.0 1085 1528.63
20/23 0.3 7200.10 0.0 3434 1652.39 1686.73 20/2* 0.0 12.96 1580.48
20/2* 0.3 7200.10 0.0 34.80 1549.91 1584.71 5
20/2° 0.3 7200.1 0.0 3432 1380.88 1415.20 20/2 0.0 11.82 1415.20
20/26 0.4 7200.10 0.0 3423 1098.26 1132.48 20/26 0.0 11.15 1087.20
20/27 0.5 7200.11 0.0 3476 1009.93 1044.69 7
10/2° 2.5 7203.00 0.0 40.03 4598.49 4638.52 20/2 0.0 20.51 712.30
10/2' 124 720481  11.2 4616 720386  7250.02 10/1 0.0 1812 4447.71
10/22  10.5 7200.94 13.6 5120 720682  7258.02 10/ 2 6.3/0.0 317.79 7396.14(8:5)
10/23 15.2 720177  12.3 46.35 7206.01  7252.36
10/2 16.9 7203.00  13.5 47.03 720616  7253.19 10/2? 7.5/0.0 453.18 7442.5209)
10/2° 171 720607  13.0 49.17 720629  7255.46 10/23 7.5/0.0 581.85 7470.230-1)
10/26 16.6 720487  12.3 4680 7205.97 7252.77 4 9.2
10/27 17.0 720127  10.8 46.39 7206.23 7252.62 10/2 7.8/0.0  489.36 7481.98(%2)

10/2°  8.0/0.0 508.48 7434.4601)
10,28 7.3/0.0 532.52 7485.48(%9-1)
10/27 7.4/0.0 499.11 7437.580D)

L Ry



Ramp loss SVM based model:

Introduction to ramp loss SVM

M. Labbé, L. I. Martinez-Merino, A. M. Rodriguez-Chia, Mixed Integer
Linear Programming for Feature Selection in Support Vector Machine,
Discrete Applied Mathematics 261 (2019) 276-304.

M. Baldomero-Naranjo, L. I. Martinez-Merino, A. M. Rodriguez-Chia,
Tightening big Ms in integer programming formulations for support

vector machines with ramp loss, European Journal of Operational
Research 286 (1) (2020) 84-100.

M. Baldomero-Naranjo, L. I. Martinez-Merino, A. M. Rodriguez-Chia, A
robust SVM-based approach with feature selection and outliers detection
for classification problems, Expert Systems with Applications 178 (2021)
15017.

A. Marin, L. I. Martinez-Merino, J. Puerto, A. M. Rodriguez-Chia, The
soft-margin Support Vector Machine with ordered weighted average,
(submitted).
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Ramp loss SVM based model

A general ramp loss model

(RL-4,)

min

~(|lwl[,)? +C (Z&“Z%),
i=1 i=
s.t. i

d
if 2, =0, y Zwkxik‘f‘b) >
k=1
0<& <2

1- gi) (NS Na
1€ N,
% €{0,1}, i€ N.
First introduced by (Brooks, 2011)



Ramp loss SVM based model:

A general ramp loss model

(RL-(,-M)

min

1 n n

Sl +C (Z& + 2221) ,
=1 =1

d

sty <Z WETik + b

)ZlfiMZh i€ N,
k=1
0<¢ <2, i€ N,
2z € {0,1}, i€ N.
First introduced by (Brooks, 2011).



Ramp loss SVM based model:

A general ramp loss model

1 n n
(RL-6,-M) min 5<||w||p>”+0<2&+22%>,
=1 =1

d
sty <Zwkxik+b>21§i]%zi, i1 €N,

k=1
z €{0,1}, i€ N.

Our contributions:
@ Valid inequalities for RL-£,-M.

@ Algorithms for tightening M parameters in formulations:

e RL-/1-M
o RL-{5-M

@ Computational results.

L Ry
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Ramp loss SVM based model:

Ramp loss SVM for /;- and fo-norm cases

d n n
(RL- ¢;-M) min z:(w,:r +w,)+C (Z& + 2227;) )

k=1 i=1 =1

d
sty <Z(w,j—w,;)-xik+b> >1-& — M;z;, i€ N,
k=1

wi > 0,w;, >0, k€ D,
§i < 2(1—2), i €N,
0<¢& <2, i €N,
z € {0,1}, i€ N.

o = = = = 9Dace



Ramp loss SVM based model:

Ramp loss SVM for /;- and fo-norm cases

s.t: yz(Z Wk + $zk+b>21_§i_Mizia i€ N,
<

k=1
fi 2(1—21), iGN,
0<& <2, i€ N,
2 € {011, ieN.
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Ramp loss SVM based model

Strategies to tighten M parameter
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Ramp loss SVM based model:

Strategies to tighten M parameter

d
M¢21—§i—yi (Z(w;—wg)-xik+b>,i=1,...,n,
k=1

d
(UBp;) max 1—-&—uy; (Z(w,‘: — Wy )Tk + b) ,

k=1
s.t: constraints of RL-£1-SVM,
d n n
Y (wf +wy)+C (Zfz + 22%) < UBRL-¢,,
k=1 i=1 i=1
0<2 <1, 1 € N.
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Ramp loss SVM based model:

Strategies to tighten M parameter

sH

M;>1-¢& —yi (Z N —wy) xik-l-b),i:l,...,n,

k=1

(UBMi) max 1—¢& —uy; (wkxik + b) ,

S.t: constraints of RL-f5-SVM,
= Zwk +C (Z& +22Z1> < UBRL las
=1 =1
0 S z <1, 1€ N.

L YT



Ramp loss SVM based model:

Some computational results

@ Comparison of several solution approaches for solving the models RL-¢; and
(RL-£1-M).

@ Intel(R) Xeon(R) W-2135 CPU 3.70 GHz 32 GB RAM computer, using
CPLEX 12.7.0. in Concert Technology C ++ .

@ Data:
Datasets n d Class(%)
SONAR 208 60 54/46
SPECT 267 22 79/21
IONO 351 33 64/36
Wdbc 569 30 63/37
WBC 683 9 65/35
Tjennl 35000 22 91/9

Table: Real-life datasets

L T



model:

St.+RL-¢1-M Ind. Const. (LIC)
M’s Impr. tst tiotal GAP t GAP
SONAR | 100 97.92%  11.01 11.90 0.00% 2.20  0.00%
SONAR 10 90.83% 8.76 2686.02 0.00% 7201.62  29.98%
SONAR 1 78.07% 4.59 7218.52 43.16% 7202.05  69.25%
SONAR | 0.1 64.72% 2.42 7214.13 8.94% 7207.08  81.12%
SONAR | 0.01 73.80% 1.53 2.42  0.00% | 7206.15 85.57%
SPECT | 100 63.21% 4.83  7211.33  51.18% | 7202.47 34.16%
SPECT 10 64.22%  4.75 7206.52 31.43% | 7203.11  36.40%
SPECT 1 60.44%  4.95 7207.00 14.51% | 7205.19 42.86%
SPECT | 0.1 53.77%  4.00 16.31  0.00% | 7203.19 43.64%
SPECT | 0.01 99.55%  0.28 0.31  0.00% | 7204.44 32.73%
IONO 100 94.92%  29.38 159.09 0.00% | 7201.85  34.23%
IONO 10 90.97% 25.61 7227.58 18.93% | 7202.60 57.00%
IONO 1 85.06% 22.71 7236.20 42.66% 7201.71  65.34%
IONO 0.1 78.95% 18.55 7232.33 22.22% | 7204.15 81.53%
IONO 0.01 77.23% 16.76 19.15 0.00% | 7205.09 88.89%
Widbc 100 99.08%  38.97 39.74 0.00% 11.62  0.00%
‘Wdbc 10 98.12% 38.37 43.90 0.00% | 2432.62 0.00%
Wdbe 1] 101.33% 40.90 41.18  0.00% | 7204.85 63.00%
Wdbc 0.1 | 102.22% 29.47 29.58  0.00% | 7202.43  86.06%
Wdbce 0.01 38.52% 19.80 23.72  0.00% | 7204.90 93.87%
WBC 100 95.88% 50.90 163.51 0.00% 7212.06  39.09%

WBC 10 95.78% 44.25 135.87 0.00% | 7207.31  30.46%
WBC 1 95.89% 34.13 183.21  0.00% | 7207.86 39.13%
WBC 0.1 97.54% 32.11 32.77  0.00% | 7203.27 51.23%

WBC 0.01 97.69% 21.76 21.82  0.00% | 7205.73 82.77%

Table: Performance of exact approaches on real data for solving RL-£;-M and RL-{;.

L YT



St.+RL-l>-M Ind. Const. (LIC)
Data C | M’s Impr. ty tiotal GAP ¢ GAP
Wpbc 100 | 75.03% 83.20 7283.31 61.50% | 7200.30 74.89%
Wpbe 10| 73.12%  91.57 7298.90 54.19% | 7200.22 79.39%
Wpbe 1| 62.64% 78.19 7280.04 56.31% | 7200.12 79.00%
Wpbe 0.1| 61.73% 64.19 7265.96 54.23% | 7200.46 78.06%
Wpbe | 0.01 | 63.82%  53.60 7255.50 37.44% | 7201.47 76.30%
SONAR | 100 | 90.09% 162.79 173.73  0.00% | 511.82 0.00%
SONAR | 10| 78.74% 149.84 7350.08 17.15% | 7200.22 62.90%
SONAR 1| 73.85% 119.74 7321.56 39.72% | 7200.24 75.27%
SONAR | 0.1 | 64.39% 115.54 7317.44 50.75% | 7200.23 82.49%
SONAR | 0.01 | 50.34% 147.20 7348.83 47.62% | 7200.24 88.27%
SPECT | 100 | 70.21% 189.01 836.86  0.00% | 7200.23 76.40%
SPECT | 10| 70.13% 158.47 7361.31 35.42% | 7200.29 78.39%
SPECT 1| 69.89% 150.57 7353.08 51.00% | 7200.35 79.05%
SPECT | 0.1| 65.31% 170.15 7376.85 36.75% | 7200.19 79.81%
SPECT |0.01 | 55.10% 95.92 7298.00 53.97% | 7209.16 80.60%
TONO 100 | 88.33% 266.56 7467.05 22.43% | 7200.40 58.52%
IONO 10| 85.44% 245.85 7446.34 35.13% | 7200.96 65.65%
IONO 1| 81.51% 228.17 7429.80 42.81% | 7200.51 78.51%
I0ONO 0.1| 78.84% 207.92 7411.75 40.79% | 7201.60 83.29%
IONO | 0.01 | 69.17% 214.34 7430.09 48.28% | 7200.25 90.34%
Wdbc 100 | 97.51% 227.89 230.00  0.00% | 249.77 0.00%
Wdbe 10| 98.62% 319.62 325.70  0.00% | 7200.44 34.59%
Widbe 1| 103.31% 398.20 398.62  0.00% | 7200.28 68.70%
Wdbc 0.1 | 103.59% 410.37 410.53  0.00% | 7200.49 87.19%
Wdbe | 0.01 | 101.29% 403.58 403.63  0.00% | 7200.27 95.10%
WBC 100 | 93.37% 244.73 313.64 0.00% | 7200.33 40.99%
WBC 10| 93.65% 211.91 271.58  0.00% | 7200.50 43.27%
WBC 1| 94.49% 214.41 277.75  0.00% | 7200.71 43.56%
WBC 0.1| 99.24% 355.86 356.35 0.00% | 7200.31 60.36%
WBC 0.01 | 105.06% 364.61 364.69 0.00% | 7200.27 80.36%

Table: Performance of exact approaches on real data for solving (RL-£2-M) and (RL-£2).
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Combining feature selection and ramp loss:

A new model with feature selection and ramp loss.

d n n
(RL-FS-M) min  »  (wi +wy) +C (Z &+ 22z> :
k=1 i=1 i=1
d
s.t. <Z(wkJr —wy, )Tik + b) >1—-& — Mz, i€ N.
k=1
w,i' < URVk, ke D,
wy, < lpog, ke D,
d
v < B,
k=1
v € {0,1}, ke D,
wi > 0,wy, >0, ke D,
0<& <2, i €N,
2z € {0,1}, i€N.
o <P - = T 9ac
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big M parameters

Algorithm 1: Variant 1 and 2. Computation of big M parameters.

Solve the problem (SVM-£1). From its optimal solution, build and solve
(SVM-£1)3,z. From its solution build a feasible solution of (RL-FS-M) and
obtain an upper bound (UB).

for i € N do
L M; = max {||z;

JEN

for k€ D do
L up = UB, [ =UB.
Solve (UB-w). Let UB,, be the optimal objective value of this problem.
Update M; = max {l|z: — @j]|oo : ¥i = y;} - UBw,ur = UBy, and I = UB,,. Add
the obtained bounds to the formulation (RL-FS-M) including the set of
constraints associated with w bounds.
Obtain LB, and UBy, lower and upper bounds respectively, of the b-variable by
solving (LB-b) and (UB-b).
Include the constraint LB, < b < UB, in the formulation (RL-FS-M).
while an improvement of the bounds is obtained do
Repeat Steps 6 and 7 including constraints related to bounds and
LBy < b < UB, in model (UB-w).
@ Case Variant I:
for i € N do
|_ Update M; as the optimal value of the problem (UBay,).

Tjlloc sy = y;} - UB.

@ Case Variant II:
For i € N, when y; = 1, update M; as the optimal value of the problem
(UB My ) .
For i € N, when y; = —1, update M; as the optimal value of the problem
(UBa_).

L Ry
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Combining feature selection and ramp loss:

Adaptative Kernel Search-based heuristic (DAKS)

@ Initial step: Algotrithm 5 is applied obtaining:
e Initial UB on the opt. obj. val. and initial values of big Ms.
0, z; =0 in the next iteration.
o 2 {1, z =1 in the next iteration.
2, z; is a binary variable in the next iteration.
@ Second step:
e Sort v variables and define the Initial kernel K.
o Solve RL-FS-M(K); and update 2 is updated.
@ Third step: Iterative process:
e In each iteration, K; C D is added to the kernel.

o Solve RL-FS-M(K U By;) ,, update Kernel set and update 2.
o After some iterations, the second phase is repeated to reorder

v-variables using the information of the current z-variables values.

Other characteristics: different stop criteria, updating kernel set
sizes, updating time limits, etc.
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Combining feature selection and ramp loss:

Computational results

@ Intel(R) Xeon(R) W-2135 CPU 3.70 GHz 32 GB RAM computer, using
CPLEX 12.7.0. in Concert Technology C ++ .

@ Data:
Label n d  Class(%)
Colon 62 2000 35/65
Leukemia 72 5327 47/53
DLBCL 7T 7129 75/25
SONAR 208 60 54/46
IONO 351 33 64/36
Arrhythmia 420 258 57/43
Wdbc 569 30 63/37
Mfeat 2000 649 10/90
Lepiota 8124 109 52/48

@ Validation of (RL-FS-M) and results of DASKS.

L T



ection and ramp

DASKS results

Data C te GAP th %BS
100 | 7225.01  23.59% 49.06  0.00%
10 | 7219.15 21.95% 34.66 2.40%

Data c te  GAP b %BS
Colon | & | THBTO DAL 100 Lok 100 | 724487 08.80% 184490 -10.00%
001 2 0007 1ot 000 10 | 7268.66 98.38% 1860.49  -8.91%
! . 00% : .

I L T3 Arthythmia | 1| 724676 89.60% 1844.65 -1.91%
10 | 7241.98 12.77%  101.67  2.05% Oo[ﬁ Z?ZZZ §S‘SZ5 1223‘83‘, 8‘33?
. . ! : . 5 59.64% .1 .00%
Leukemia |+ | T2LOT1A8HE - oa T o0 100 | 195427  0.00% 14865  1.02%
ot i 0007 Y 000% 10| 20405 0.00% 4496  0.00%

) : 00% : 00% 30
100 | 725071 1042% 7315  0.37% Wdbe LA 000 50 O'UOZ;
10 | 7266.44 10.76% 8242  0.37% 0061 723?;; 12‘2%? 332'5 g'gglyg
DLBCL 1| 732672 10.35% 11393  2.33% : E 3% 13133 5.0
0.1 | 243737 0.00%  58.74  0.00% R R o R A o
0.01 710 0.00% .36 0.00% 1(1) 728'4? ??é; gg‘gg 0.80%
100 | 721741 94.46% 30270 4.83% Mfeat 01 1063'23 000% 7027  0.00%
10 | 721148 90.50%  202.88  1.91% 001 | 7233.85 57.84% 10185  0.00%
SONAR 1] 720542 59.18%  578.35  0.56% 100 6353 000% 2652 0.00%
0.1 | 7207.64 55.09% 1487.38  0.00% : 00 ' 0%
0.01 | 7207.57  1.02% 276 0.00% 10| 476 g‘ggg” §g;5 g’gg;
100 | 7222.98 84.66%  77.35 -8.55% Lepiota L eer o0 6 000%
10 | 7226.58  72.06%  173.36  0.00% 01 | 129,02 11'64;’ 258‘?3 g'ggéj

: : : : 01 | 7403, L75% ) ;

1ONO 1| 7237.98 6371% 11758 -3.07% 001 [ M350 175% 276 :

0.1 | 7221.80  46.56% 305.99 -0.07%
0.01 | 7222.49 12.13% 37845  0.00%

L YT



Combining feature selection and ramp loss:

Validation of (RL-FS-M)

5% Label noise 5% SVM outliers
Av. ACC impr. | Av. AUC impr. ACC impr. | Av. AUC impr.
(Max. ACC impr.) | (Max. AUC impr.) | (Max. ACC impr.) | (Max. AUC impr.)
(FS-SVM) 0.44 (2.81) 0.32 (3.08) 2.71(10.13) 370 (14.58)
(Fisher-SVM) 5.50 (23.58) 5.00 (22.78) 3.39 (14.46) 3.15 (11.22)
(RFE-SVM) 5.49 (8.08) 7.01 (19.35) 111 (2.54) 1.26 (2.82)
(RL-£,-M) 0.51 (3.88) 0. 75 (4.29) 0.50 (3.32) 0.64 (3.64)
(SVM-£,) 1.19 (3.17) 1.66 (3.21) 2.58 (5.97) 3.06 (6.53)

Table: Improvement of (RL-FS-M) with respect to the rest of the models.
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Ordered Weighted Average in SVM:

Ordered Weighted Average in SVM
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Ordered Weighted Average in SVM:

Ordered weighted average
Let A = (A1,

min
(w,b,€)
s.t.

, An) weight vector with A\; > 0 for i € N,

1 n
Fllwl3 +C " Nk,

=1

yi(wTa:i +b)>1-¢&, i€N,
51’ 207

1€ N.



Ordered Weighted Average in SVM:

Ordered weighted average

Let A = (A1,...,A\n) weight vector with A\; > 0 for i € N,

1L, S
i = c A&
ity IO N,

s.t. yiw z; +b) >1—¢&, ieN,
& >0, ieN.

@ It allows the decision maker to decide how much to penalize big or small
deviations.

@ Previous approaches considering OWA in SVMs:

ﬁ S. Maldonado, and J. Merigé, and J. Miranda.
Redefining support vector machines with the ordered weighted average
Knowledge-Based Systems, 148, 41-46,2018.

@ Our contribution:

o Formulation for non-decreasing weights (QP)
o Formulation for general weights (MIQP)
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Ordered Weighted Average in SVM:

Formulation for non-decreasing weights

LetOS)\lg)\gS...SAn,

1 n
min §le|§ +maxC Y Nz,

(w’b5£7z) ,L:1
s.t. yi(wlz; +b) >1-¢, i € N,
n
Dz =1, j €N,
1=1
n
zij = 1, 1€ N,
i=j
O_ZZ]<17 27j€N7
51 > 07 7€ N.



Ordered Weighted Average in SVM:

Formulation for non-decreasing weights

LetOS)\lg)\QS...SAn,

1 n n
(C-OWA-SVM) min ille% +) ui+ > v,
j=1 i=1

(w’b5§7u7v)
s.t. yi(wai +b)>1-¢, 1€ N,
u; +v; > CNj&, i, € N,
§& >0, i€ N.
=] [ = = A



Ordered Weighted Average in SVM:

Formulation for non-decreasing weights

Let 0 <A1 < A <L < Ay,

1 n n
(C-OWA-SVM) min §||w||§ + Z uj + Z V4,
j=1 i=1

(w,b,&,u,v)
.t yi(w'z; +b) >1-&, €N,
U]+U120)\j§27 i,jEN,
§& >0, i€ N.
Non linear Kernels can be applied by using the dual form of
(C-OWA-SVM). J
or <3 = = = 9ac



Ordered Weighted Average in SVM:

Formulation for general weights

Let 0 < A1, A2, ..., Ay general weights.

1 n
(NC-OWA-SVM)  min 5||w||§ +CY M,

(w,b,§,2,0) =
s.t. yi('wai + b) >1-¢&, i €N,
Zzik = 17 ke N)
i=1
Zik = 1, 1€ N,
k=1

j=1
i<k
& >0, i € N.
Z1k€{071}7 27k€N7
0, >0, ke N.
o F = E E DA



Ordered Weighted Average in SVM:

Formulation for general weights

Let 0 < A1, A2, ..., Ay general weights.

1 n
(NC-OWA-SVM)  min 5||w||§ +CY M,

(w,b,€,2,0) ot
s.t. yi('wai + b) >1-¢&, i €N,
Z zik = 1, k€N,
i=1
zZik = 1, 1 €N,
k=1

j=1
i<k
& >0, i € N.
sze{071}7 27k€N7
0, >0, ke N.
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Ordered Weighted Average in SVM:

Non linear Kernels can be applied by using the dual form of (NC-OWA-SVM). )
3 - i Y O L Akbr,
(NC-OWA-SVMk) (a,glglg,e) 5 ;ley YT - Ty + CZ kO
s.t. yi(Zyjajxi-a:j—kb) >1-¢&, 1€ N,
j=1

Zik = k€N,

- 5

NgE

i=1

NaE

Zik = 1, it €N,
k=1
ekzgi—Ma—Zzij), i,k €N,
i<k
& >0, i €N,
zik € {0,1}, i,k e N,
O >0 kGN,
a; >0 o = - =pe N. Dac



Ordered Weighted Average in SVM:

Non linear Kernels can be applied by using the dual form of (NC-OWA-SVM). )
- - i 7 7 (3 )‘ 0 ’
(NC-OWA-SVMk) (a,glglg,e) 3 ; ley yijoio K (i, ;) + CZ kO
s.t. yz‘(zyjajK(mi,mj)ﬂLb) >1-6&, i €N,
j=1
Zzik =1, k € N,
i=1
> =1, i€ N,
k=1
O > & - M(1= ) zy), ik € N,
=1
i<k
& >0, i€ N,
zir € {0,1}, i,k €N,
Or >0, k € N,



Ordered Weighted Average in SVM:

Computational results

o Intel (R) Xeon (R) W-2245 CPU 3.90 GHz 3.91 GHz 256 GB RAM

e Python+Cplex 20.1
e Real life datasets (UCI repository):

Dataset Samples % Class Features
IONO 351 64.1/35.9 34
WBC 569 62.7/37.3 30
AUS 690 55.5/44.5 14
DIA 768 65.1/34.9 8
GC 1000 70.0/30.0 24
SPL 1000 51.7/48.3 60

o Weights based on linguistic quantifiers.
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Ordered Weighted Average in SVM:

ACC and AUC comparisons

ACC (%)
Data  £5-SVM  app-OWA-SVM  ex-OWA-SVM  £5-SVMy  app-OWA-SVMy  ex-OWA-SVMjy
IONO  90.60% 90.89% 90.89%  95.44% 95.72% 95.72%
WBC 98.07% 98.07% 97.71% 98.24% 98.42% 98.77%
AUS  85.51% 86.09% 85.51%  86.38% 87.25% 87.39%
DIA 77.60% 77.73% 77.73% 77.34% 78.38% 78.12%
GC  76.90% 77.50% T7.30%  77.30% 77.50% 77.50%
SPL 81.30% 82.00% 81.70% 88.40% 89.80% 89.40%

AUC (%)
Data  (5-SVM  app-OWA-SVM  ex-OWA-SVM  £5-SVMy app-OWA-SVMy  ex-OWA-SVMjy
IONO  88.67% 88.89% 88.80%  94.55% 95.15% 95.15%
WBC 97.70% 97.70% 97.14% 97.84% 98.08% 98.44%
AUS  86.20% 86.67% 86.20%  86.54% 87.46% 87.71%
DIA 72.32% 72.96% 73.00% 72.19% 73.30% 73.30%
GC  68.98% 71.00% 69.19%  68.74% 71.67% 69.90%
SPL 81.41% 82.02% 81.78% 88.41% 89.86% 89.86%
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Ordered V hted Average in SVM:

Time comparisons

Time (s)
app-OWA-SVM app-OWA-SVM g
Data  (-SVM Step 1 Step 2 ex-OWA-SVM  (5-SVMg Step 1 Step 2 ex-OWA-SVM g
IONO 0.023 0.014  0.212 4.725 0.006  0.003 1.900 4.967
WBC 0.003  0.003 0.494 12.628 0.003  0.002 4.915 9.345
AUS 0.011 0425  0.297 19.900 0.014 0.014 8.105 26.609
DIA 0.013  0.009 0.286 25.133 0.013  0.008 9.944 21.536
GC 0.033  0.016  0.560 41.788 0.024  0.025 17.090 31.707
SPL 0.022  0.522 0.815 40.561 0.057  0.038 16.387 30.866
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Some conclusions

Some conclusions

New considerations in the classical SVM model

e Feature selection (FS-SVM):

e Better interpretation.
o Dealing with costly features.

e SVM with ramp loss. (RL-¢;-M, RL-(2-M)
e Robust in presence of outliers.
e Feature selection and ramp loss. (RL-FS-SVM)
e Including Ordered Weighted Average in SVM. (OWA-SVM)

o Different penalization to errors depending on their sizes.

L YT



Some conclusions
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Thank you for your attention!

o F = = £ DA
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