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Moments, SOS and SDP

Let's K= {x e R? : gi(x) > 0, Vj}; f, g € R[X].

min  f(x) }

x € K




Moments, SOS and SDP

Let's K= {x e R? : gi(x) > 0, Vj}; f, g € R[X].

min  f(x) (Lasserg, 2001) Me'w{zK) /fd,u "
xeK - fd,u -1 >
nw=>0

M(K) is the vector space of finite, signed Borel measures supported on K.
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Moments, SOS and SDP

R[X] = R[L, X1, ..., Xd].

B = [1,Xi,...,Xq, X2, Xi Xa, ..., X1 Xa, X3, ...]
= [Xa]aeNd
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Moments, SOS and SDP

R[X] = R[1, X1, ..., X4].
B = [1,Xi,...,Xa, X2, X1 Xo, oo, X1 Xa, X3, ...]

= [Xa]aeNd

Then, for any sequence {ya }o indexed in the same order that B3, and for any polynomial
f= Z 7. X We introduce the functional L, : R[X] — R:
aeNd

N o

a€eNd
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Moments, SOS and SDP

R[X] = R[1, X1, ..., X4].
B = [1,Xi,...,Xa, X2, X1 Xo, oo, X1 Xa, X3, ...]

= [Xlaen

Then, for any sequence {ya }o indexed in the same order that B3, and for any polynomial
f= Z 7. X We introduce the functional L, : R[X] — R:
aeNd

N o

a€eNd

Example: For R[xi,x:] and r =2, B = {1, x1,x2,x%, x1x2, X3, ...}, so for
f=x2 -3 +2xx € R[xt, x]: L,(f) = y2.0 — Yo3 + 2v1.1
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Moment and Locaizing Matrices

The moment matrix of order r, M,(y), is defined as M,(y); = L,(b; - bj), where b; are
the elements in B such that deg(b;), deg(b;) < r.
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Moment and Locaizing Matrices

The moment matrix of order r, M,(y), is defined as M,(y); = L,(b; - bj), where b; are
the elements in B such that deg(b;), deg(b;) < r.

1 X5 Xo X2 XiXe X3P

1 Y00 Y10 Yol Y20 Y11 Yo2

X1 Y0 Y20 Y11 Y30 Y21 Y12

Ma(y) = X2 Yo Y11 Yo2 Y21 Yi2 Y03
X? Y20 Y30 Y21 Yao Y31 Y22

X1 X2 Yl Y21 Yi2 Y31 Y22 Vi3

X2 Y02 Y12 Yo3 Y22 Y13 Yos
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Moment and Localizing Matrices

For any g € R[X], the localizing matrix of g of order r, M,(g y), is defined as
M,(gy)i = Ly(g - bi - bj), where b; are the elements in B such that
deg(g) + deg(bi) + deg(b;) < 2r.
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Moment and Localizing Matrices

For any g € R[X], the localizing matrix of g of order r, M,(g y), is defined as
M,(gy)i = Ly(g - bi - bj), where b; are the elements in B such that

deg(g) + deg(bi) + deg(b;) < 2r.

For g(x1,x2) =1—x1x; and r = 1:

1 X1 X2
1 Y00 — Y11 Y10 — Y21 Yo1— Y12

M — k) ) k) ) ) )
1(gy) X1 Y1,0 = Y21 Y2,0 — Y31 Y11 — Y22
Xo Yo1—Yi2 Yi1—Y22 Yo2— Y13
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Moments, SOS and SDP

If K satisfies Arquimedean Property (also called Putinar's Property):
Ju € R[x] : {x:u(x) > 0} is compact and

¢
u = oo+ Zaj gj, being og; s.o.s. polynomials (2)
=1
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Moments, SOS and SDP

If K satisfies Arquimedean Property (also called Putinar's Property):
Ju € R[x] : {x:u(x) > 0} is compact and

£

u = oo+ Zaj gj, being og; s.o.s. polynomials (2)
=1
Then,
inf  (F,p) inf  L,(f)
st. (Lp)=1, | _ st. {ya} has
©w>0, o a representing
u e M(K) measure
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Moments, SOS and SDP

If K satisfies Arquimedean Property (also called Putinar's Property):

Ju € R[x] : {x:u(x) > 0} is compact and

¢
u = oo+ ZUJ- gj, being og; s.o.s. polynomials (2)
=1
Then,
inf  (F,p) inf  L,(f) inf  L,(F)
st. (Lp)=1, | _ st. {ya} has _ st. M(y)=0,
w>0, - a representing - M. (gjy) = 0,
u e M(K) measure Vj,Vr > v
f degg;
v=max{[ %], [#]}
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Moments, SOS and SDP

If K satisfies Arquimedean Property (also called Putinar's Property):

Ju € R[x] : {x:u(x) > 0} is compact and

¢
u = oo+ ZUJ- gj, being og; s.o.s. polynomials (2)
=1
Then,

inf  (F,p) inf  L,(f) inf  L,(F)
st. (Lp)=1, | _ st. {ya} has _ st. M(y)=0,

w>0, - a representing - M. (gjy) = 0,

u e M(K) measure Vj,Vr > v

deg?
2

[

Solving for a fixed ry it gives a relaxation of the original polynomial optimization problem
by a "SDP”

v= max{|—
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Continuos 1-F OM Location
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Continuos 1-F OM Location
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Generalized location problems with rational objective

We are given n point {a1,...,a,} C RY endowed with an £,-norm, a = r/s € Q,
m.c.d.(r,s)=1.
o fj:= % RY — R are polynomials or piecewise polynomials for j =1,...,m.

9j
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Generalized location problems with rational objective

We are given n point {a1,...,a,} C RY endowed with an £,-norm, a = r/s € Q,
m.c.d.(r,s)=1.
o fj:= % RY — R are polynomials or piecewise polynomials for j =1,...,m.

9j
o K={(x,u) €RYxRY : gi(x,u) >0, j=1,...,m,q >0
lIx = ailla, or _
ui = min  [Ix — aifla i=1,..,n}
x€X, | X|=p
In most cases, we add the redundant constraint ||x||3 < M.
K is a closed, compact semi-algebraic set.
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We shall define the dependence of f; to the decision variable x € RY via u = (u1, ..., un),
where u; : R = R, ui(x) := ||x — ail|a, i = 1,...,n. Therefore, the j-th component of
the ordered median objective function of our problems reads as:

filx): RY —» R
x = () = fillx —alas - [lx = anla)

Consider the following problem:

(LOCOMRF) p) = mXin{Z N () (x) 1 x € K}, (3)

J=1

o K C R satisfies Putinar's property.
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n .
o f(ur, ... up)=> 1 uif
|[x — ai||a, Weber problem
ui = min  ||x — aj|l«, Multifacility Weber problem -
x€X, | X|=p
o f(u1,...,un) =Y, u the centroid problem,
e f(u1,...,up) = max u; = min z, center problem,
1<i<n ui<z
n
o f(ur,...,up) = E Aty = min z, ordered median problem,
. S Mu, (i <z,Vo
i—1 i=1 "o (i)
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n

o f(uy,...,up) = Z |uj — uj|, absolute deviation or envy problem
i<j
n
o f(ur,...,un) = Z(u,— — @)?, variance problem ...
i=1
n .
o fuy,...,un) = Z % obnoxious facility location
j=1
n b
o f(ur,...,up) = JZI W, Huff competitive location
e Gradual covering, acceleration-deceleration distance, inventory gradual covering ...
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Equivalent problem

Symmetries in MF OMP

s.t.

Ms

Aj(x) Z fi(u)w;

Jj=1

m
E wj=1,fori=1,...,m
=

ZW,'J'ZI, forj=1,...,m

3

m
E Wf(u)>§ wirfi(u),j=1,...,m
i—1
m m
2
E E w,»j—w,jfo,
i=1 j=1
s
Vi —ag i=1...n j=1,...,
s
vi > aj — X, i =1, ,n, J=1, ,
d
r r
z,:E V,-j,l—l, ,n,
=
ui=2z,i=1,...,n,

Z Ugm w; € R, x € K.
ij=1

Priego de Cordoba 2013

V. Blanco

4

(©)

(6)
™
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SDP Relaxation

=1

/—’H
For r > max{ro, o} where rp := max &k and vg := max{ max Vs max v; } = max vj, we
k=1,...,¢ j=0,...,m 17} Jj ,m
introduce the following hierarchy of semidefinite programs:
myin Ly(px)
s.t. M,(y; /(0)) =0,
Mr—gk(gky? 1(0)) =0, k=1,....¢
M(yr (0yuiI()uli(+1)) =0, j=1,....,m,
M,_ V(hjy, ©oQulIj)ul(+1) >0, j=1,...,m—1,
M, 1(hy Q) uiyul+1) =0, j=1,....m,
Ly (3517 1Wu—1) =0, j=1,...,m,
y(z—lwu_l) =0, i=1,...,m,
y(Wu - wy) =0, i,j=1,...,m,
Y(qk) =1,
with optimal value denoted min Q,.
Symmetries in MF OMP Priego de Cordoba 2013 V. Blanco
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Some Results

Theorem (B., Puerto, EIHaj-BenAli, 2012

@ Let (x) be a feasible solution of (LOCOMF ) then there exists a solution (x, u, v, w)
for (MFOMP1, ) such that their objective values are equal. Conversely, if
(x,u,v,w) is a feasible solution for (MFOMP1, ) then there exists a solution (x)
for (LOCOMF ) having the same objective value. In particular o = ©,. Moreover,
if K C RY satisfies Putinar's property then K C R%t™ 1442 a1so satisfies Putinar’s
property.
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Some Results

Theorem (B., Puerto, EIHaj-BenAli, 2012

@ Let (x) be a feasible solution of (LOCOMF ) then there exists a solution (x, u, v, w)
for (MFOMP1, ) such that their objective values are equal. Conversely, if
(x,u,v,w) is a feasible solution for (MFOMP1, ) then there exists a solution (x)
for (LOCOMF ) having the same objective value. In particular o = ©,. Moreover,

if K C RY satisfies Putinar's property then K C R%t™ 1442 a1so satisfies Putinar’s
property.

@ Let K C R 7(942) (compact) be the feasible domain of Problem (MIFOMP1, ).
Let Q, be the semidefinite program (Q1,) with (g«), (h;) C R[x, u, v, w] the
polynomial functions defining the constraints of K. Then:

(a) infQ, 1 p asr — oco.
(b) Let y" be an optimal solution of the SDP relaxation Q, in (Q1,). If

rank M,(y") = rank M,_(y") = t 9)

then min Q, = p and one may extract t points (x*(k), u*(k), v*(k), w* (k)i C K,
all global minimizers of the MOMRF problem.

B. & ElHaj-BenAli & Puerto, CORS 2013
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Convex OMP

min Y Aiwo(i)[|xX — ao(yll - (10)

d
XERT ST

Symmetries in MF OMP Priego de Cordoba 2013 V. Blanco



Convex OMP

n

i Aiwe iy |1X — asiyll-- 10
i 2 W (i) X = as ()l (10)

Theorem (B., Puerto, EIHaj-BenAli, 2013)

For any set of lambda weights satisfying A1 > ... > A\, and T = ¢ such that

r,s € N\ {0}, r > s and gcd(r,s) = 1, Problem (10) can be represented as a
semidefinite programming problem with n* + n(2d + 1) linear constraints and at most
4ndlog r positive semidefinite constraints.

B. & Puerto & EIHaj-BenAli, Preprint 2013
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Constrained Case

Theorem
Consider the restricted problem:

n

min ANiwein||x — ag(i|| - 11
i 2 ol Wl (11)

Assume that the hypothesis of Theorem 2 holds. In addition, any of the following
conditions holds:

® gi(x) are concave fori =1,...,£ and — Ef=1 1iV2gi(x) = 0 for each dual pair
(x, 1) of the problem of minimizing any linear functional c*x on K (Positive
Definite Lagrange Hessian (PDLH)).

® gi(x) are sos-concave on K for i =1,...,¢ or gi(x) are concave on K and strictly
concave on the boundary of K where they vanish, i.e. 9K Nd{x € R? : gi(x) = 0},
foralli=1,...,¢.

© gi(x) are strictly quasi-concave on K for i =1,... 4.

Then, there exists a constructive finite dimension embedding, which only depends on T
and gi, i =1,...,¢, such that (18) is a semidefinite problem.
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Constrained Case

(Qu) : min 2": Vi + 2": w; (12)
k=1

i=1

s.t. vi + wik > iz, Vi,k=1,...,n, (13)
.y(l_)<j+a,1207 Vi:l,...,n,j:l,...,d_ (14)

yi+x—a; >0, Vi=1,..,n j=1,..,4d.
yp < ugzl e, Yi=1,..,n j=1,...,d, (15)
"Jié 7:1 uj <z, Vi=1,..,n, (16)
Mpy(x) = 0, %)
My—¢, (g, k) =0, k=1,....¢, (18)

L) =%. J=1.....d,
Le(z))=2z, i=1,...,n,

Leo(viy=vi, i=1,...,n,

LN(W,‘):W,', i:l,...,n,

Lo(ug) =uwj, i=1,...,n, j=1,...,d,

Le(yj) =yi, i=1,...,n j=1,...,d,

Ko =1

uj >0, Vi=1,..,n j=1,...,d. (19)

with optimal value denoted min Q.
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Constrained Case

Theorem
Consider py defined as the optimal value of the problem:

= min Z)\ Wo (i) 1X = a(iyll+- (20)

xEKCRA £

Then, with the notation above:
(a) minQn T pr as N — oo.
(b) Let k" be an optimal solution of Problem (Qu). If

rank My (k") = rank My_n, (k") = ¥
then min Qn = px and one may extract ¥ points

O (1), 27 (), v (1), w™ (1), ™ (), y " ()i € K,

all global minimizers of Problem (27).
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Constrained Case

Theorem
Consider py defined as the optimal value of the problem:

= min Z)\ Wo (i) 1X = a(iyll+- (20)

xEKCRA £

Then, with the notation above:

(a) minQn T pr as N — oo.
(b) Let k" be an optimal solution of Problem (Qu). If

rank My (k") = rank My_n, (k") = ¥
then min Qn = px and one may extract ¥ points

O (1), 27 (), v (1), w™ (1), ™ (), y " ()i € K,

all global minimizers of Problem (27).
B. & Puerto & EIHaj-BenAli, Preprint 2013
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Continuos MF OM Location




Continuous MF OMP

We are given a set of demand points S = {ai, ..., an} and two sets of scalars
Q:={w,...,wn}, wi >0, Vie{l,...,n} and A:= {1, ..., \n} where

A1 > ... > Ay > 0. The elements w; are weights corresponding to the importance given
to the existing facilities a;,i € {1, ..., n} .
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Continuous MF OMP

px = mxin{z )\,-?(,-)(X) ix=(x,..., %), i €K, Vj=1,...,p}, (LOCOMF)
i=1
where:
o K C R satisfies the Archimedian property. Without loss of generality we shall assume
that we know M > 0 such that 37, [Ix;[l3 < M.
e7:=L>1r,seN, r>sandgcd(r,s) =1.
e )\, >0forall{=1,... ,n
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Poly Opt Formulation

&l
>

s.t.

min
X,y,w,u,v

px (6w, 1) = Zkzszlz
1 n
h,-::Zwilflzo,forizl,...,n,
=1
> n
hz::Zwmfl:O,for[:l,...,n,
i=1
3 n n
by = D> wigti — > wippqt; > 0,€=1,...,n—1,
i=1 i=1
h:;::wize—ww:l),fori,[:l,“.,n,
5 SN
hp=1=3 wjp 20£=1....n
i=1
B = v — (xy —ap) >0, i=1 n j=1
ik = Vik — (Gk —aik) =0, i=1,...n, j=
Rl = v — (@ — ) 20, i=1,...,n j=1
d s
8 r . .
hjj = (Zvijk) —wup >0, i=1....n j=1,
k=1
m = >0, i=1 =1
o= up =t 20, i=1...,n, j=1, ) P
hloft—zuuu>0,171, ni=1,...,p

BN

ca Py

Py k=1,

k=1,...

V. Blanco

(MFOMP1})

(21)

(22)

23)
(29)
(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)



The p-median Euclidean case

d
s.t.: 1.*,»2 > ZZZ,-J-(a,-k — xj-k)z, i=1,...,n

p
. m E zj=1, i=1,...,n
min E w; =

Cmin |xj—aill. =
x=(xq ;.- xp)ERPI S J=Lp -
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Theorem

Let x be a feasible solution of LOCOMEF then there exists a solution (x,z,u,v,w,t) for
MFOMP1, such that their objective values are equal. Conversely, if (x,z,u,v,w,t) is a
feasible solution for MFOMP1, then there exists a solution (x) for LOCOMF having the
same objective value. In particular py = p,. Moreover, if K C R? satisfies Archimidean's
property then K C RPIHmpEnpnpd 0 oo, satisfies Archimidean’s property.
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The Moment approach

Let ho(x, z, u, v, w, t) := pa(x, w, t), and denote & := [(deg gj)/2] and

vj = [(deg h;)/2], where {g1,...,8nc} and {ho, h1,..., hnc1} are, respectively, the

polynomial constraints that define K and K\ K in MFOMP1,. For

r>r:=max{ max &, m
k=1,...,nK Jj=0,

min  Ly(p)
st M(y) =0,
M,—¢,(g,y) =0, k=1,...,n, (Q1,)
M, (hjy) =0, j=1,...,ncl,
Yo=1,

with optimal value denoted inf Q1, (and min Q1, if the infimum is attained).
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The Moment approach

Theorem

Let K C RPA+ptmptnpdin®tn (compact) be the feasible domain of Problem MFOMP .
Let inf Q1, be the optimal value of the semidefinite program Q1,. Then, with the
notation above:

(a) infQ1, 1 px as r — oo.

(b) Let y" be an optimal solution of the SDP relaxation Q1,. If

rank M, (y") = rank M, (y") = ¢
then min Q1, = px and one may extract ¢ points

(G (K)y -y x5 (K), 27 (K), u* (k), v¥(k), w*(k), t*(k)){_, C K, all global minimizers of the
MFOMP1, problem.
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SOC Programming Formulation

Ax =min > Aol
£=1

s.t. (28),(29), (38),
ti < 00 + UBi(1 — wie),
O > 0041,
uj < ti + Mi(1 — z;),
Vik — Xjk + aik > 0,
Vijk + Xjk — aik > 0,

r S r—s
vik < dieu

d
E dik < ujj,
k=1

wie € {0,1},60, € R*
zjj € {071}7

ti € RY, v, dj € RT, uy € RT, i=1,...

x € K,

Theorem

,n, j=1,...

(MFOMP2y)

(36)

,n £=1...n, (37)
0=1,...,n—1, (38)
L j=1...,p, (39)
P, k=1,..,d, (40)
P k=1,.,d,  (41)

op k=1,....d  (42)
nj=1,...,p, (43)
Vi l=1,...,n, (44)
Lnj=1...,p, (45)
L pk=1,...,d, (46)
i=1...,p (47)

Let x be a feasible solution of LOCOMF then there exists a solution (x, z,u,v,w, t,0,s,d) for MFOMP2
such that their objective values are equal. Conversely, if (x,z,u,v,w,t,0,c,d) is a feasible solution for
MFOMP2), then there exists a solution (x) for LOCOMF having the same objective value. px = px.

Symmetries in MF OMP
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The p-median Euclidean case

n
min ZW[t,
i=1
d
2 2 . ,
s.t. uijZZ(a,-kijk), i=1,...,n j=1,...,p,
m k=1
m]ligdzwij_?"inp‘l)g_ailb = U%ZtV—FM(l—Z,'j), i=1,...,mj=1,...,p,
x€ — =1,...,
= Zz,'jZl, i=1,...,n
j=1
z; € {0,1}, i=Ll...,mj=1...,p,
t >0, uj 20, i=1,....,mj=1,...,p,
x=(x1,..,%) € R
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The SDP-relaxation Approach

Let y = (va) be a real sequence indexed in the monomial basis (x°z"uYv®wSt*°d¥) of
R[x, z,u, v, w,t,0,d] (with

a=(B,1,770C a6 b)) € NP x N x N x N"¢ x N x N x N x N"°9),

Let ho(0) := D", Aebe, and denote & := [(deg g;)/2] and v; := [(deg h;)/2], where
{g1,...,8n} and {h1,..., hac2} are, respectively, the polynomial constraints that define
K and K\ K in MFOMP2,. For r > ry := max{k_rlnaxnK &k, jinax 2Vj}, introduce the

C.
hierarchy of semidefinite programs:

myin Ly(px)

st. M(y) =0,
M, ¢ (8y) =0, k=1,... n, (Q2,)
M,_.;(hi,y) =0, j=1,...,nc2,
v =1,

with optimal value denoted inf Q2, (and min Q2, if the infimum is attained).
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The SDP-relaxation Approach

Theorem

Let K C RO+t 4204000 (combact) be the feasible domain of Problem MFOMP2, .
Let inf Q2, be the optimal value of the semidefinite program Q2,. Then, with the
notation above:

(a) infQ2, T px as r — co.

(b) Let y" be an optimal solution of the SDP relaxation Q2,. If

rank M, (y") = rankM,_,(y") = ¢

then min Q2, = px and one may extract ¢ points
(X1 (k), - .. ,x;,:(k), z*(k), u*(k), v*(k), w*(k), t*(k), 0% (k),
d*(k))f_, C K, all global minimizers of the MEOMP2, problem.
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The SDP-relaxation Approach

Theorem

Let K C RO+t 4204000 (combact) be the feasible domain of Problem MFOMP2, .
Let inf Q2, be the optimal value of the semidefinite program Q2,. Then, with the
notation above:

(a) infQ2, T px as r — co.

(b) Let y" be an optimal solution of the SDP relaxation Q2,. If

rank M, (y") = rankM,_,(y") = ¢

then min Q2, = px and one may extract ¢ points

(A (K), -5 % (K), 27 (k), u™ (k) v© (k), w™(k), t*(k), 0" (k),

d*(k))f_, C K, all global minimizers of the MEOMP2, problem.
Bottleneck: N = n® + 2np + pd + n + npd variables = SDP Matrix Size:

)
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Reduction (1): Sparsity

Assuming that:
@ There is M > 0 such that ||x||3 < M for all x € K.

® The index sets | = {1,...,d} and J = {1,..., m} are partitioned into sets {/c}7_;
and {Jk};; respectively, satisfying:

@ {J¢} are disjoint sets.

@ For every j € Jy, the constraint gj(x) > 0 is only concerned with the variables
X(Ik) = {X,' NS Ik}.

© The objective function f can be written as f = Y ;_, fi where fi € R[X(/k)]
fork=1,...,m.

O Forevery k=1,...,m—1 Ik+1ﬂUjf:11j C [; for some s < k.
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Reduction (1): Sparsity

Then, we consider the following semidefinite program:

inf, Ly(f)
p . M,(y;lk) = 0, k=1,...,m,
" Mr—(deggj/z](g:iy;lk) = O,jEJk,k:].,...,TF, 1§J§m
yo=1

(48)

Theorem (Lasserre, 2006)

With the notation above, lim inf Q¥ = min{f(x) : x € K}. Furthermore, ify" is a
r—o0o

feasible solution of QP with Ly(f) <inf QP + L and " = {y} : >_, o = 1}, then
lim §" = x*, if x* € K is the unique global minimizer of the polynomial optimization
r—o0o

problem.
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Reduction (1): Sparsity

Let 7(0,0) = I*U 1" U1 and 1(j,£) = I*(j) U IZ(j) U I“(j) U IY(j) U 1" (£) U I for all
{=1,....,.n=1,j=1,...,p.




Reduction (1): Sparsity

Let 7(0,0) = I*U 1" U1 and 1(j,£) = I*(j) U IZ(j) U I“(j) U IY(j) U 1" (£) U I for all
{=1,....,.n=1,j=1,...,p.
Observe that

IG+1,e+1)n |J 76,0 C7(0,0), Vvj>0,¢>0. (49)

J'<iA<e
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Reduction (1): Sparsity

For r > max{ro, o} where rp := max & and vp:= max_ v},
k=1,...,¢ =0, ..

i’;f Ly (ho 2 Mi()tiwie)

st M(y;1(0,0))
Mrfgk(gky: 1(0,0))

k=1,...,n,

()’,’UZ)) yi=1...,p, £=1,...,n—1,
M, ves(hey,/(,l £)) si=1,...,p, t=1...,n—1,
M,_ V(hey 1, 0) j P l=1,...,n—1,

NN
([l
=

Y Y IY 1Y 1Y 1Y
|
=

Y Y
©O0O0O0O0 0 0O 0O O O 00000

|

—

nj=1,...,p, k=1,...,d,£=1,...,n—1,
nj=1,...,p, k=1,...,d,£=1,...,n—1,

M'—V,-j (hy: 1, £))
M,,,,z (hiyi 167, £))
ijk

|
=

M, ys(h?,‘-yﬁ(f,e)) nj=1,...,p k=1,...,d, £=1,...,n—1,
M, _ ,3(h,,y,/(j,€)) =0, i=1....n j=1,...,p, £=1,...,n—1,
,,,,i}o(h,-jy;/(jl)) =0,i=1,...,n j=1,...,p,
y(Z,1W'€*1) = ’€:17~ , N,
y(Ze 1W/€_1) =0,i=1,...,n,
y(w,e — Wig) =0, i,{=1,...,n,
L(ZI 1z —1) =0, i,4=1,...,n,
y(z,/ zjj) =0,i=1,...,n, j=1,...,p,
(Q1P)

with optimal value denoted inf Q15P.
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Reduction (1): Sparsity

Theorem

Let K ¢ RPé+n*+np+mpdn’tn o the feasible domain of MEOMP1 .. Then, with the
notation above:

(a) inf Q1P 1 px as r — co.

(b) Let y", be an optimal solution of the SDP relaxation Q13”. If

rank M,(y"; 1) = rankM,_,(y"; /)
rank M, (y";7(j,£)) = rankM,_,(y;7(,0))¢=1,....nj=1,...,p (50)

and if

rank (M, (y"; FU(IFG UGV GO (QUInNGHulGHul ghulv@yuih)) =1
for all (j,£) # (j', k") then inf Q13® = pj.

Moreover, let Aj o = {(x"(j,£),z"(j,£),u"(j,£), v (J,£), w*(j, £)), t"(j, £)} be the set of
solutions obtained by the application of the condition (57). Then, every

(x*,z*,u™, v*,w", t*) such that (xj’,‘(7 2z, U, Vig, Wiy t,-*)(U’k)’(,-Yj)'(,-’j)’(,-’jyk))(,-’j)’,-)ei(jl,k,) =
x*(' K), 22 ( K, u* (' k), v (7 K), w* (', k'), t° (7, k7)) for some Ay o is an
optimal solution of Problem MOMREF .
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Reduction (I1): Symmetry

We will apply the symmetry results when permuting the j-indices in the set of variables
T ={x,z,u,v}.
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Reduction (I1): Symmetry

We will apply the symmetry results when permuting the j-indices in the set of variables
T ={x,z,u,v}.
We consider the following action ¢ over R”:

0:8 xR 5 RP

defined as (o, (y1,-.-,¥p)) = (Vo) -+ Yo(p)) for any o € S, and y € R”.
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Reduction (I1): Symmetry

We will apply the symmetry results when permuting the j-indices in the set of variables
T ={x,z,u,v}.
We consider the following action ¢ over R”:

0:8 xR 5 RP
defined as (o, (y1,-.-,¥p)) = (Vo) -+ Yo(p)) for any o € S, and y € R”.

o7 Sp x RMNPTM _ gNPHEM

defined such that ¢+ maps (o, (x, z, u, v, w, t) into
(¢(o, x(1*(1))), - - - s o(o, v(1 (i, k))), w(I*), t(I%)), i.e., permuting the indices associated
with facilities in the decision variables (the j-index).
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Reduction (I1): Symmetry

We will apply the symmetry results when permuting the j-indices in the set of variables
T ={x,z,u,v}.
We consider the following action ¢ over R”:

0:8 xR 5 RP
defined as (o, (y1,-.-,¥p)) = (Vo) -+ Yo(p)) for any o € S, and y € R”.

o7 Sp x RMNPTM _ gNPHEM

defined such that ¢+ maps (o, (x, z, u, v, w, t) into
(¢(o, x(1*(1))), - - - s o(o, v(1 (i, k))), w(I*), t(I%)), i.e., permuting the indices associated
with facilities in the decision variables (the j-index).

N
or =D - D D 1um.
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Reduction (I1): Symmetry

By Maschke's Theorem (see [?, Thm 1.5.3]), every G-module V is a direct sum of
irreducible G-submodules of V/, i.e.,

V = PV with irreducible G-submodules V;. (51)

i=1

Each irreducible G-submodule might occur several times in the direct sum.
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infy, L¥"(p,y)
R M)
MY [deg g;/2] (&y)
with optimal value denoted by inf Q™.

1Y 1Y
o
@
N

Theorem ([?])

Assume that the Archimedean Property holds and let (Q;¥™),>,, be the hierarchy of
SDP-relaxations defined in (59). Then (inf Q*™),>, is a monotone non-decreasing
sequence that converges to p*.
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Reduction (I1): Symmetry

Lemma

Let Bk(Y) be a symmetry-adapted basis of R[Y1, ..., Y;] of degree at most k and
B*(X) the standard monomial basis of R[w(I"), t(I')] with degree at most k. Then, the
elements of a symmetry-adapted basis of R[x, z, u, v, w, t] are of the form:

b=p1...p"md . p

where b € Bi(x(I*(k))), b7 € Bi(z(17(i))), b* € Bi(u(1"(i))), b"* € Bi(v(I*(i, k))),
fori=1,...,n, k=1,...,d, and b’ € B*(X) and such that deg(b) < k.
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Reduction (I1): Symmetry

Lemma

Let T be a generalized Young tableau with shape X - p and content .°. The generalized
Specht polynomials S, 1) generate an Sp-submodule of R{ ' } which is isomorphic to
the Specth module S*.

With the above results, we get the following result which is proven in [?].
Theorem

P
Let B € N§ with Z Bi = r and shape y®. Then:

R{Y}= D D R{S.r}

ADphB TET)\,H

where ty denotes the unique \-tableau with increasing rows and columns and T, the
set of semistandard generarized Young tableaux of shape A and content p.
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ETIE

For n = 3 demand points, in the plane (d = 2), p = 2 facilities to be located and
relaxation order k = 2:
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ETIE

For n = 3 demand points, in the plane (d = 2), p = 2 facilities to be located and

relaxation order k = 2:
Construct a symmetry-adapted basis for S» over a set of two variables.
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ETIE

For n = 3 demand points, in the plane (d = 2), p = 2 facilities to be located and
relaxation order k = 2:

Construct a symmetry-adapted basis for S» over a set of two variables.

First, the components in the symmetry-adapted basis are indexed by the partitions

A (2), thus A € {(2),(1,1)}. The B to take into account are

B €{(0,0),(1,0),(2,0),(1,1)} with shapes p equal to (2), (1,1), (1,1) and (2),
respectively. Thus, the semistandard generalized Young tableaux for each of these shapes
and contents are:

e ES B I ES

e 1 =(1,1): No semistandard generalized Young tableaux exists in this case.
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ETIE

For n = 3 demand points, in the plane (d = 2), p = 2 facilities to be located and
relaxation order k = 2:

Construct a symmetry-adapted basis for S» over a set of two variables.

First, the components in the symmetry-adapted basis are indexed by the partitions

A (2), thus A € {(2),(1,1)}. The B to take into account are

B €{(0,0),(1,0),(2,0),(1,1)} with shapes p equal to (2), (1,1), (1,1) and (2),
respectively. Thus, the semistandard generalized Young tableaux for each of these shapes
and contents are:

,u:(2)'| ! | ! |and| ! | 2|

e 1 =(1,1): No semistandard generalized Young tableaux exists in this case.

Hence, there is only one irreducible component in this case (for 1 = (2)), so the
symmetry-adapted basis in R[Y1, Y2] is

{L,Yi+ Y2, YT + Y3, Y1 Ys}
We observe that the standard monomial basis for this set of two variables has 6

monomials while this basis has only four elements.
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