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Moments, SOS and SDP

Let’s K = {x ∈ Rd : gj(x) ≥ 0, ∀j}; f̃ , gj ∈ R[X ].

min f̃ (x)
x ∈ K

}

(Lasserre, 2001)
≡


min

µ∈M(K)

∫
f̃ dµ∫

dµ = 1
µ ≥ 0

, (1)

M(K) is the vector space of finite, signed Borel measures supported on K.
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Moments, SOS and SDP

R[X ] = R[1,X1, ...,Xd ].

B = [1,X1, ...,Xd ,X
2
1 ,X1X2, ...,X1Xd ,X

2
2 , ...]

= [Xα]α∈Nd

Then, for any sequence {yα}α indexed in the same order that B, and for any polynomial

f̃ =
∑
α∈Nd

f̃αXα We introduce the functional Ly : R[X ] −→ R:

f̃ 7−→
∑
α∈Nd

f̃αyα

Example: For R[x1, x2] and r = 2, B = {1, x1, x2, x
2
1 , x1x2, x

2
2 , . . .}, so for

f = x2
1 − x3

2 + 2x1x2 ∈ R[x1, x2]: Ly (f ) = y2,0 − y0,3 + 2y1,1
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Moment and Locaizing Matrices

The moment matrix of order r , Mr (y), is defined as Mr (y)ij = Ly (bi · bj), where bi are
the elements in B such that deg(bi ), deg(bj) ≤ r .

M2(y) =

1 X1 X2 X 2
1 X1X2 X 2

2

1
X1

X2

X 2
1

X1X2

X 2
2


y0,0 y1,0 y0,1 y2,0 y1,1 y0,2

y1,0 y2,0 y1,1 y3,0 y2,1 y1,2

y0,1 y1,1 y0,2 y2,1 y1,2 y0,3

y2,0 y3,0 y2,1 y4,0 y3,1 y2,2

y1,1 y2,1 y1,2 y3,1 y2,2 y1,3

y0,2 y1,2 y0,3 y2,2 y1,3 y0,4


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Moment and Localizing Matrices

For any g ∈ R[X ], the localizing matrix of g of order r , Mr (g y), is defined as
Mr (g y)ij = Ly (g · bi · bj), where bi are the elements in B such that
deg(g) + deg(bi ) + deg(bj) ≤ 2r .

For g(x1, x2) = 1− x1x2 and r = 1:

M1(gy) =
1

X1

X2

1 X1 X2 y0,0 − y1,1 y1,0 − y2,1 y0,1 − y1,2

y1,0 − y2,1 y2,0 − y3,1 y1,1 − y2,2

y0,1 − y1,2 y1,1 − y2,2 y0,2 − y1,3


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Moments, SOS and SDP

If K satisfies Arquimedean Property (also called Putinar’s Property):

∃u ∈ R[x ] : {x : u(x) ≥ 0} is compact and

u = σ0 +
∑̀
j=1

σj gj , being σj s.o.s. polynomials (2)

Then,

inf 〈f̃ , µ〉
s.t. 〈1, µ〉 = 1,

µ ≥ 0,
µ ∈M(K)

 ≡
inf Ly (f̃ )
s.t. {yα} has

a representing
measure

 ≡
inf Ly (f̃ )
s.t. Mr (y) � 0,

Mr (gjy) � 0,
∀j , ∀r ≥ ν


ν = max{

⌈
deg f̃

2

⌉
,
⌈

deggj
2

⌉
}

Solving for a fixed r0 it gives a relaxation of the original polynomial optimization problem
by a ”SDP”
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Continuos 1-F OM Location

Symmetries in MF OMP Priego de Córdoba 2013 V. Blanco



Generalized location problems with rational objective
We are given n point {a1, . . . , an} ⊂ Rd endowed with an `α-norm, α = r/s ∈ Q,
m.c.d.(r , s)=1.

• fj :=
pj
qj

: Rd → R are polynomials or piecewise polynomials for j = 1, . . . ,m.

• K = {(x , u) ∈ Rd × Rn
+ : gj(x , u) ≥ 0, j = 1, . . . ,m, qj > 0

ui =

{
‖x − ai‖α, or

min
x∈X , |X |=p

‖x − ai‖α , i = 1, ..., n}

In most cases, we add the redundant constraint ‖x‖2
2 ≤ M.

K is a closed, compact semi-algebraic set.
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We shall define the dependence of fj to the decision variable x ∈ Rd via u = (u1, . . . , un),
where ui : Rd 7→ R, ui (x) := ‖x − ai‖α, i = 1, . . . , n. Therefore, the j-th component of
the ordered median objective function of our problems reads as:

f̃j(x) : Rd 7→ R
x 7→ f̃j(x) := fj(‖x − a1‖α, . . . , ‖x − an‖α)

Consider the following problem:

(LOCOMRF) ρλ := min
x
{

m∑
j=1

λj(x)f̃(j)(x) : x ∈ K }, (3)

• K ⊆ Rd satisfies Putinar’s property.
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• f (u1, . . . , un) =
∑n

i=1 ui if

ui =

{
‖x − ai‖α, Weber problem

min
x∈X , |X |=p

‖x − ai‖α, Multifacility Weber problem ,

• f (u1, . . . , un) =
∑n

i=1 uq
i the centroid problem,

• f (u1, . . . , un) = max
1≤i≤n

ui ≡ min
ui≤z

z , center problem,

• f (u1, . . . , un) =
n∑

i=1

λiu(i) ≡ min∑n
i=1 λ1uσ(i)≤z,∀σ

z , ordered median problem,
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• f (u1, . . . , un) =
n∑

i<j

|ui − uj |, absolute deviation or envy problem

• f (u1, . . . , un) =
n∑

i=1

(ui − ū)2, variance problem ...

• f (u1, . . . , un) =
n∑

j=1

wj

u2
j

, obnoxious facility location

• f (u1, . . . , un) =
n∑

j=1

bj

1 + hj |uj |λ
, Huff competitive location

• Gradual covering, acceleration-deceleration distance, inventory gradual covering ...
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Equivalent problem

ρλ = min
x,w,u,v

m∑
j=1

λj (x)
m∑
i=1

fi (u)wij (4)

s.t.
m∑
j=1

wij = 1, for i = 1, . . . ,m

m∑
i=1

wij = 1, for j = 1, . . . ,m

m∑
i=1

wij fi (u) ≥
m∑
i=1

wij+1fi (u), j = 1, . . . ,m (5)

m∑
i=1

m∑
j=1

w2
ij − wij = 0,

v s
ij ≥ xj − aij , i = 1, . . . , n, j = 1, . . . , d (6)

v s
ij ≥ aij − xj , i = 1, . . . , n, j = 1, . . . , d (7)

z ri =
d∑

j=1

v r
ij , i = 1, . . . , n, (8)

ui = zsi , i = 1, . . . , n,

m∑
i,j=1

w2
ij ≤ m, wij ∈ R, x ∈ K.
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SDP Relaxation

For r ≥ max{r0, ν0} where r0 := max
k=1,...,`

ξk and ν0 := max{ max
j=0,...,m

νj ,

=1︷ ︸︸ ︷
max

j=1,...,m
ν
′
j } = max

j=0,...,m
νj , we

introduce the following hierarchy of semidefinite programs:

min
y

Ly(pλ)

s.t. Mr (y; I (0)) � 0,
Mr−ξk (gky; I (0)) � 0, k = 1, . . . , `,
Mr (y; I (0) ∪ I (j) ∪ I (j + 1)) � 0, j = 1, . . . ,m,
Mr−νj (hjy; I (0) ∪ I (j) ∪ I (j + 1)) � 0, j = 1, . . . ,m − 1,

Mr−1(h′j y; I (0) ∪ I (j) ∪ I (j + 1)) � 0, j = 1, . . . ,m,
Ly (

∑m
i=1 wij − 1) = 0, j = 1, . . . ,m,

Ly (
∑m

j=1 wij − 1) = 0, i = 1, . . . ,m,

Ly (w2
ij − wij ) = 0, i, j = 1, . . . ,m,

Ly (qλ) = 1,

(Qr )

with optimal value denoted min Qr .
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Some Results

Theorem (B., Puerto, ElHaj-BenAli, 2012)

1 Let (x) be a feasible solution of (LOCOMF) then there exists a solution (x , u, v ,w)
for (MFOMP1λ) such that their objective values are equal. Conversely, if
(x , u, v ,w) is a feasible solution for (MFOMP1λ) then there exists a solution (x)
for (LOCOMF) having the same objective value. In particular %λ = %λ. Moreover,

if K ⊂ Rd satisfies Putinar’s property then K ⊂ Rd+m2+n(d+2) also satisfies Putinar’s
property.

2 Let K ⊂ Rd+m2+n(d+2) (compact) be the feasible domain of Problem (MFOMP1λ).
Let Qr be the semidefinite program (Q1r ) with (gk), (hj) ⊂ R[x , u, v ,w ] the
polynomial functions defining the constraints of K. Then:

(a) inf Qr ↑ ρ as r →∞.

(b) Let yr be an optimal solution of the SDP relaxation Qr in (Q1r ). If

rankMr (yr ) = rankMr−r0 (yr ) = t (9)

then minQr = ρ and one may extract t points (x∗(k), u∗(k), v∗(k),w∗(k))tk=1 ⊂ K,
all global minimizers of the MOMRF problem.

B. & ElHaj-BenAli & Puerto, CORS 2013
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Convex OMP

min
x∈Rd

n∑
i=1

λiωσ(i)‖x − aσ(i)‖τ . (10)

Theorem (B., Puerto, ElHaj-BenAli, 2013)
For any set of lambda weights satisfying λ1 ≥ ... ≥ λn and τ = r

s
such that

r , s ∈ N \ {0}, r > s and gcd(r , s) = 1, Problem (10) can be represented as a
semidefinite programming problem with n2 + n(2d + 1) linear constraints and at most
4nd log r positive semidefinite constraints.

B. & Puerto & ElHaj-BenAli, Preprint 2013
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Constrained Case

Theorem
Consider the restricted problem:

min
x∈K⊂Rd

n∑
i=1

λiωσ(i)‖x − aσ(i)‖τ . (11)

Assume that the hypothesis of Theorem 2 holds. In addition, any of the following
conditions holds:

1 gi (x) are concave for i = 1, . . . , ` and −
∑`

i=1 µi∇2gi (x) � 0 for each dual pair
(x , µ) of the problem of minimizing any linear functional c tx on K (Positive
Definite Lagrange Hessian (PDLH)).

2 gi (x) are sos-concave on K for i = 1, . . . , ` or gi (x) are concave on K and strictly
concave on the boundary of K where they vanish, i.e. ∂K ∩ ∂{x ∈ Rd : gi (x) = 0},
for all i = 1, . . . , `.

3 gi (x) are strictly quasi-concave on K for i = 1, . . . , `.

Then, there exists a constructive finite dimension embedding, which only depends on τ
and gi , i = 1, . . . , `, such that (18) is a semidefinite problem.
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Constrained Case

(QN ) : min
n∑

k=1

vk +
n∑

i=1

wi (12)

s.t. vi + wk ≥ λkzi , ∀i, k = 1, ..., n, (13)

yij − xj + aij ≥ 0, ∀i = 1, ..., n, j = 1, ..., d. (14)

yij + xj − aij ≥ 0, ∀i = 1, ..., n, j = 1, ..., d.

y r
ij ≤ us

ijz
r−s
i , ∀i = 1, ..., n, j = 1, ..., d, (15)

ω
r
s
i

∑d
j=1 uij ≤ zi , ∀i = 1, ..., n, (16)

MN (κ) � 0, (17)

MN−ξk (gk , κ) � 0, k = 1, . . . , `, (18)

Lκ(xj ) = xj , j = 1, . . . , d,

Lκ(zi ) = zi , i = 1, . . . , n,

Lκ(vi ) = vi , i = 1, . . . , n,

Lκ(wi ) = wi , i = 1, . . . , n,

Lκ(uij ) = uij , i = 1, . . . , n, j = 1, . . . , d,

Lκ(yij ) = yij , i = 1, . . . , n, j = 1, . . . , d,

κ0 = 1

uij ≥ 0, ∀ i = 1, ..., n, j = 1, . . . , d. (19)

with optimal value denoted min QN .
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Constrained Case

Theorem
Consider ρλ defined as the optimal value of the problem:

ρλ = min
x∈K⊂Rd

n∑
i=1

λiωσ(i)‖x − aσ(i)‖τ . (20)

Then, with the notation above:
(a) min QN ↑ ρλ as N →∞.
(b) Let κN be an optimal solution of Problem (QN). If

rankMN(κN) = rankMN−N0 (κr ) = ϑ

then min QN = ρλ and one may extract ϑ points

(x∗(i), z∗(i), v∗(i),w∗(i), u∗(i), y∗(i))ϑi=1 ⊂ K,

all global minimizers of Problem (27).

B. & Puerto & ElHaj-BenAli, Preprint 2013
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Continuous MF OMP

We are given a set of demand points S = {a1, ..., an} and two sets of scalars
Ω := {ω1, ..., ωn}, ωi ≥ 0, ∀ i ∈ {1, . . . , n} and Λ := {λ1, ..., λn} where
λ1 ≥ ... ≥ λn ≥ 0. The elements ωi are weights corresponding to the importance given
to the existing facilities ai , i ∈ {1, ..., n} .
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Continuous MF OMP

ρλ := min
x
{

n∑
i=1

λi f̃(i)(x) : x = (x1, . . . , xp), xj ∈ K, ∀j = 1, . . . , p}, (LOCOMF)

where:
• K ⊆ Rd satisfies the Archimedian property. Without loss of generality we shall assume
that we know M > 0 such that

∑p
j=1 ‖xj‖

2
2 ≤ M.

• τ := r
s
≥ 1, r , s ∈ N, r ≥ s and gcd(r , s) = 1.

• λ` ≥ 0 for all ` = 1, . . . , n.
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Poly Opt Formulation

ρλ = min
x,y,w,u,v

pλ(x, w, t) :=
n∑
`=1

λ`

n∑
i=1

ti wi` (MFOMP1λ)

s.t. h1
i :=

n∑
`=1

wi` − 1 = 0, for i = 1, . . . , n, (21)

h2
` :=

n∑
i=1

wi` − 1 = 0, for ` = 1, . . . , n, (22)

h3
` :=

n∑
i=1

wi`ti −
n∑

i=1

wi`+1ti ≥ 0, ` = 1, . . . , n − 1, (23)

h4
ij := w2

i` − wi` = 0, for i, ` = 1, . . . , n, (24)

h5
` := 1 −

n∑
i=1

w2
i` ≥ 0, ` = 1, . . . , n (25)

h6
ijk := vsijk − (xjk − aik )r ≥ 0, i = 1, . . . , n, j = 1, . . . , p, k = 1, . . . , d (26)

h7
ijk := vsijk − (aik − xjk )r ≥ 0, i = 1, . . . , n, j = 1, . . . , p, k = 1, . . . , d (27)

h8
ij :=

 d∑
k=1

vijk

s

− urij ≥ 0, i = 1, . . . , n, j = 1, . . . , p (28)

h9
ij := uij − ti ≥ 0, i = 1, . . . , n, j = 1, . . . , p (29)

h10
ij := ti − zij uij ≥ 0, i = 1, . . . , n, j = 1, . . . , p (30)

h11
i :=

p∑
j=1

zij − 1 = 0, i = 1, . . . , n, (31)

h12
ij := z2

ij − zij ≥ 0, for i = 1, . . . , n, j = 1, . . . , p, (32)

wi` ∈ [0, 1], ∀ i, ` = 1, . . . , n, (33)

zij ∈ [0, 1], ∀ i = 1, . . . , n, j = 1, . . . , p, (34)

ti ∈ R+
, vijk ∈ R+

, uij ∈ R+
, i = 1, . . . , n, j = 1, . . . , p, k = 1, . . . , d (35)

xj ∈ K, j = 1, . . . , p.
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The p-median Euclidean case

min
x=(x1,...,xp )∈Rpd

m∑
i=1

wi min
j=1,...,p

‖xj−ai‖2 ≡



min
n∑

i=1

wi ti

s.t.: t2
i ≥

p∑
j=1

d∑
k=1

zij (aik − xjk )2
, i = 1, . . . , n

p∑
j=1

zij = 1, i = 1, . . . , n

p∑
j=1

(zij − z2
ij ) ≤ 0, i = 1, . . . , n

n∑
i=1

t2
i +

p∑
i=1

p∑
j=1

z2
ij +

p∑
j=1

d∑
k=1

x2
jk ≤ M

ti ≥ 0, zij ∈ [0, 1], xj ∈ K , ∀i = 1, . . . , n, j = 1, . . . , p.
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Theorem
Let x be a feasible solution of LOCOMF then there exists a solution (x , z , u, v ,w , t) for
MFOMP1λ such that their objective values are equal. Conversely, if (x , z , u, v ,w , t) is a
feasible solution for MFOMP1λ then there exists a solution (x) for LOCOMF having the
same objective value. In particular ρλ = ρλ. Moreover, if K ⊂ Rd satisfies Archimidean’s

property then K ⊂ Rpd+np+np+npd+n2+n also satisfies Archimidean’s property.
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The Moment approach

Let h0(x , z , u, v ,w , t) := pλ(x ,w , t), and denote ξj := d(deg gj)/2e and
νj := d(deg hj)/2e, where {g1, . . . , gnK}, and {h0, h1, . . . , hnc1} are, respectively, the
polynomial constraints that define K and K \K in MFOMP1λ. For
r ≥ r0 := max{ max

k=1,...,nK
ξk , max

j=0,...,nc
νj}, introduce the hierarchy of semidefinite programs:

min
y

Ly(pλ)

s.t. Mr (y) � 0,
Mr−ξk (gk , y) � 0, k = 1, . . . , nK,
Mr−νj (hj , y) � 0, j = 1, . . . , nc1,
y0 = 1,

(Q1r )

with optimal value denoted inf Q1r (and min Q1r if the infimum is attained).
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The Moment approach

Theorem
Let K ⊂ Rpd+np+np+npd+n2+n (compact) be the feasible domain of Problem MFOMP1λ.
Let inf Q1r be the optimal value of the semidefinite program Q1r . Then, with the
notation above:
(a) inf Q1r ↑ ρλ as r →∞.
(b) Let yr be an optimal solution of the SDP relaxation Q1r . If

rankMr (yr ) = rankMr−r0 (yr ) = ϕ

then minQ1r = ρλ and one may extract ϕ points
(x∗1 (k), . . . , x∗p (k), z∗(k), u∗(k), v∗(k),w∗(k), t∗(k))ϕk=1 ⊂ K, all global minimizers of the
MFOMP1λ problem.
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SOC Programming Formulation

ρ̂λ = min
n∑
`=1

λ`θ` (MFOMP2λ)

s.t. (28), (29), (38), (36)

ti ≤ θ` + UBi (1− wi`), i = 1, . . . , n, ` = 1, . . . , n, (37)

θ` ≥ θ`+1, ` = 1, . . . , n − 1, (38)

uij ≤ ti + Mi (1− zij ), ∀ i = 1, . . . , n, j = 1, . . . , p, (39)

vijk − xjk + aik ≥ 0, i = 1, . . . , n, j = 1, . . . , p, k = 1, ..., d, (40)

vijk + xjk − aik ≥ 0, i = 1, . . . , n, j = 1, . . . , p, k = 1, .., d, (41)

v r
ijk ≤ d s

ijku
r−s
ij , i = 1, . . . , n, j = 1, . . . , p, k = 1, . . . , d, (42)

d∑
k=1

dijk ≤ uij , i = 1, . . . , n, j = 1, . . . , p, (43)

wi` ∈ {0, 1}, θ` ∈ R+ ∀ i, ` = 1, . . . , n, (44)

zij ∈ {0, 1}, ∀ i = 1, . . . , n, j = 1, . . . , p, (45)

ti ∈ R+
, vijk , dijk ∈ R+

, uij ∈ R+
, i = 1, . . . , n, j = 1, . . . , p, k = 1, . . . , d, (46)

xj ∈ K, j = 1, . . . , p. (47)

Theorem
Let x be a feasible solution of LOCOMF then there exists a solution (x, z, u, v ,w , t, θ, ς, d) for MFOMP2λ
such that their objective values are equal. Conversely, if (x, z, u, v ,w , t, θ, ς, d) is a feasible solution for
MFOMP2λ then there exists a solution (x) for LOCOMF having the same objective value. ρλ = ρ̂λ.
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The p-median Euclidean case

min
x∈Rpd

m∑
i=1

wi min
j=1,...,p

‖xj − ai‖2 ≡



min
n∑

i=1

wi ti

s.t.: u2
ij ≥

d∑
k=1

(aik − xjk )2
, i = 1, . . . , n; j = 1, . . . , p,

uij ≥ ti + M(1− zij ), i = 1, . . . , n; j = 1, . . . , p,
p∑

j=1

zij ≥ 1, i = 1, . . . , n

zij ∈ {0, 1}, i = 1, . . . , n; j = 1, . . . , p,
ti ≥ 0, uij ≥ 0, i = 1, . . . , n; j = 1, . . . , p,

x = (x1, . . . , xp) ∈ Rpd .
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The SDP-relaxation Approach

Let y = (yα) be a real sequence indexed in the monomial basis (xβzηuγvδwζtαθςdψ) of
R[x , z , u, v ,w , t, θ, d ] (with

α = (β, η, γ, δ, ζ, α, ς, ψ) ∈ Npd × Nnp × Nnp × Nnpd × Nn2

× Nn × Nn × Nnpd).
Let h0(θ) :=

∑m
`=1 λ`θ`, and denote ξj := d(deg gj)/2e and νj := d(deg hj)/2e, where

{g1, . . . , gnK}, and {h1, . . . , hnc2} are, respectively, the polynomial constraints that define
K and K̂ \K in MFOMP2λ. For r ≥ r0 := max{ max

k=1,...,nK

ξk , max
j=0,...,nc2

νj}, introduce the

hierarchy of semidefinite programs:

min
y

Ly(pλ)

s.t. Mr (y) � 0,
Mr−ξk (gk , y) � 0, k = 1, . . . , nK,
Mr−νj (hj , y) � 0, j = 1, . . . , nc2,
y0 = 1,

(Q2r )

with optimal value denoted inf Q2r (and min Q2r if the infimum is attained).

Symmetries in MF OMP Priego de Córdoba 2013 V. Blanco



The SDP-relaxation Approach

Theorem
Let K̂ ⊂ Rd+np(d+2)+n2+2n+npd (compact) be the feasible domain of Problem MFOMP2λ.
Let inf Q2r be the optimal value of the semidefinite program Q2r . Then, with the
notation above:
(a) inf Q2r ↑ ρλ as r →∞.
(b) Let yr be an optimal solution of the SDP relaxation Q2r . If

rankMr (yr ) = rankMr−r0 (yr ) = ϕ

then min Q2r = ρλ and one may extract ϕ points
(x∗1 (k), . . . , x∗p (k), z∗(k), u∗(k), v∗(k),w∗(k), t∗(k), θ∗(k),

d∗(k))ϕk=1 ⊂ K̂, all global minimizers of the MFOMP2λ problem.

Bottleneck: N = n2 + 2np + pd + n + npd variables ⇒ SDP Matrix Size:(
N + r

r

)
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Reduction (I): Sparsity

Assuming that:

1 There is M > 0 such that ‖x‖2
2 < M for all x ∈ K.

2 The index sets I = {1, . . . , d} and J = {1, . . . ,m} are partitioned into sets {Ik}πk=1

and {Jk}πk=1 respectively, satisfying:

1 {J`} are disjoint sets.
2 For every j ∈ Jk , the constraint gj(x) ≥ 0 is only concerned with the variables

X (Ik) = {xi : i ∈ Ik}.
3 The objective function f can be written as f =

∑π
k=1 fk where fk ∈ R[X (Ik)]

for k = 1, . . . , π.
4 For every k = 1, . . . , π − 1 Ik+1 ∩

⋃k
j=1 Ij ⊆ Is for some s ≤ k.
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Reduction (I): Sparsity

Then, we consider the following semidefinite program:

Qsp
r :

infy Ly(f )
Mr (y; Ik) � 0, k = 1, . . . , π,

Mr−ddeg gj/2e(gj y; Ik) � 0, j ∈ Jk , k = 1, . . . , π, 1 ≤ j ≤ m

y0 = 1

(48)

Theorem (Lasserre, 2006)
With the notation above, lim

r→∞
inf Qsp

r = min{f (x) : x ∈ K}. Furthermore, if y r is a

feasible solution of Qsp
r with Ly r (f ) ≤ inf Qsp

r + 1
r

and ŷ r = {y r
α :
∑r

i=1 αi = 1}, then
lim
r→∞

ŷ r = x∗, if x∗ ∈ K is the unique global minimizer of the polynomial optimization

problem.
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Reduction (I): Sparsity

Let Ĩ (0, 0) = I x ∪ Iw ∪ I t and Ĩ (j , `) = I x(j) ∪ I z(j) ∪ I u(j) ∪ I v (j) ∪ Iw (`) ∪ I t for all
` = 1, . . . , n − 1, j = 1, . . . , p.

Observe that

Ĩ (j + 1, `+ 1) ∩
⋃

j′≤j,`′≤`

Ĩ (j , `) ⊆ Ĩ (0, 0), ∀j ≥ 0, ` ≥ 0. (49)
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Reduction (I): Sparsity

For r ≥ max{r0, ν0} where r0 := max
k=1,...,`

ξk and ν0 := max
j=0,...,12

ν j`,:

inf
y

Ly(
∑n
`=1

∑n
i=1 λi (x)tiwi`)

s.t. Mr (y; Ĩ (0, 0)) � 0,

Mr−ξk (gky; Ĩ (0, 0)) � 0, k = 1, . . . , nK,

Mr (y; Ĩ (j, `)) � 0, j = 1, . . . , p, ` = 1, . . . , n − 1,

Mr−ν`3(h3
`y; Ĩ (j, `)) � 0, j = 1, . . . , p, ` = 1, . . . , n − 1,

M
r−ν5

`
(h5
`y; Ĩ (j, `)) � 0, j = 1, . . . , p, ` = 1, . . . , n − 1,

M
r−ν6

ijk
(h6

ijky; Ĩ (j, `)) � 0, i = 1, . . . , n, j = 1, . . . , p, k = 1, . . . , d, ` = 1, . . . , n − 1,

M
r−ν7

ijk
(h7

ijky; Ĩ (j, `)) � 0, i = 1, . . . , n, j = 1, . . . , p, k = 1, . . . , d, ` = 1, . . . , n − 1,

M
r−ν8

ij
(h8

ijy; Ĩ (j, `)) � 0, i = 1, . . . , n, j = 1, . . . , p, k = 1, . . . , d, ` = 1, . . . , n − 1,

M
r−ν9

ij
(h9

ijy; Ĩ (j, `)) � 0, i = 1, . . . , n, j = 1, . . . , p, ` = 1, . . . , n − 1,

M
r−ν1

ij
0
(h10

ij y; Ĩ (j, `)) � 0, i = 1, . . . , n, j = 1, . . . , p,

Ly (
∑n

i=1 wi` − 1) = 0, ` = 1, . . . , n,
Ly (

∑n
`=1 wi` − 1) = 0, i = 1, . . . , n,

Ly (w2
i` − wi`) = 0, i, ` = 1, . . . , n,

Ly (
∑p

j=1 zij − 1) = 0, i, ` = 1, . . . , n,

Ly (z2
ij − zij ) = 0, i = 1, . . . , n, j = 1, . . . , p,

(Q1sp
r )

with optimal value denoted inf Q1sp
r .
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Reduction (I): Sparsity

Theorem
Let K ⊂ Rpd+n2+np+npd+n2+n be the feasible domain of MFOMP1λ. Then, with the
notation above:
(a) inf Q1sp

r ↑ ρλ as r →∞.
(b) Let yr , be an optimal solution of the SDP relaxation Q1sp

r . If

rankMr (yr ; I x) = rankMr−r0 (yr ; I x)

rankMr (yr ; Ĩ (j , `)) = rankMr−ν0 (yr ; Ĩ (j , `)) ` = 1, . . . , n, j = 1, . . . , p (50)

and if
rank(Mr (yr ; I x∪(I z(j)∪I u(j)∪I v (j)∪Iw (`)∪I t)∩(I z(j ′)∪I u(j ′)∪I v (j ′)∪Iw (`′)∪I t))) = 1
for all (j , `) 6= (j ′, k ′) then inf Q1sp

r = ρλ.
Moreover, let ∆j,` := {(x∗(j , `), z∗(j , `), u∗(j , `), v∗(j , `),w∗(j , `)), t∗(j , `)} be the set of
solutions obtained by the application of the condition (57). Then, every
(x∗, z∗, u∗, v∗,w∗, t∗) such that (x∗jk , z

∗
ij , u
∗
ij , v
∗
ijk ,w

∗
ij , t
∗
i )((j,k),(i,j),(i,j),(i,j,k),(i,j),i)∈Ĩ (j′,k′) =

(x∗(j ′, k ′), z∗(j ′, k ′), u∗(j ′, k ′), v∗(j ′, k ′),w∗(j ′, k ′), t∗(j ′, k ′)) for some ∆j′,k′ is an
optimal solution of Problem MOMRFλ.
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Reduction (II): Symmetry

We will apply the symmetry results when permuting the j-indices in the set of variables
Υ = {x , z , u, v}.

We consider the following action ϕ over Rp:

ϕ : Sp × Rp → Rp

defined as ϕ(σ, (y1, . . . , yp)) = (yσ(1), . . . , yσ(p)) for any σ ∈ Sp and y ∈ Rp.

ϕΥ : Sp × RNp+M → RNp+M

defined such that ϕΥ maps (σ, (x , z , u, v ,w , t) into
(ϕ(σ, x(I x(1))), . . . , ϕ(σ, v(I v (i , k))),w(Iw ), t(I t)), i.e., permuting the indices associated
with facilities in the decision variables (the j-index).

ϕΥ = ϕ⊕ N· · · ⊕ϕ⊕ 1M .

Symmetries in MF OMP Priego de Córdoba 2013 V. Blanco
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Υ = {x , z , u, v}.
We consider the following action ϕ over Rp:

ϕ : Sp × Rp → Rp

defined as ϕ(σ, (y1, . . . , yp)) = (yσ(1), . . . , yσ(p)) for any σ ∈ Sp and y ∈ Rp.

ϕΥ : Sp × RNp+M → RNp+M

defined such that ϕΥ maps (σ, (x , z , u, v ,w , t) into
(ϕ(σ, x(I x(1))), . . . , ϕ(σ, v(I v (i , k))),w(Iw ), t(I t)), i.e., permuting the indices associated
with facilities in the decision variables (the j-index).
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Reduction (II): Symmetry

By Maschke’s Theorem (see [?, Thm 1.5.3]), every G -module V is a direct sum of
irreducible G -submodules of V , i.e.,

V ∼=
s⊕

i=1

Vi with irreducible G -submodules Vi . (51)

Each irreducible G -submodule might occur several times in the direct sum.
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Qsym
r :

infy L
sym(p, y)

Msym
r (y) � 0 ,

Msym
r−ddeg gj/2e(gj y) � 0 , 1 ≤ j ≤ m

(52)

with optimal value denoted by inf Qsym
r .

Theorem ([?])
Assume that the Archimedean Property holds and let (Qsym

r )r≥r0 be the hierarchy of
SDP-relaxations defined in (59). Then (inf Qsym

r )r≥r0 is a monotone non-decreasing
sequence that converges to ρ∗.
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Reduction (II): Symmetry

Lemma
Let Bk(Y ) be a symmetry-adapted basis of R[Y1, . . . ,Yp] of degree at most k and
Bst(X ) the standard monomial basis of R[w(Iw ), t(I t)] with degree at most k. Then, the
elements of a symmetry-adapted basis of R[x , z , u, v ,w , t] are of the form:

b = bx1 · · · bvn,d · b′

where bxk ∈ Bk(x(I x(k))), bzi ∈ Bi (z(I z(i))), bui ∈ Bk(u(I u(i))), bvi,k ∈ Bk(v(I v (i , k))),
for i = 1, . . . , n, k = 1, . . . , d, and b′ ∈ Bst(X ) and such that deg(b) ≤ k.
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Reduction (II): Symmetry

Lemma
Let T be a generalized Young tableau with shape λ ` p and content µβ . The generalized
Specht polynomials S(tλ,T ) generate an Sp-submodule of R{Y β} which is isomorphic to
the Specth module Sλ.

With the above results, we get the following result which is proven in [?].

Theorem

Let β ∈ Np
0 with

p∑
i=1

βi = r and shape µβ . Then:

R{Y β} =
⊕
λDµβ

⊕
T∈Tλ,µ

R{Stλ,T}

where tλ denotes the unique λ-tableau with increasing rows and columns and Tλ,µ the
set of semistandard generarized Young tableaux of shape λ and content µ.
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Example

For n = 3 demand points, in the plane (d = 2), p = 2 facilities to be located and
relaxation order k = 2:

Construct a symmetry-adapted basis for S2 over a set of two variables.
First, the components in the symmetry-adapted basis are indexed by the partitions
λ ` (2), thus λ ∈ {(2), (1, 1)}. The β to take into account are
β ∈ {(0, 0), (1, 0), (2, 0), (1, 1)} with shapes µ equal to (2), (1, 1), (1, 1) and (2),
respectively. Thus, the semistandard generalized Young tableaux for each of these shapes
and contents are:

• µ = (2):
1 1

and
1 2

• µ = (1, 1): No semistandard generalized Young tableaux exists in this case.

Hence, there is only one irreducible component in this case (for µ = (2)), so the
symmetry-adapted basis in R[Y1,Y2] is

{1,Y1 + Y2,Y
2

1 + Y 2
2 ,Y1Y2}

We observe that the standard monomial basis for this set of two variables has 6
monomials while this basis has only four elements.
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