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Refraction

Change 1n direction of propagation of any wave as a result of its
traveling at different speeds at different points along the wave
front.

Applications: Transportation Systems connecting urban and rural
areas; natural barriers or borders, ...
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Lemma

If1 < pa,pB < +00, the length d,,,,(a,b) of the shortest weighted
path between a and b s

dpip5 (@, b) = wallz™ — allp, + wsl[z* = bllps,

t

where z* = (zf,...,z})t, atz* = B must satisfy the following

conditions:



SP between points separated by a hyperplane

1. For all j such that a; = 0:

llz* — allp, llz* = bllzs

2. For all 4,7 such that o;a; # 0.

=l
oo | 18 = ail M7 sg(z! — ai)
z* — al|p, a;
a

+wb[

llz* = bllps a;

|z — b ]pBl sg(z — b))

llz* — allp, aj llz* = bll55 ay

o -1 * * —1 o
[ |2 — a ]“ sg(z — &) n b[ |z — by ]pE sg(z — b))

I* —a; pa—1 a:* — b pp—1
Wa [u] sg(z —a;)+wy [u] sg(z/—b;) = 0.




Generalized Snell’s Law

_ejay — oy

Mo Vs = el
A




Generalized Snell’s Law

The point z* in H must satisfy:
1. For all j such that a; = 0:

[ |z —ai| 1747 z* — b P81
Wa | ’j J| ] sg(:v]v*—aj)+wb {M} sg(:z:]-*—bj) =0.

[lz* = allps llz* = bllss

2. For all 1,3, a;a; # 0.

Wq

[sing, 7o, | ™ sg(e — a) siny, 1, ]"° " sg(el — by)
+ wp =
o o || o

. -1 " E -1 i
» [smu %,]“ sg(z] — o) o [smpa *rb,r sg(z — b;)
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Generalized Snell’s Law

If d =2, pa = pg = 2 the point z* satisfies:
wasinf, = wgsinbp,

where 8, and g are:
1. of a1 < @y, the angles between the vectors a — z* and
(—az,a1), and b — z* and (az, —a1)?.

2. if ag > a, the angles between the vectors a — z* and
(g, —a1)?, and b — z* and (—ag, a1)t.




Location under Refraction

Given H = {z € R? : o'z = f}, A C Hy, B C Hp:

= inf Z“’a paps (T, @ +Zwb a5 (25 D)
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where d, ,,(z,y) is the length of the SP between z,y € R9.
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[ Our Goal: Exact approach for solving (P) for any d and any ¢,-norms.
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Shortest paths

For z € R¢, then we assume that the shortest path length between z
and a € Hy or b € Hp is:

lz — allp, if ¢ € Hy,
dpy,p5 (T, @) = m%r{l||y—a||“+||m—y||p5 if z € Hg,
ye

and

llz — Bllps if z € Hp,
dp 5 (T, b) = min ||y = bllp, + |z — yll,, if 2 € Ha.
ye




Shortest paths

For z € R¢, then we assume that the shortest path length between z
and a € Hy or b € Hp is:

lz — allp, if ¢ € Hy,
dpy,p5 (T, @) = mi,),l:tl||y_a'||p,4+||m_y||p5 if z € Hg,
ye

and

llz — Bllps if z € Hp,
dp 5 (T, b) = min ||y = bllp, + |z — yll,, if 2 € Ha.
ye

Theorem

Assume that min{|A|,|B|} > 2. If the points in A or B are not
collinear and pa < +oo, pg > 1 then Problem (P) always has a
unique optimal solution.




Formulation

ming wqeZq + E wyZp

acA bEB

st 2o — Zo < Ma(1 —1y),
6o+ Uy — Za SMa'Y:
2y — 2y < My 7,
0s + up — Zp < My (1 — 1),
Za 2 ||E - a”PAv
62 > ||z — Yallpp,
Us 2 |l — Yallpy,

2z > ||z — bHPB’

Va € A,
Va € A,
Vb € B,
Vb € B,
Va € A,
Va € A,
Va € A,
Vb € B,

6o > ||z — ysllpy»

u > |[b— wllpg,

a'z —B<M(1-7),
o'z — B> — My,
o'ys = B,

o'y, = B,
ZayZas0a, Ua 2 0,

Zy, 26, 0B, ug > 0,
Ya, ¥s € RY,

v € {0,1}.

Vb € B,
vb € B,

Va € A,

vb € B,
Va € A,
vb € B,

Va € A,b € B,



Divide et impera




Divide et impera

Pa

Pp

ming WaZg + E wybp + E WpUp

aEA bEB bEB
s.t.

2, 2> lz — aHpA,V“' €A,

65 > ||z — yo|lp,, VD € B,

up 2 |6 — wollpg, V0 € B,

a'y, = B,vb € B,

a'z < B,

2, >0, Va € A,

0y, u, > 0, Vb € B,

z, Y € R,

ming wa2p + E waba + E Walag

beB a€4A a€A
s.t.
% 2 |le — bllp5, Vb € B,
fa > ||z — ya Va € A,
Us > |l@ — Yallpy, Va € A,
a'ya = p,Va € 4,
o'z > B,
2 >0, Vb C B,
0q,uq > 0, Va € A,

HPBr

, 9. € R%.
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NLP Formulation

Let || - ||, be a fy,-norm with p; = £ > 1, r;,s; € N\ {0}, and
ged(ri, s;) = 1 for i € {A, B}. Then, solving (P,) is equivalent to

min E wuz,,+g w]6]+g WhUp
d

a€A beB beB
E Ear < zq,
st. e EHy,y € H,

ta — 2k + ax > 0,
t zr —ar > 0
ak + Tk r 2> 0, E:Pbkgeb,
Uk + Tx — Yok > 0,
Vok — T + Yok > O,

gok — Yor + bx > 0, Z#’ <
u’
gk + Yor — bk > 0, e

k=1
tTA < ESAZTA_SA
ak = Eaks tak, Pk, Yok, Yok, Gok > 0,
T4 SA pTA—SA
Ubk < p 9 ) Zn,gb, Up 2 0,

gl,rk <'l/) ’BiSB’ T,y € RY.




NLP Formulation

Let || - ||, be a fy,-norm with p; = £ > 1, r;,s; € N\ {0}, and
ged(ri, s;) = 1 for i € {A, B}. Then, solving (P,) is equivalent to

min E wuz,,+g w]6]+g WhUp
d

a€A bEB beB
E Ear < zq,
st. e EHy,y € H,

ta — 2k + ax > 0,

= 2 Zpbk<9b,
Uk + Tx — Yok > 0, o
Vok — T + Yok > O,

gok — Yor + bx > 0,

gk + Yor — bk > 0, Z¢bk s w,

trA< aAZrA—sA
w <t Eaks tak, Pk, Yok, Yok, Gok > 0,

< p‘Ag"A A, Zay 0y, up > 0,
g < B, z, € R

-
v,




SOCP Formulation

Let 7 = % be such that r,s € N\ {0}, 7 > 5, gcd(r,s) = 1 and k = [logy(r) — 1].
Let z, u and t be non negative and satisfying x° < ut" %, then, there ezists w such that,
such a constraint is equivalent to:

62 < A.B;, Yi=1,...,m

z? < Amt1Bmya,

where A;, B; € {6;—1,u,t,z} fort=1,....,mand m =1+ 2#{i:a;+Bi+v:i >2,1<
1 <k—1}+#{i 0+ B+ 7 <1,1<i < k — 1} ~ O(log(r)) with:

s = 12t e 02" 4 a2t + 2P,
r—s = B2 4B 22 4 4 B2t £ B2’
2 —r = oy a2 T 2t 4 y2°,

k—1

2* (r—1 4 Br—1 + 7e-1)2""" + - + (a0 + Bo + 70)2°,

ai, Bi, v €{0,1}.




SOCP Formulation

Problem (P4) can be represented as a semudefinite programming
problem with:

I |A|(2d 4+ 1) + |B|(4d + 3) + 1 linear constraints, and

I at most 4d(|A|log ra + |B|log ra + |B|log rg) positive
semudefinite constraints.




Constrained Case

Theorem

Let K := {z € R¢ : g;(z) > 0,7 =1,...,1} be a basic closed, compact semialgebraic set with
nonempty interior, and consider the restricted problem:

min we d(z,a) + wy d(z, b). (1)
€K

a€A bEB

Assume that K satisfies the Archimedean property and further that any of the following
conditions hold:

1. gi(z) are concave for i =1,...,1 and — Zi_l u,Vzgt(m) > 0 for each dual pair

(z, u) of the problem of minimizing any linear functional ctz on K (Positive Definite
Lagrange Hessian (PDLH)).

2. gi(z) are sos-concave on K for i =1,...,1 or g;(z) are concave on K and strictly
concave on the boundary of K where they vanish, i.e. 8K N 8{z € R : gi(z) = 0}, for
allt =1,...,1L

3. gi(z) are strictly quasi-concave on K for i =1,...,1.

Then, there ezists a constructive finite dimension embedding, which only depends on pa, ps
and gi, 1 = 1,...,1, such that the solution of (1) can be obtained by solving two semidefinite
programming problems.




Hyperplane Endowed with a third norm...

b | |
I I
I I
I I

| | B
Ogp1 |

I |

J\(I)
Y |

L

A 64

R —

lla = bll,, if a,b € Hy, 2 € {4, B},
d(a,0) = ¢ min ||z — allp, + |z = ¥llpy + ly — bllp5 if a €Ha, b€ Hs,
z,yEH

(DT)




Snell’s like result

Assume that || - ||p,, || llpss || - ||ps are £p-norms with 1 < p < +o0.
Let z*,y* € R?, a’z* = a’y* = B. Then, z* and y* define the
shortest weighted path between a and b when traversing the
hyperplane is allowed if and only if the following conditions are
satisfied:

1. For all j such that o; = 0:

[z — 9]

llz* — y*llogy

|i |$]* — 4
“ L

]pH*l
T sg(z —y ) =0
lz* = allp, 7 '

pp—1
| sate - e+ |

|y7* — ]P571 * |$J* — y;l e * *
Wy | T sg(y, — b)) —wy [f] sg(z —y ) =0.
[Hy — bl o llz* = 9*llog 7Y




Snell’s like result

2. For all ¢,7, such that a;o; # 0:
sinvya, 1PA71 sg(z” — a;) |z — 7| 1PE 7" sg(a — u))
We +wH " . =
o] ;g llz* = y*[lpg Qg
sinvye; 17471 sg(z) — g;) lef —uf| 1721 sgle —u))
Wq + wH " "
oy | ay lz* = y*|lpp Q
and
Y I:Sin,ybt]pg—l sg() — b:) . |: ¥ — 7| ]pyfl sg(z” — u7)
— @ =
el a; llz* — y*llpp a;
Y |:sin’y;,]]"5*1 sg(y]* —b) o [ \a:]" _ y;\ }pH—l sg(g;]* _ y;)
a
| | Qy lz* — y*|lpg Q

’




Snell’s like result

Ifd=2, pa=pp=pg =2 and H = {(z1, ) € R? : z, = 0}, the

points ¢, y* satisfy one of the following conditions:
1. wgsinf, = wysinfy, = wgﬁ
PH

2. wysinf, = wysinf, and z* = y*,

and z* # y*, or

where 8, s the angle between the vectors a — z* and (0,—1) and
0y the angle between b — y* and (0,1).




Location if the hyperplane is endowed with third norm

alc‘lé]lR% Z wydi(z,a) + Zwb d:(z, b). (PT)
aEA beB




Location if the hyperplane is endowed with third norm

Assume that min{|A|,|B|} > 2. If the points in A or B are not
collinear and pg > 1 or ps < +oo then Problem (PT) always has
a unique optimal solution.

Let A,BCR? and H = {z € R¢: alz = B}. Then, if
pa > pp > pE, Problem (PT) reduces to Problem (P).

(PT) can also be formulated as a SOCP Problem.




Experiments: Comparisons

SOCP coded in Gurobi 5.6 (PC with an Intel Core i7 processor at 2x
2.40 GHz, and 4GB RAM). Barrier convergence tol. QCP: 10710,

|AU B| H CPUTime (P) * (P) CPUTime!'# fid

47 y—=c 0.037041 26.951942 49.62 26.951958

18 1 y =15z 0.057064 112.350633 35.54 112.350702
30 § y = 0.5z 0.056049 301.378686 8.25 301.491361
30 y=2z 0.076050 265.071645 15.31 265.973315
30 y = 1.5z 0.074053 257.814199 16.94 257.814247
50 y = 0.5z 0.107079 1126.392248 35.00 1127.382313
50 y =z 0.116091 966.377027 30.61 966.377615
50 § y =15z 0.095062 939.487369 29.44 939.487629




Experiments: Comparisons

SOCP coded in Gurobi 5.6 (PC with an Intel Core i7 processor at 2x
2.40 GHz, and 4GB RAM). Barrier convergence tol. QCP: 10710,

|AU B| H CPUTime (P) * (P) CPUTime!'# fid
47 y—=c 0.037041 26.951942 49.62 26.951958
18 T y = 1.5z 0.057064 112.350633 35.54 112.350702
30 § y = 0.5z 0.056049 301.378686 8.25 301.491361
30 y=¢ 0.076050 265.971645 15.31 265.973315
30 y = 1.5z 0.074053 257.814199 16.94 257.814247
50 y — 0.5z 0.107079 1126.392248 35.00 1127.382313
50 Yy — =z 0.116091 966.377027 30.61 966.377615
50 § y — 1.5z 0.095062 939.487369 29.44 939.487629
|[AU B| H CPUTime(PT) | f* (PT) z* (PT)
47 y—c 0.0000 20.5307 | (0.000000, 0.000001)
18 y — 1.5z 0.0000 108.3362 | (8.811381,7.119336)
30 y — 0.5z 0.0156 254.7805 | (6.000000, 3.000000)
30 y==c 0.0000 230.7513 | (5.234851, 5.234838)
30 § y = 1.5z 0.0156 244.4072 | (5.153294,5.102873)
50 § y = 0.5z 0.0156 917.1736 | (11.923664,5.961832)
50 § y=¢c 0.0156 808.2990 | (10.000020, 9.999995)
50 § y = 1.5z 0.0156 892.4482 | (10.521522,9.571467)




Eilon, Watson-Gandy & Christofides data set

|4U B| =50 H = {y = 1.6z} (J[A] = 15) H = {y = ¢} (JA] = 18) H = {y = 0.5z} (JA] = 39)

P4 B Py CPUTime * CPUTime * CPUTime i*

1.5 1 0.0000 230.8447 0.0313 212.0341 0.0156 200.6406

= 1 0.0158 227.9991 0.0156 202.6576 0.0000 185.9525

1.5 0.0313 104.1881 0.0313 189.0401 0.0156 182.1283

1 0.0313 223.8203 0.0469 104.1612 0.0156 174.0444

3 1.5 0.0156 102.0466 0.0469 180.9279 0.0313 170.3199

2 0.0156 178.2223 0.0312 174.8964 0.0313 168.5066

1 0.0000 219.8367 0.0000 182.1900 0.0000 161.2033

o 1.5 0.0313 188.7783 0.0156 168.9589 0.0000 157.2146

2 0.0156 175.4420 0.0156 163.6797 0.0000 155.6124

3 0.0156 164.5924 0.0156 159.3740 0.0156 154.3965

1.5 0.0156 237.4732 0.0156 224.0178 0.0000 236.1300

o il 2 0.0000 237.3162 0.0156 218.0480 0.0000 235.4689

3 0.0156 236.3904 0.0156 213.5501 0.0156 234.9807

= 0.0000 233.7967 0.0156 204.3500 0.0000 234.7300

2 0.0156 230.8165 0.0313 206.9512 0.0469 200.5514

1 3 0.0625 228.5484 0.0938 201.5863 0.0156 200.3068

e =) 0.0313 225.0387 0.0156 102.4722 0.0156 200.1428

: 2 0.0313 106.5559 0.0469 103.3584 0.0313 106.4864

1.5 3 0.0469 106.5561 0.0469 188.3989 0.0313 106.3008

= 0.0156 106.5431 0.0469 179.3396 0.0313 106.1787

1 3 0.0156 225.7539 0.0313 197.2805 0.0156 185.9501

oo 0.0156 223.1421 0.0156 188.1506 0.0156 185.9133

2 1.5 3 0.0469 194.1881 0.0469 184.0770 0.0313 182.1271

=) 0.0156 104.1881 0.0313 175.0117 0.0158 182.00556

= 3 0.0156 180.1096 0.0156 178.0624 0.0156 180.1007

= 0.0156 180.1097 0.0156 169.7842 0.0156 180.0857

1 0.0313 221.2011 0.0156 184.9957 0.0313 174.0442

3 1.5 . 0.0313 192.0466 0.0313 171.8455 0.0313 170.3199

2 0.0156 178.2223 0.0313 166.6027 0.0156 168.5066

3 0.0312 166.8362 0.0469 162.3214 0.0313 166.8361




Experiments: Larger Instances

[AU B] = 5000

[AU B[ = 10000

[AU B = 50000

PA B PH d=2 d=3 d=>5 d=2 d=3 d=25 d =2 d =23 d=>5
1.5 1 3.2034 5.4599 10.1520 7.4852 9.2511 19.0804 40.9418 74.9246 115.2941
2 1 1.5939 2.2502 7.6415 5.1255 8.2040 14.0078 21.8708 25.9411 59.7786
1.5 3.9692 6.0632 4.5474 8.1728 14.0797 23.8067 55.2635 83.8310 154.2883
1 3.9222 5.1412 6.9852 6.8132 9.4927 20.6114 42.9964 61.4724 116.4665
3 1.5 5.4850 10.0950 13.4449 14.3149 | 21.0337 34.0574 91.9616 106.6900 206.6997
2 7.9385 9.8603 10.1802 14.2672 | 17.7362 38.0629 95.3150 135.0647 180.6230
1 0.3125 0.6940 9.4607 0.8750 1.6096 6.3288 6.0945 25.7856 89.7772
o 1.5 1.2346 2.2502 8.6333 5.6724 4.9605 9.1259 18.8410 32.5503 54.0310
2 0.8908 1.2188 15.9704 1.9534 2.7346 7.9853 18.8615 17.2053 40.5464
3 3.4691 2.7346 12.0584 9.5637 6.7195 9.5323 71.7654 70.1868 49.5907
1.5 | 18.9396 | 28.7109 15.6735 37.5415 | 80.9833 | 401.8414 506.6057 | 878.6363 3171.6235
1 1 2 13.7043 | 24.4318 13.2359 29.2056 | 68.3894 [ 372.3283 354.3334 721.5562 3166.1511
3 17.5702 | 25.1258 3.8570 39.3008 | 93.4990 [ 415.0733 541.8219 [ 1014.1090 [ 3945.8234
oo 4.9695 11.7517 3.1101 13.7673 | 26.7468 96.7260 133.7586 632.9736 2492.2830
2 5.2506 8.2509 4.6457 13.7986 | 16.0956 37.3793 105.4177 103.2694 273.0866
1 3 6.2975 11.9545 4.0473 13.2135 | 24.9720 57.8267 96.9583 128.9880 326.7660
1.5 oo 3.6722 5.5632 4.1409 7.0632 13.1580 31.0345 46.1239 81.3482 118.2435
: 2 12.9546 | 15.8455 3.7347 23.3466 | 29.3155 46.6898 138.6629 200.2891 385.1307
1.5 3 13.5232 [ 14.9234 4.5473 22.2837 | 33.9099 53.9483 171.0538 175.6803 697.5071
oo 12.0022 | 11.5482 3.9533 21.8464 | 22.1743 37.0102 111.1779 144.5975 241.2852
1 3 3.5316 7.6883 125.3288 9.8294 11.5794 41.0986 61.4067 62.9410 158.6635
oo 1.7034 3.3288 145.9833 3.5629 7.7041 15.4610 22.8465 38.9976 98.4269
2 15 3 5.6255 9.3605 105.3967 13.4234 | 19.0805 45.4697 71.1114 101.3439 269.3303
oo 5.1256 5.4850 137.3159 7.6791 16.5075 24.8255 63.0027 85.4602 134.8291
2 3 6.6725 9.4387 132.3028 12.1731 [ 20.4003 39.2473 79.9453 121.0863 220.7875
oo 4.6879 5.4607 153.6319 9.4696 14.5639 22.6620 68.1690 63.1358 118.4005
1 3.7357 6.5511 17.7052 7.8602 10.1575 34.1457 37.1292 48.5630 140.3546
3 1.5 o 7.7665 10.4455 17.7145 15.2061 | 26.2626 37.2546 84.7931 119.5438 235.1177
2 7.6569 10.6885 17.4306 16.5483 | 23.6745 44.5896 99.2611 227.0411 219.4903
3 9.8843 10.0948 19.1583 19.2838 | 21.8153 43.0209 129.5420 153.3979 243.4983
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-

(4,3) 0
Ha

length = 8.




Extensions

5¢

Norms for each demand points: Each point provided with two
norms || - [|7 and || - |7

Critical Reflection angle principle: Shortest paths between points
in the same halfspace are allowed to “traverse and reflect”.

<

HB HB

1@,7) (8,7)
l
1

-

(41 3) Zl (4: 3) Zl
HA HA

length = 8. length = 6.




Extensions

minE WaZs + E wp(0y + up) ming wabJrE wWa(Ba + Ug)

aca beB beB aca
s.t. zal > |z — allp,, Ya € A, s.t. zbl > ||z — bllpg, Vb E B,

22 > |le = yalls,, Va € 4,

z; 2 1lva — 92 llog» Ya € A,

2t > |lv2 — allp,, Va € 4,

0 > ||z — vollp,, Vb € B,

w > |lys — bllpp V0 € B, (PF*T)
Za > 28 + My(6, — 1),Va € A,

24 > za2 +z;3 +z: — M,8,,Va € A,
a'z < B,

atyi =8,V =12,

a'yy =B, Va € 4,

8, € {0,1}, Va € 4,

28>0, Va€ A k=1,2,3,4
6s,u > 0, Vb € B,

1.2 d
T,Y, Y, ¥ € RV

7 > |le = vy llp5, Vb € B,

2z 2119 — ¥ llog, YO € B,

7z > |lv; = bllpg» VP € B,

02 > ||z — Yallpy, Va € 4,

Ug > ||¥a — ”'HpB Va € A, (PEXT)
2 > zp + My(65 — 1),Vb € B,

2 > 22 + 20 + 20 — My6,,Vb € B,
a'z > B,

o'y’ =8, Vi =1,2,

aly, = B, Va € A4,

&, € {0,1}, Vb € B,

2 >0, Va€Ak=1,234
By, up > 0, Vb € B,

1 2 d
m:yb,yb,yaER .




Extensions

bpy = %Zoov bpy =bps =4

Hp

£* =128.00
f' = 132.9166.




Extensions

by, = 12

009 Z:DA = Z175 =4

Hp

.HB

£* =128.00
f' = 132.9166.

= 6.3333
) = 6.66666.




Extensions

pa=pp=1land| ||z =l , H=A{(z,y) : y =1 2}

oy N :’T /,} CPUTime 7 r;;_zﬂ /1;_4 CPUTimepoq Improvement
4 (5,2.5) 16.75 0.0000 (5,2.5) 16.75 0.0156 0.00%
18 (9,4.5) 97.75 0.0000 (9,4.5) 89.50 0.0313 9.22%
0.5 30 (6,3) 266.50 0.0000 (6,3) 251.00 0.0313 6.18%
50 T (12,6) 959.75 0.0000 (11,5.5) 911.50 * >3600 5.20%
50 f (5.89,2.945) 201.55 0.0000 (5.89, 2.945) 180.01 * >3600 6.13%
4 (5,6) 24.17 0.0000 (4,6) 23.67 0.0156 2.11%
18 (9.8) 132.02 0.0000 (3.3333,5 128.00 0.0156 3.84%
1 30 (5.5) 2090.75 0.0000 (2.6667,4 269.75 0.0625 11.12%
50 T (11,10) 1076.58 0.0156 (5.3333, 8 1009.25 x >3600 6.67%
50 § (3.7133,5.570) 206.37 0.0156 (3.5,5.250 105.52 * >3600 5.56%
4 (0,0) 22.50 0.0000 (5,5) 22.50 0.0156 0.00%
18 (8.8) 123.00 0.0000 (8.8) 105.50 0.0781 16.59%
1.5 30 (5.5) 265.25 0.0000 (5.5) 251.25 1.2071 557%
50 T (1,10) 927.75 0.0000 (1,10) 873.50 * >3600 6.21%
50 T (5.5) 177.52 0.0000 (5.57,5.57) 170.4 >3600 2.18%

* : Best Solution Found
tZaferanieh, Taghizadeh Kakhki, Brimberg, J. & Wesolowsky, '08.

{Eilon, Watson-Gandy & Christofides, ’71.




Thank you!
vblancoQugr.es

http://arxiv.org/abs/1404.3068
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