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To revisit the moment method and apply this method to obtain the distributed
null controllability for the N-dimensional heat equation. We also want to
analyze the so-called control cost.
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@ A distributed controllability problem for the N-dimensional heat equation
© The case = w: Global controls

@ Biorthogonal families in L (w x (0, T))
@ First step. The restriction operator
@ Second step. Conclusion

© A consequence on the control cost for the N-dimensional heat equation
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1. A distributed controllability
problem for the N-dimensional heat
equation

[AMMAR KHODJA, BENABDALLAH, G.-B., MORANCEY, DE TERESA],
arXiv:2406.05104. J




1. A controllability problem for the heat equation
Fix N > 2, , a regular bounded domain, , an arbitrary

nonempty open set, and 7 > 0.

Null controllability problem

Given yg € L*(f2), find a control v € L?(w x (0, T)) such that the solution
y € ([0, T]; L*()) of

Oy—Ay=1,v inQr:=Qx(0,7),
@)) y=0 on X7 := 090 x (0,7),
y(,O) =)o in Qv

satisfies y(-, 7) = 0 in 2 (Null Controllability of system (1) at time 7 > 0).
V.

1., is the characteristic function on w.

M. Gonzilez-Burgos Moment method revisited



1. A controllability problem for the heat equation

1)

81)’ - Ay =1,v 1m QT>
y=0 on X,
¥(-,0) = yo in €2,

If system (1) is null controllable at time 7 > 0:

We define the control cost for system (1) at time 7 as

K(T,w) =

s (it ol
yoll 2q)y=1 <V€ZT(y0’Q) (Qr)

where

VT > 0,

Zr(yo,w) := {v € L*(Qr) : y(-,T) = 0} # 0.

In particular, we want to analyze

C(w) = limsup (Tlog(K(T,w))) <= K(T,w) ~ exp <C(w)

T—0
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1. A controllability problem for the heat equation
Oy — Ay =1,v 1 Qr,
e y=0 on Xr,

¥(,0) = o in Q,

Previous results, several techniques

Qo ; [FATTORINI-RUSSELL] (1971). Moment method for an
equivalent boundary controllability problem (more details later).

Q ; [LEBEAU-ROBBIANO] (1996). Spectral inequalities for the
eigenfunctions of the Dirichlet-Laplace operator in {2 (more details
later).

o ; [FURSIKOV-IMANUVILOV] (1996). Global Carleman
inequalities for the adjoint problem to (1).

Objective:

Combine the moment method for the heat equation in a N-dimensional
framework and the strategy of Lebeau-Robbiano in order to solve the
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1. A controllability problem for the heat equation

Oy —Ay=1,v inQr,
(D y=0 on X,
y(-,0) = yo in €2,

How to attack the null controllability problem of (1)?

Moment method )

Eigenvalues and eigenvectors of the Dirichlet-Laplace operator on :
Q {im}m>1 C (0,00) is the sequence of eigenvalues;

@ {¢m}m>1 is the associated sequence of normalized eigenfunctions in
L2(Q).
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1. A controllability problem for the heat equation

Oy — Ay =1,v inQr,
ey y=0 on X,
y(-,0) = yo in 2,
The idea of the moment method is simple: Given yo € L?(£2) and

v € L?(w x (0,T)), then we can explicitly solve problem (1) using the basis
of eigenfunctions {t, },»>1. Thus,

Property: Moment problem

There exists a control v € L?(w x (0,T)) s.t. y(-,T) = 0in Q (y is the
solution of (1)) if and only if there exists | v € L?(w x (0, T)) | satisfying

T
/ /e“’"(T’) Um(X) v(x, ) dxdt = —eFTyg |, Vm > 1,
0 Jw

where yy ,, are the Fourier coefficients of yy associated to the orthonormal
basis {’(ﬁm}m21 .

—_ - = 5 SRe
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1. A controllability problem for the heat equation

Oy —Ay=1,v inQr,
(D y=0 on X,
y(-,0) = yo in €2,

Moment problem:

Given yg € L*(2), find |v € L*(w x (0,T)) |s. t.

T
(2) / / e Hn(T=0 4 (x) v(x, 1) dxdt = —e Tyg 0, Vm > 1,
0 Jw

(yo,m Fourier coefficients of yo).
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1. A controllability problem for the heat equation

Biorthogonal families in L*( x (0, T))

Let us introduce the function defined by:

Fu(x, 1) == e *hy(x), VYm>1, (x,1) €Qx(0,7T).

{Om} ;> is a biorthogonal family in L*(w % (0,7)) to {Fp}m>1 if
T
/ / Fon(t, £)0n(x, 1) dx dt = Sy, ¥ > 1.
0 Jw

Then, a formal solution of the moment problem (2) is given by

v, ) ==Y e Y0 On(x, T — 1), V(x,1) € w x (0, T).

m>1

@ Existence of biorthogonal sequences to {F,},,~ in L*(w x (0,T))? \

@ Convergence in L?(w x (0, T)) of the previous series?
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1. A controllability problem for the heat equation

F(x,t) := e P (x), Ym>1, (x,1)€Qx(0,7).

The existence of a biorthogonal family to {F,, },,>1 in L*(w x (0, T)) is
equivalent to the property (minimality):

Fm ¢ Span {F"’wX(O,T) 5 It ?é m}”'”LZ(WX(O’T))v m,n 2 L.

A simpler case

Let us first analyze the simplest case: w = € (global control).
In this case we will use that {1, } > is an orthonormal basis of L(€2).
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2. The case = (2: Global controls

Oy—Ay=v inQr:=Qx(0,7),
(1) y=0 on X7 :=00Q x (0,7T),
¥(0)=y ing,

with v € L?(Qr). The null controllability of system (1) is equivalent to: find
v € L*(Qr) such that

T
@) / / e T 4 (x) v, 1) dvdt = —e Ty, Vi > 1,
0JQ

(yo,m Fourier coefficients of yg).

Objective:

Find a biorthogonal family in | L2(Qr) | of {Fy }m>1
(F(x, 1) := e Hmlah, (x)).
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2. The case = (2: Global controls

Existence + estimate: the main result when = (2

Theorem

Assume B = {1, }m>1 is an orthonormal basis of L*(S2). Then, Ve € [0,T), 3
a sequence {qy, },,, biorthogonal in L*(Qr) to {F mfm>1 Satisfying

Supp (qy) C [, 7] x Q,

1
||an“iZ(QT) < 2e (T——e aF ,um) 625“’”, Vm > 1.

L

Proof: For simplicity, let us assume that ¢ = 0. Then,

1 T
P (x,1) = Fe‘”””wm(x), (x,1) € Qr, withC! = / e 2l dr m>1,
m 0

and we can prove

m

1 1
nge T"‘Mm .
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2. The case = (2: Global controls

Oy —Ay=v inQr,
(1) y=20 on X,
y(,0) =y in,

The null controllability of system (1) is equivalent to: find v € L?>(Qr) such
that

T
/ / T 4 (x) v(x, 1) dxdi = —e P Tyg V> 1,
0JQ
(yo,m Fourier coefficients of yy) and a candidate is

v 1) == e Ty mah(x, T —1), V(x1) € Qr.

m>1

IsveL*(Qr)”
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2. The case = (2: Global controls

Let us compute ||v[[;2(g,)- One has,

( 1/2
Mlzen < | Do lablien | Dol
m>1 .
< Ve | 3 (7 +m) ) ol = ST ol
m>1

Finally, using Weyl’s law: | N (r) := $ {m > 1 : ju, < r} < &rV/?|,¥r >0,
we deduce,

C

Nt2
4

S(T) <

T
where C > 0 is a constant only depending on N and €.

We have solved the null controllability problem for system (1) when w = Q. J
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2. The case = (2: Global controls

Oy —Ay=v inQr,
(1) y=20 on X7,
y(,0) =yo inQ,

In particular (w = (2), the set
Zr(yo,w) = {v € L*(Qr) 1 y(-,T) = 0} # 0,

and the control cost for system (1) at time 7 satisfies

C
K(T,w)= sup < inf |||z ) < YT >0,
oll2gqy=1 \"EZ700.) L*(Qr) Tz
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2. The case = (2: Global controls

Oy — Ay =v inQr,
(1) y=0 on X7,
y(-,0) =yo inQ,

We have proved:

Assume w = ). Then, system (1) is null controllable at time T > 0 and

where C > 0 is a constant only depending on N and €).

We have used that B = {1/, },;>1 is an orthonormal basis of L*(2). This
property is lost when w is a proper subset of (2: w C €2 and .
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3. Biorthogonal families in
L*(w x (0,T))

[AMMAR KHODJA, BENABDALLAH, G.-B., MORANCEY, DE TERESA],
arxXiv:2406.05104. J
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3. Biorthogonal families in L?(~ x (0, T))

Recall

@ Q c R is a bounded domain with O regular enough (N > 2);
© Eigenvalues and eigenvectors of the Dirichlet-Laplace operator on

: is the sequence of eigenvalues; is the

associated sequence of normalized eigenfunctions in L2(2);

Q | Fulx, 1) == e My (x) |, Vm > 1, (x,1) € Q x (0, 7).

Objective:

Prove the existence of a biorthogonal family {Q},,~1 t0 {Fn},> in

T
LZ(wx(O,T))://Fm(x,t)Qn(x,t)dxdt—(Smn, Wim,n > 1, and
0 Jw

estimate the norm.

Main difficulty: w C €2 and .

.
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‘We have also proved:

3. Biorthogonal families in L*( x (0, 7))

Assume B = {1, }m>1 is an orthonormal basis of L*(SY). Then, Ve € [0,T), 3

a sequence {q,, },,~ biorthogonal in

L*(Q x (0,7))

Supp (¢;,) C [, T] x Q,

1
12 26 m
gm0 < 2€ (—5 + Mm> ey

to {Fp},~, satisfying

M. Gonzilez-Burgos
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3. Biorthogonal families in L*( x (0, 7))

@ Main argument: The restriction operator
R € LH(Q % (0,T)) = |, € L*(w x (0,T))

from the closed subspace of L%(Q x (0,T)) spanned by {F},~; (for an
appropriate weight function p) into the subspace of L?(w x (0, T))
spanned by {F,,},~, is a bi-continuous bijection.

@ As aconsequence, we will construct a biorthogonal family to {F,,},,~,
in L2(w x (0,T)). -
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3. Biorthogonal families in
L*(w x (0,T))

1. First step. The restriction operator J




3. Biorthogonal families in L?(~ x (0, T))

1. First step. The restriction operator

Proposition (“Spectral inequality’)

Fix Q C RN, a bounded domain regular enough, and w C ), an arbitrary
nonempty open subset. Then, there exists a constant 3 > 0 (only depending

onwand Q) s. t.|V{cm},>; CR|and|VA € (1,00) | one has

2 2
/ S @] dx= Y fenf <P / S cntom()| dx,
Q| /<A VEm<A | V<A

where {{m},.cn i the sequence of normalized eigenfunctions of the
Dirichlet-Laplace operator in 2 C RV,

For a proof:
[JERISON, LEBEAU], Univ. Chicago Press, Chicago, Il., 1990.
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3. Biorthogonal families in L?(~ x (0, T))

1. First step. The restriction operator

For M > 1, we define:

Putet)i= > an Fulx, )= Y aiPe iy, (x)
VA<M Vim<M

wherea,(n)E]R 1 <m < M. Then,

There exists o (T, ) > 0 satisfying

ao(T,B) > 2B and lim ay(T, ) =20,
T—0+t

such that for any M > 1, any Py and any o > (T, ), one has

// 2 Py, 1)) dxdt<6//yPMxt)| dxdr.
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3. Biorthogonal families in L?(~ x (0, T))

1. First step. The restriction operator

@ Spectral Inequality: | VA € (1, 00) |, one has

2 2
e_ﬂ’\/ Z CmWm(x) dx§/ Z Cmm(x)| dx.
| <A “ | /Em<A

And

Pue)i= > afFu(n = 3 altem i (x)
Vim<M Vim<M

@ Dissipation on the intervals (0, «/M) and (a/M, T).
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3. Biorthogonal families in L?(~ x (0, T))

1. First step. The restriction operator
Conclusion: We have proved:

There exists o(T, ) > 0 satisfying

ao(T, 5) > 20 and Tli%l+ ao(T, B) =27,

such that for any M > 1, any Py and any o > (T, 3), one has

// 2 Py, 1) dxdt<6//]PMxt)\ dxdr.

Putet)i= 3 alF, (0= 3 alienty,(x)
Am<M VAm<M

wherea,(n ) € R, 1 <m< M. Then,
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3. Biorthogonal families in L*(. x (0, 7))

1. First step. The restriction operator
Let us define (o > ay)

0 ifxew
Na(X) = .
af ifx € Q\w,

T
(t,9),, = /0 /Q 2 f (x Ng () dxdr, 12, = (F.S),,

and the Hilbert spaces:
2 o . .
I2,(Q % (0,T)) := {f : Q% (0,T) = R: |[f]],,. < oo},

and

12 (2
E,, =span {F, :m > 1} e X(O:T))’

12¢(,
E =span {F,|,:m> 1} (UJX(O’T)),
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3. Biorthogonal families in L*(. x (0, 7))

1. First step. The restriction operator
Define the restriction operator

Ro:p€ L%Q(Q x (0,T)) = Ru(p) = ¢l, € L*(w x (0,T))

which satisfies R, € £ (L, (€2 x (0,T)),L*(w x (0,T))).

If o > ao(T, [3), the operator R, satisfies

2 2 2
ll2, < 7IRw(@)22xory < Tl . Vo € By,

Moreover, R, (Ey,) = E and, therefore, R,, € L (Ey,,E) is an
isomorphism.

Recall
ao(T, B) > 2B and lim «o(T,B) = 2.
T—0t
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3. Biorthogonal families in
L*(w x (0,T))

2. Conclusion J




3. Biorthogonal families in L*(. x (0, 7))

2. Conclusion

The family {Fy},,~ is minimal in L?(w x (0,T)). Moreover, there exists a
biorthogonal family {Om},,> C E to {Fp},~, in L*(w x (0,T)) such that

ag B

1
2 _ ——+2epm
B 11OnlZgoxiory < 14¢ (T — um> e , Ym>1,

forany e € (0,T), with ag = (T, ) > 2 and limy_,q+ ao(T, 3) = 2.

Proof: The proof combines:
© Theorem 3.1: existence of a sequence {q;}m > biorthogonal to
{Fu},>; in|L*(Q x (0,T)) |s.t. ¢;, = 0 on (0,¢).
@ The restriction operator R, € L (E,, , E) is an isomorphism:
3{0;,},> C E biorthogonal to {F,,},,~, in L*(w x (0,T)) and one
has (3).
@ Infact, {Q;,},~, C E and the family does not depend on .
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4. A consequence on the control cost
for the N-dimensional heat equation




4. Control cost for the N-dimensional heat equation

3,y - Ay = le in QT7
ey y=0 on X,
y(-,0) = yo in Q.

Recall that null controllability of system (1) is equivalent to: find v € L?>(Qr)
such that

T
@ [ [T g drdi = e Ty, 1,
0 Jw
(yo,m Fourier coefficients of yy) and a solution is given by

V(.X, t) = _ZeiumTyO,m Qm(X,T— t)'} V(X, t) S QT7
m>1
. 1 g8
with ||Qm||i2(w><(077~)) S 14e <T'_€ + lj/m) e 2 +2E,U‘m’ vm Z 1’ = (07 T)

and
ao(T, ) >2Fand lim an(T,B) = 20.
T—0+
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4. Control cost for the N-dimensional heat equation

Oy —Ay=1,v inQr,
(1) y=20 on X,
y(-,0) = yo in 0,

Let us compute [|v[|Z, (0p)- One has,

1/2
M) < VT | 5 (7 +im) 7 | e ol
m>1

= S(5, T)e ™ Ilyoll 2 -

As before,
S(e, T) < (T_i)+ C=C(Q,N) > 0.
Then, /
Wl < (T_C) Ivollizgy > Ve € 0, ).
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4. Control cost for the N-dimensional heat equation

Oy —Ay=1,v inQr,
(D y=0 on X,
y(-,0) = yo in €2,

We can minimize with respect to ¢ € (0, T)

C @
||V||L2(Qr) < vz € HyOHLZ(Q)’ Ve € (0,7).
2

(T -¢)
Using ao(T, ) > 2 and limy_,g+ ao(7T, §) = 23, we deduce

System (1) is null controllable at time T > 0 and, the control cost satisfies

C(w) = limsup (T log(K(T,w))) < 2.
7—0

where C > 0 is a constant only depending on N and ().

M. Gonzilez-Burgos Moment method revisited



4. Control cost for the N-dimensional heat equation

0y — Ay =1,v in Qp,
(1) y=20 on X,
y(+,0) = yo in ,

We have adapted the Lebeau-Robbiano strategy in order to obtain an
appropriate biorthogonal family to {F,,},>1 in L*(w x (0,T)). As a
consequence,
@ We have proved the null controllability of system (1) at time 7 > 0.
© We have obtained the behavior of the control cost /C(T, w) (w # Q):

/))2
K(T,w) ~ exp <T) , asT — 0.
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4. Control cost for the N-dimensional heat equation
In [MILLER] (2010), the author adapted the Lebeau-Robbiano strategy and

proved that, for all T > 0, the observability inequality

T
le=™ 0|20 < IC(T,w)2/0 / [ y0(x)[* drdr, Vyo € L7(Q),

holds for a positive constant (7', w) satisfying

lim sup (7T In(K(T,w))) < 5%
7—0

In the previous inequality {e~"*} _ = denotes the semigroup generated by the

Dirichlet-Laplace operator in L2().
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4. Control cost for the N-dimensional heat equation

The strategy presented in this talk can be applied to more complicated
N-dimensional parabolic problems, providing controllability results where
minimum control times appear.

For more details:

[AMMAR KHODJA, BENABDALLAH, G.-B., MORANCEY, DE TERESA],
arXiv:2406.05104. J
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Thank you for your attention!!
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