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g%U - A U +79 = F
o n M smooth opensetof I R "

Idiou = he

+ i n i t i a l conditions

+ Boundary cond i t i ons . general p r e c i s e cond i t i ons given
below-

(Lopatinski-Sapiro type)
typical exeryles: • D i r i c h l e t V1 , = G

• N a v i e r : D . U = G , (GU +
ᵗ 70)-V)

t a n
= Gtan

• Neumann ( 7 0 + noo) V - q u = G



Observability T s o W C i f open s u b s e t

[ (u l +1191) d e ≤ S:(1011:(w)-"9":&,) d t
+ S:(A F I T + 112112 + 19T) a t

boundary
v a l u e .

Ref: homogeneo
us

Dir ichlet
. Fernandez-Carr, Guerrero, Imanuilorpuel 04

+ flat Laplace
• Buffe, Takahashi 2 5

Application observability/ n u l l controllability of Oseen system
N S (localresult)

•
Navier: Guerrero 2006

Fernandez-Cara, Gonzalez-Burgos, Imanailor, Puel (2006-20081



Onestrategy d . U - A U = F -Tg + homog. D i r i c h l e t

heat-type C a r l e m a n e s t im a t e for U .

Apply divergence a n d u s e d i v U - o

Aq = d i t F N o boundary cond i t i on .

Multiplier + micro loca l
any

a m e n t → estimation of 9/oy
Elliptic Carleman e s t i m a t e for q + t i m e integration

→ c o m b i n e estimations
.



Carlemainstimate- elliptic c a s e

Est imat ions of the form
2 % l e tYall, + e½peeYpull, ≤ C l e ' t A u 11

• A o r d e r 2
, ell iptic

• Y - Y ( x ) weight function.
• µ EC? , I > 0 l a rge

boundarycondition
(orderk) \

• if u defined a t a boundary
I

2 3 l e t 'a l l , + topee'pull, ≤ C (le"f u l l + let'B'ul)L 2 32-k

+ 8ᵗʰ let'u l d , + 815 'table + Observation t e r m e

F i n a l



Carlemainstimate - Parabolic version (Fusibor-Imanuilor)

optimal

118%emull, + n%e9toull.EC He"'tPull,
} ?

•
P = de -

Δ . M E L t , I > 0 l a rge

• Y - Y ( x ) weight function. 7 - ¥ - 4
• ∅= Y - K L o

• % = a n y



B a c k l o s t k e - Away from t h e boundary
② U - A U +79 = F diogo =

h

F (8%7*91×+118-"5749111.
← velocity

+ 8 * e-404-1574701) ← p ressu re

, I

£ HE#11, + 11emtfhll.at 8%118-"EMa l l ,
I

• pressureg : I
deura t i ve loss

• velocity U f u l l derivativeloss ) Optimal?



Ataoundary
Theorems ( L R - Robbiano)

& (8%994×+11%-27491! trJ(1857401.tl/e7tTU1.)

* 1'é¾é%/on!.tl#e4uloul....+1*e-Mqlou!

£ I / Bju/only, t s o u r c e terms



Theorems (LR-Robbiano)

& (8%9*91 + 118-2791! trJ(lée%Ul.tl/e7t7U1.)
E x

* 1'é¾é% lomk.tl#e4uloul....+1%e7tqlou!

£ I / Bju/only, t s o u r c e terms

Optimal?



Optimality: est imat ion aw a y from the boundary suffies

pene t r a t i o n : d i v ((d- -A ) U +7g) =
d i r t

→ (A-A) h + Aq = F → Δ ( q - h ) =ditf-dth-
aag.gg#ft%feifa,+ hotels.-a

I - i a f k - G I H E . b g



Velocityestimation v 4 ① = 0pA)
- ✓=/agt/end"
Stokes r e a d s A V - G + e r r o r t e r m s

A = (It -18*0 t a = (Pt I d 1 9

- i od in' o) dᵗgg ◦
)

9 = 9 t i t d o = } t i t d y

r e c t o r s (?) for 0 1 , 9 pteigenvalue
→ d - s n e w s FIanbeatmatedm.tt

Wq=(:/ W, . 1%5)
• loss o f I . d e r i v a t i v e

↓ → n o t a n eigenvector 54g}
pressure estimate
obtained a l o n e TW,a= ᵗW,p + ᵗ9g5 Wg



TW, a = " W , P + ᵗ9g5 Wa

t
W, V i s estimated from ᵗWqV w i t h additionalloss of½ derivative

⇒ ᵗW, V i s estimated w i t h a loss of a full der i va t i ve

⇒ loss of a ful l derivative for the velocity.

Culprit? A l l evidencespoint t o Ws = ( "§)
E l culpable



Optimality

theorem Suppose T > 0 a n d there e x i s t s ( > ◦ a n d I , > ◦ s u c h t h a t

7411574 U l l i + 2 B Hy½e7&q11,2

≤ C (lead(&-A)U + 09111, + 11e-74dedivully, + 118-keydirully,)

for 2 ≥ 2 . , U E C : (CT)x r ; d ) a n d q e 89/0,7×1; e ) .
.

Then, α ≤ 1 a n d β ≤ ½
-



Howt oprove optimality? Elliptic c a t e P C D ) = - Δ = D ²

! r , d & ( a . ) t o , g e r d s u c h t h a t

6 t y o . d p ) - 0

{and
1901 = I / d a t a ) /

Then, a y = (Sjtied;¢/ = 0 a t (xo,-0,9°)

• Set w ( a ) = 9°. x w i t h 9° = 9°+ i t d f ( x )

+ ( a ) - I m w e n ) - & (o) + G ( a ) + 1213011) G G ) = ½ Endid (o ) n j a k

• fee:(Rd) , fpo u c a , = eicline-&"')f(x)
f , ( a ) = f ( E x )



• Spee"&m²dx
= free"" (6*+0041)/fee,/'de

= •
-% f e

266) + 5 " "
k""/If ( a ) 12 dec

1rd

~ T-% / elf/{2nd, (dominated convergence)

• e'9 p m = e-& - 4 )
+ i n ) e t ( t e ) - i n t ) p ( p , etci n - & ' " ) f ,
¥ + 7

P ( D + - 9 ) = P#%+ p's(ego)-Dx + £134290) (Dx,Dx)

P ( D + I } ' ) f , = I"(p! ( 9 ) (Dxf), + 5 " " 041)



He'd P (D )u l ; ~ K T - %
.

Ed H e ' t all ,? ≤ C He't P(D)all?
S

12×-1 ≤ [ 3 - ½

⇒ α 43/2 . Hormander, 1 9 8 5 (1963)

- LR, Lebeau,Robbiano 2023



Stokesmore s a m e 9° s a m e w e r e ,

b e [O,T ] ↔ S E I R S = t a n ( I I - I ) of = I f " do
I ↔ s - o

P = de -A = ¥ 2 s -A

U = e -7 (iwa)-4101)fees,a ) V0 with 0=90#

9 = I # l , ( s , x ) e t y( i w a ) - ∅ (or)

N .B . EW, U does n o t van i sh → c o n t r i b u t i o n i n the direction w i t hthepoor estimate

• EYye"up, I 122-4410.pl/eGfll;

•
EPH1%574911; ≥ tβ+ ' -4 ) leaell:



• I@yjke74dioullj.at lle-74csidsdurullf.ge 2 - d ¥

eᵗY(&Co)-iwa)"s-Δ )

U = - [
" (Pg'(9) ⚠

f )et$ ½

041) U

ety (410)-ink)) pg = 1312 ( i l , U° + 6 - ½ O n )

↑
U:(99#

i f I =p's (yo)-D. f
then e'7 ( ∅ " - " " " l fads-A) U + 79/= I 0 1 )

He-7 ∅(ads-A)U +79) 11? ≤ The-@#
.



⇒ R M S / 22-%- )
≈

• EYye.mu/l?.II2&-@#1uoflleGfllj.

• IPHy½é7tq1j≥tβ+'-4¥ leaell:

⇒ ✗ ≤ 1 i t ' s optimal.β ≤
Thank you.





Carlemainstimate El l ipt ic es t imate i d eas behind t h e proof.

2%15%1, + e½peeYpull, ≤ C fee lPully
Py = e " Pete .

11Pu l l ≥ 6%11 v 1 1 + 8417011

temma-ifld412csoandy.es" t h e n subelluplicroperty

D e p e n d e n c e . s n # I Car leman second large parameter)

8¥19:+9:) + 292,91 % ¥ (%" + 121") optimal

IP, a l l ≥! (11-8%011 + 1180011

+118-"D
H)} ?

cain
be of great help


