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Introduction
Introduction

* Optimal Control Problem

iz J() { a(u) = B(f) in Q x (0,T)

+ bounded conditions

¢ Minimum = J'(f) = 0.

¢ Minimal Time Optimal Control Problem

. a(u) = B(f) in Q x (0,7T)
min J(T, ) { + bounded conditions (2)
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Introduction
Introduction

Linear ODE

(3)

yt+ay:h(t)7 te (OvT)7
y(0) = wo,

Nonlinear ODE

yt"'H(y) :h(t)a te (OaT)a
{ y(0) = yo, *)
H :R+ Ris of class C!, .
0<H'(s)<C VseR. ()
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Introduction
Introduction

Heat equation

0; — A0 = hl,, (x,t)€Qr:=Qx(0,T),
=0, (x,t)€r:=00x(0,T), (6)
6(0) = 6y,
Minimize ¢(T, h) := // |h|? d dt,
wx (0,400)
Subject to: (T, h) € Ry x L%(w x (0, +00)), (7)
(6, h) solves (6),
L 16(T) = ball = o,
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Existence and characterization results

Linear ODE

Had = {(Ta h’) T > 07 h e L2(07 +OO), |yh(T) - yd| = 6}a

Theorem

Let a,0 >0, b >0 and yo,yq € R with |yo — ya| > . Then, there exists a
unique solution (T, h) € Haq to the:

o T2 b +o0 .
Minimize ¢(T, h) := > T3 |h|= dt,
0

Subject to: (T, h) € Ry x L?(0,+00), (8)
(y, h) solves (3),
[y(T) = yal =6,
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Existence and characterization results

Linear ODE

Theorem

Let (T, h) € Haq solution to the (8), then there exists A > 0 and v = 1 (t)
such that:

ye+ay="h, te(0,7), y(0)=uyo,
- +ap =0, te(0,T)
Y(T) =y(T) —ya, |y(T) —yal =6, (9)

h= _%zp in (0,T), T= —%(y(T) — ya)ye(T).
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Existence and characterization results
Nonlinear ODE

Haa :={(T,h): T >0, h € L*(0,+00), |ya(T) — ya| = 6},

Theorem

There exists at least one solution (T, h) € H,q.

Theorem
Let (T, h) € Haq be a solution = 3 X\ > 0 and 1p) = 1(t) such that:

Yt + H(y) = hv te (OaT)a y(O) = Yo,
— + H’(y)w =0, te (O,T),
W(T) = y(T) = ya, |y(T) — yal =6, (10)

h:—%q/; in (0,T), TZ_%(?J(T)_yd)yt(T)-
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Existence and characterization results
Heat Equation

There exists at least one solution (T, h) € H,q.
If (T, h) € Haq be a solution = 3 X\ > 0 and ¢ = (z,t) such that:
(0, — A0 =hl,, (x,t)€Qr,

0=0, (x,t)eXp, 6(0)=>0,

- — A =0, (z,t)€Qr,

p=0, (z,t)eX, ¢(T)=0(T)—bq

16(T) = Ball =6, -

1
h = N ¢|w><(0,T) )

T =~ ((6(T) - 62),0,T) ).

\
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Algorithms and numerical experiments

Algorithms

¢ Fixed Point Method (Linear ODE)
¢ Direct Method
1. For some T* and y/ = 1/\ compute

16%9(T*) — 64]] =6 and  — /(67 (T) — 64,68 (T*)),
2. Compute a solution (T, p«) to the system
T = —p(0(T) — 0a,0,(T)), 0(T) — bl =0 (12)

¢ Penalty

BT ) = Ty // N e ((BT) -l -0+ 72).

¢ Augmented Lagrangian
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Algorithms and numerical experiments

Linear ODE

yi+ay=nh, te€(0,T), y(0)=uyo,
-y +ap =0, te(0,7),
O(T) =y(T) —ya, |y(T)—wyal =9,

h= _%dj in(0,7), T= —%(y(T) = ya)ye(T).

Parameters

§=107% y4=10, b=0.5and a =0.5.
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Algorithms and numerical experiments

Linear ODE

ILLUSTRATION OF THE EQUATIONIN T
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Algorithms and numerical experiments

Linear ODE

MINIMAL TIME PROBLEM - STATE AND CONTROL
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Algorithms and numerical experiments

Heat equation

Direct Method
1. For some T* and p7 = 1/\ compute

|6%(T") —6a =6 and  — I (68"9(T) — 64,6, (T")),
2. Compute a solution (7%, u«) to the system

T = —u(0(T) — 04, 0:(T)), [16(T) —ball =0 (14)

Parameters

§=0.07, b=100,
To =5, Ty =20, At=1.25,
po = 120, 1 = 160, Ay = 10.
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Figure: The mesh.
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Algorithms and numerical experiments

CRITICAL p VS TIME

i —m)|

300 1
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Figure: The values of i that solve the equation ||6(T") — 04| = 6.
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Algorithms and numerical experiments

FUNCTION f VS TIME
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Figure: Minimal time 7.
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Algorithms and numerical experiments

REACHING NORMS vs 2 AND T
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Figure: Values to the norm ||0(T) — 04]| — J versus p and T.
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Open Questions and Perspectives

¢ Uniqueness to the nonlinear ODE and heat problem?

¢ Convergence to the direct algorithm and to the Augmented
Lagrangian algorithm? To develop.

¢ Other equations: semilinear/nonlinear PDEs, Stokes equation,
Navier-Stokes equations, wave PDE...7 To develop.

Contributions

© New vision of minimal control time problem — Optimal control
problems.

o Existence and characterization results to linear and nonlinear ODE
and heat equation.

¢ Characterization to the solution.

¢ Algorithms to compute the solution and numerical experiences.
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