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Supervised classification problem (discriminant analysis)

Given:

o Q: set of objects.

o C: predefined set of classes.
The aim is to build a classification rule that predicts the class membership
of an object, u € Q into one of the class of C by means of its predictor
x4 e R"
Applications:

o Biology and medicine: Classification of gene expression data,

homology detection, cancer diagnosis.
o Agriculture.
o Business: credit scoring, fraud detection, bankrupty.

Labbé & Rodriguez-Chia (ULB-UCA) V Nuevos Desafos de la Matemtica Combinatoria



Support Vector Machine (Cortes and Vapnik (1995))

o x; € R” training sample j =1,..., m.

o yj € {—1,+1} their labels.

o f(x) = w'x + b a hyperplane to optimally separate the training
sample.

@ The SVM formulatation balances:

» Structural risk or Margin: minimization of ||w||.
» Empirical risk or deviations: misclassification errors &.
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Support Vector Machine

;:—1 =>th:-—|—b<_1 }ﬁ}/i(WTXi-l-b)Zl

U Support Vector Machine: Bradley and Mangasarian (1998)

m
. N
min  [|wllz + ;&

s.t. y,'(WTX,'—{-b)Z 1-¢&, Vi=1...,m,
>0, Vi=1,...,m.
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Support Vector Machine

{1 Support Vector Machine (Bradley and Mangasarian (1998))

min [wll: + CZ&
i=1

st yiwixi+b)>1-¢, Yi=1,....m,
&E>0, Vi=1,....m

Or equivalently,

m|n ZZJ+CZ£’

s.t. y;(Zvu/jXU—i—b) >1-¢, Vi=1,...,m,
j=1

—zi<wj <z, Vj=1,...,n
&E>0, Vi=1,....m
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Feature Selection

X11 -ee X1y ... Xin
X = Xi1 Xij Xin
Xm1 Xmj Xmn

Usual case: n >>> m.

o Colorectal: 60 x 2000.

o Brain-Tumorl: 71 x 7131.
o Brain-Tumor2: 50 x 12627.
o Cancer |: 214 x 31099.

o Cancer Il: 340 x 54675.
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Support Vector Machine & Feature Selection

o Maldonado, Pérez, Labbé, Weber (2014)

o Feature selection via a budget constraint

o /j/uj correspond to a lower/upper bounds of the value of w;, V.
m

min E ;
wbEy 4 S
i=1

m
s.t. y,-(ZWjX,-j—i—b)Zl—f,-, Vi=1,...,m,
j=1

livi<w; <uyv, Vj=1,...,n,
m

Z‘/jSBa

j=1

vje{0,1}, Vj=1,...,n,
>0, Vi=1,...,m.
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Support Vector Machine & Feature Selection

o Maldonado, Pérez, Labbé, Weber (2014)

o Feature selection via a budget constraint

o /j/uj correspond to a lower/upper bounds of the value of w;, V.
m

min E ;
wbEy 4 S
i=1

m
s.t. Yi(ZM/jXU+b)21_£ia Vi=1,...,m,
j=1

/_]VJSVVJSUJVJa vj:]-a"'ana

m

Z\/jSB,

=1
vje{0,1}, Vj=1,...,n,
>0, Vi=1,...,m.

An important issue is the appropriate choice of these bounds.
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The model

W7b7£7v7z

min Zm;f,-—l—CZn;zj-
= Jj=

m
s.t. y,-(Zij,-j—l—b)Zl—f,-, Vi=1,...,m,
Jj=1

/_]VJSVVJSUJVJa vj:]-a"'ana
_Z_/SVVJSZ_M Vj:]-a"'anv

m
> vi<B,
j=1

vj € {0,1}, w; unrestricted, Vj=1,...,n,
£&E>0, Vi=1,...,m.
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The model

W7b7£7v7z

min Zm;f,-—l—CZn;zj-
= Jj=

m
s.t. y,-(Zij,-j—l—b)Zl—f,-, Vi=1,...,m,
Jj=1

/_]VJSVVJSUJVJa vj:]-a"'ana

_Z_/SVVJSZ_M Vj:]-a"'anv

m
> vi<B,
j=1

vj € {0,1}, w; unrestricted, Vj=1,...,n,
£&E>0, Vi=1,...,m.

For simplicity: [; = —u; Vj=1,...,n.
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Column Generation

Al
A e A,

m — .
YIZXUV‘/j+Yib+£iZ I, Vi=1,....,m

j=1
w; < ujv;, Vi=1,...,n )
—w; < ujvj, Vi=1,...,n
wij+2z >0, Vj=1...,n X1
-wj+2z >0, Vij=1,...,n

n
Zj=1VjSBa
v; € {0,1}, J

&>0,Vi=1,...,m, bunrestricted — X°
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Column Generation

Al
A e A,

m — .
YIZXUV‘/j+Yib+£iZ I, Vi=1,....,m

j=1
w; < ujv;, Vi=1,...,n )
—w; < ujvj, Vi=1,...,n
wij+2z >0, Vj=1...,n X1
-wj+2z >0, Vij=1,...,n

n
Zj=1‘/j§Ba
v; € {0,1}, J

&>0,Vi=1,...,m, bunrestricted — X°

Extreme points: (vj, w;,z;) = {(0,0,0), (1, u;, uj), (1, —uj, uj)}
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Column Generation

-

I t_t B t t

on_E Az, W_,—E A w;
t=1

min Zf,—l—CZZ)\t t

t=1 j=1

n
s.t. inZXUV'/jt)‘t+yib+£i21’ i=1...,m
t=1 j=1

;
> oar=1,
t=1

X>0, t=1,...,T
>0, Vi=1,....m
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Column Generation

Computation of the reduced cost:

n m n
min CE zj—g a,'y,'g wixij — 3
j=1 i=1 j=1

S.t.

Objective function:

Xmi €z -
j=1

E oz,y,x,J

wj > —ujvj, Vj=1,...,n
wi <wujv, Vj=1,...,n

wj+2z >0, Vj=1,...,n
-wj+z >0, Vj=1,...,n
n

Z‘/jSBa

j=1

€{0,1}, Vj=1,...,n

Z C’WJ‘ - (Z al.VIXU)WJ
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Column Generation
Derivative of objective function with respect to w; is:

C—>T" aiyixj ifwj>0
—C =Y aiyixj ifw <0

o If C >3, ajyixij and wj > 0 then wi = 0.

o If C <37 ajyixj and wj > 0 then wi = u;.

o If C< —Zgzl aiyixij and w; < 0 then w = —u;.

o If C>—>""; ajyixj and w; <0 then Wj* =0.
Vj=1,...,n. Consider:

n n n
(min {O,C|uj| —Za,-y,-x,-juj,C|uj|+Za,-y,-x,-juj}) =

i=1 i=1 Jj=1
n n n
<min {0, C— Z a;yiXij, C + Z aiinij}> .
i=1 i=1 j=1

Choose the B smallest values.
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The model

Reformulation: Formulation II.

Considering w; = wja — ij, where wj?, wjb >0,vj=1,...,n.

i, 26 L s

W7b7€7v7z

s.t. (Z(W xU+b>>1 &, Vi=1,...

Wj +M/J- <uyv;, Vj=1,...,n,

m
> vi<B,
j=1

‘/je{o’l}’v‘/ja7m{jb20’ vj:]"""n’
>0, Vi=1l,....m
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Form.-1 | Col. Generat. | Form.-2
Leukemial=72x5329 43.92 9.63 1.66
Brain-Tumor1=60x7131 65.69 2.61 1.97
DLBCL=77x7131 78.98 13.02 2.16
Carcinoma=36x7459 47.72 12.97 0.98
Brain-Tumor2=50x12627 233.49 13.09 2.30
Prostate-Tumor=102x12606 | 618.61 36.89 6.66
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Strategy for obtaining tightened values of u;

Strategy |:

Step 1: Solve the LP problem.

min
W’bﬁgﬁ v’z

s.t.

Labbé & Rodriguez-Chia (ULB-UCA)

>6+ €30 )

(Z(W Py +b) >1-6, ¥i=1,..

<8B,
j=1
0<y <Lwl,w)>0 Vj=1,...,n
&>0, Vi=1,....,m

b unrestricted.
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Strategy for obtaining tightened values of u;

Strategy |

Step 1: Solve the LP problem.
Step 2: Let w7 and WJ[? be the optimal solution and set

= {j : W2 +w} > 0}. Solve the following MILP(Jy):

max Zf,—l—CZ(W +W

W’b’g’v’z JeJl
s.t. (Z(W x,J+b>>1—§,, Vi=1,...,m
J€N
Wja-i- ij <uyv;, Vjeoh
D v<B,
Jj€A
ve {01}, whwP>0 Ve,
£&E>0, Vi=1,....m

b unrestricted.
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Strategy for obtaining tightened values of u;

Strategy |
Step 1: Solve the LR problem.
Step 2- Let i = {j : W? + W} > 0}. Solve t MILP(Jy):
Step 3: Let UB be the optimal value of the above problem.

min WJ-a + WJ-b
W7b7£7v

m
s.t. y,-(Z(wja— ij)x,-j+b) >1-¢&, ¥Vi=1,...,m
j=1

b .
wi +wy <uv, Yji=1...,n

m

ZVJSB,

j=1
m n
D&+ CY (W +w) < UB,
i=1 j=1
0< v <Lw,w’>0Vj, & >0, Vi, b unrestricted
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Strategy for obtaining tightened values of u;

Strategy |
Step 1: Solve the LR problem.

Step 2: Let Wj’ and WJI? be the optimal solution and set

Ji={j : W+ WP > 0}. Solve the following MILP(J):
Step 3: Let obval be the optimal value of the above problem.
Output: Let w7+ WJ’? be the optimal value of the above problem for

J=1,...,n. Update the values of u; as follows: If

WJ‘?’+WJ[-’ < uj then u; ::WJ‘?’—f—WJ[? forj=1,...,n.
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Strategy for obtaining tightened values of u;

Strategy Il

Step 1: Solve the LP problem.

min
W’bﬁgﬁ v’z

s.t.
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>6+ €30 )

(Z(W Py +b) >1-6, ¥i=1,..

<8B,
j=1
0<y <Lwl,w)>0 Vj=1,...,n
&>0, Vi=1,....,m

b unrestricted.
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Strategy for obtaining tightened values of u;
Strategy Il:
Step 1:
Step 2:

Step 3:

Labbé & Rodriguez-Chia (ULB-UCA)

Consider linear relaxation.
LB:the optimal value of this problem
WJ?*, ij*: the optimal solutions.
If w2 = 0and w{" =0:
) The optimum value of the problem with w2 = w? is:

Jo
LB + WJ-O< Za,y,x,lo)

whenever vi4 L <B.
jz:; ! Ujy
Let UB be an upper bound of the objective function:
i) LB —{-WJ‘?O(C — 27:1 a,-y,-x,-jo) < UB then
UB—- LB
wi < .
Y= TS aiyixg,
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Strategy for obtaining tightened values of u;

Strategy I: |w| = w? + wP | Strategy Il: w?, w?

u(3)=0,537901 ua(3):=0,947904; ub(3):=0,280248
u(4)=0,455854 ua(4):=0,517722; ub(4):=0,371513
u(5)=0,556773 ua(5):=0,345003; ub(5):=0,579808
u(6)=0,441695 ua(6):=0,413056; ub(6):=0,45408
u(7)=0,436505 ua(7):=0,437826; ub(7):=0,427492
u(8)=0,456681 ua(8):=0,457311; ub(8):=0,410419
u(9)=0,43807 ua(9):=0,435321; ub(9):=0,429909
u(10)=0,470935 ua(10):=0,473788; ub(10):=0,397997
u(11)=0,45484 ua(11):=0,355108; ub(11):=0,553345
u(12)=0,436303 ua(12):=0,427289; ub(12):=0,43804
u(13)=0,462439 ua(13):=0,376622; ub(13):=0,508116
u(14)=0,610984 ua(14):=0,813715; ub(14):=0,294612
u(15)=0,587497 ua(15):=0,770599; ub(15):=0,300703
u(16)=0,628137 ua(16):=0,841183; ub(16):=0,291169
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Flow cover inequalities

X ={(x,y) eRL xB" : ij—ijgb,xjgajyjforjeN1UN2}.
JEN: JEN,

let C=GUGwWith GGC N, GCTN,:

> ai=> a=b+) A>0.

jeGy JjeG

PR EDCERNCESIESEDIEELD DI /E D DR
JjeC JjeCy Jige JjeLbLy jENz\(CzULz)
A separation heuristic for the FCI by solving the following knapsack pb:

min > (1=y)z- 3 %7

JEN: JEN,
> ajzi— ) 2z > b,
JeN; JEN>

z € B"
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Work in Progress...

o Is our problem NP-hard?
@ Solving MILP:

» Branch and Price Algorithm.
» Benders decomposition.
» Alternative approaches.
o Application to real data and comparison with typical classification
methods.
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