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We consider Q ¢ RN a bounded open set. We are interested in the
optimization problem of the form:

min [ [j0x,u) + w(m)] ax
Q
governed by the state equation

—Au+mu=f inQ
ue H(Q).

where, the control variable m is assumed to be nonnegative, f € L?(9Q),
and j, ¢ are suitable integrands.

If we assume that + has a superlinear growth, then m ¢ L'(Q).
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Compliance case

We consider j(x, u) = f(x)u, the problem can be written in the
variational form

min { —28(m)+¥(m) : me L'(Q), m> o},
where

\U(m):/ﬂ@b(m) dx

&(m) = min {/Q [%\Vu|2+%mu2—f(x)u ax : UGH&(Q)}.
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Compliance case

We consider j(x, u) = f(x)u, the problem can be written in the
variational form

min { —28(m)+¥(m) : me L'(Q), m> o},
where

\U(m):/ﬂ@b(m) dx

&(m) = min {/Q [%\VUF + %muz - f(x)u} dx : ue Hg,(Q)}.

The control variable m can be eliminated, obtaining the auxiliary
variational problem

min{/Q [yvU\2+¢*(u2)—2f(x)u] dx : ue Hg(Q)}, (1)

where ¢* denotes the Legendre-Fenchel conjugate of the function .
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Compliance case

We put g(s) = s(¥*) (%)
The unique solution & of (1) can be obtained by the PDE

{—AuTg(u):f in B
u e Hy(%),

and the optimal control M can be then recovered as

= (0" ().
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Compliance case

We put g(s) = s(¥*) (%)
The unique solution & of (1) can be obtained by the PDE

{—AuTg(u):f in B
u e Hy(%),

and the optimal control M can be then recovered as

= (0" ().

For general j(x, u) the above procedure does work.
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Aims

@ Existence of optimal solutions.
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Aims

@ Existence of optimal solutions.
@ Aditional regularity properties.

muz € BV(Q).
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Aims
@ Existence of optimal solutions.
@ Aditional regularity properties.

muz € BV(Q).

No more regularity for m (for general assumptions on 1)):

P(s) =

s if s € o, ] (with0 < a < )
+oo otherwise,
the optimal control m is bang-bang:
m=a+(8—a)lg

for a suitable set E, with finite perimeter.
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e Semilinear problems with discontinuous term
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We analice the existence and regularity properties of the solutions of a
semi-linear problem

—Au+g(u)="f inQ

3
u=20 on 09, ®)

with g non-decreasing and not necessarily continuous and feL'(Q).

F. Maestre (Universidad de Sevilla) Optimal Potentials COPI2A: 9/34



We analice the existence and regularity properties of the solutions of a
semi-linear problem

—Au+g(u)="f inQ 3)
u=0 on 909,

with g non-decreasing and not necessarily continuous and feL'(Q).
Definition

Assume f € L'(Q). We say that a pair (u, w) is a solution of (3) if it
satisfies

u € Hy(Q) ifFN =1
ue WyP(Q)Vp < Te(u) € Hi(Q)Vk>0 ifN>2,

N—1
wel'(Q), g (uy<w<g.(u) ae inQ,

{/ Vu-Vvdx+/wvdx:/fvdx
Q Q Q

Vv e H(Q) N L>®(Q) such that 3k > 0 with Vv =0 a.e. in {|u| > k}.
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Existence and uniqueness

Theorem

Let Q c RN be a bounded open set, and g : R — R a non-decreasing
function. Then, for every f € L'(Q), there exists a unique solution
(u, w) of (3) in the sense of the above Definition. Moreover, it satisfies

W =g+ (0)[l1q) < If — 9+(0)l 1 (@),
lull @) < ClifllL o) ifN =1,
1 Ti() 23 S/Q!f—g+(0)||Tk(u)|dx vk >0,

lullwpiq) < ClIf = g+ (0l (@) VP <

N> D
N1 ifN>2

In these estimates the constant C only depends on ||, p, and N.

F. Maestre (Universidad de Sevilla) Optimal Potentials COPI2A: 10/34



Assuming f in L9(Q2), with g > 1, from classical estimates for
renormalized solutions and Stampacchia’s estimates give:

( 1,7 . 2N
<

ue W, "(Q) |f1<q_NJr2

ue Hy(2) N LN=23(Q) |fN+2<q<2

N
uec HI(Q)NL®Q) if 5<q
Forf e LA%(Q), we have u € H}(Q).

In this case, in a simpler way it corresponds as the unique solution of
the strictly convex minimum problem

min / <1\Vv|2+G(v)—fv> dx,
veHl(Q) Ja \2

with G : R — R defined by
S
G(s) = / g(rydr VseR.
0
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Continuous dependence and maximum principle

Theorem

LetQ c RN be a bounded open set and g : R — R a non-decreasing
function. For fy, f, € L'(Q) we take (uy, wy), (Up, Ws) solutions of (3)
with f = f; and f = f, respectively. Then, we have

Iwy = wzllpi@) < I — Bl1q
[ T (w1 — Uz)HH1 ) < k|[fy — szU(Q) Vk>0;
lur = 2l o) < Clif = f2llL1a) ifN =1
N .
lus = tll ooy < Clifi = ollisey P € (1, ﬁ) ifN > 2.

The constant C > 0 in this last inequality only depends on |Q2| if N = 1.
For N > 2 it only depends on N, p and |Q2|. In addition,

i<hae inQ — u; <uw a.e.infQ.
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BV regularity

Theorem

LetQ c RN be a bounded open set of class C''', andg: R — R a
non-decreasing function. Then, for f € BV(Q2), the solution (u, w) of

(3) isin Wz’%(ﬂ) x BV(Q2). Moreover, there exists C > 0 depending
only on Q such that

HU||W2,NQL1(Q) < C(|Ifllav(a) + 19+(0)]),
Iwllv) < C(lIfllava) + |9+(0)]).
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e Optimal potentials
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Optimal potentials problems

min/Q (j(x, u) 4+ (m)) dx

—Au+mu=1finQ “)
ue H}(Q), mel'(Q), m=>0 ae.inQ,

with v is a lower semicontinuous convex function. m > 0 in Q can be
introduced by
P(8) =400  Vs<O.
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Optimal potentials problems

min/ (j(x, u) 4+ (m)) dx

Q
—Au+mu="1inQ “)
ue H}(Q), mel'(Q), m=>0 ae.inQ,

with v is a lower semicontinuous convex function. m > 0 in Q can be
introduced by

P(8) =400  Vs<O.
State equation in (4), must be understood in the variational sense

{u € Hi(Q) N L2,(Q)

i (Vu-Vv+muv)dx = (f,v) YveHj(Q)nLE(Q).
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Theorem

LetQ c RN be a bounded open set, j : Q x R — R measurable in the
first component and lower semicontinuous in the second one, bounded

by
a(x) — c|s® < j(x,s)

for suitable ¢ > 0 and a € L'(Q), and ¢ : R — [0, oc] a convex lower

semicontinuous function with dom(v) C [0, c0), such that

lim @—

S—oo §

Then, for every f € H=1(Q), problem (4) has a least one solution
me L'(Q).
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Optimality conditions

We assume:
fe W-1r(Q), with {r22 N =1 (5)
r>N iftN>2.
and j(x,.) € C'(R) such that
Jj(.,0) € L'(Q), max |9sf(-, )| € L2(R) VM > 0. (6)

|s|<M
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Optimality conditions

We assume:
fe W-1r(Q), with {r22 N =1 (5)
r>N iftN>2.
and j(x,.) € C'(R) such that
Jj(.,0) € L'(Q), max |9sf(-, )| € L2(R) VM > 0. (6)

|s|<M

We put the function h: R — R by

h(r) = max {s € dom(y)) : 7 € dY(s)}.
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Optimality conditions
Theorem

Assume that in the above Theorem, the right-hand side f and the

function j satisfy (5) and (6) respectively. Then, if m is a solution of (4),
U is the corresponding state function, solution of

—AU+mia=f inQ @)
=0 on 01,

and z is the adjoint state, solution of

—AZ+mz=0s(x,0) inQ ®)
z=0 on 01,
we have

Mel®Q), 02edp(m), h(U2) < m< h(i2),
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Regularity of function h

Proposition
The function h satisfies

h e CO(R) <= 1 is strictly convex.

heLip(R) <= 0< inf d_1(sz) — d+¢(s1).
gl 525y
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Main result

Theorem

In addition to the conditions in the existence Theorem, we assume
Qe Ccl,

a(1) :== h(r)r V7 eR,
non-decreasing in T, and

1 q 2 ; 1
lg;gnxﬂlvxas/(.,s)\ € L9(Q), ‘%\assj(.,sn eL'(Q), YM>0,

with

2N N .
> <N< — > 3.
q—N+1 if1<N<2, q>2 ifN >3

Then, for every f € BV(Q) N L9(Q) and every solution m of (4), we
have

0,2e W29(Q), Mz e BV(Q),
with 0, z the solutions of (7) and (8) respectively.
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Remark
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Remark

@ From above Theorem: , Z are continuous, and the set E := {02 = 0}
is a closed subset of 2.
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Remark

@ From above Theorem: , Z are continuous, and the set E := {02 = 0}
is a closed subset of 2.

@ Mz € BV(Q) gives that M belongs to BVyc(Q \ E).
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Example: m € [«, /]

min/ [i(x, u) + 9 (m)] dx,

Q

subject to “Au+mu=fFf inQ
uec Hg(Q).
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Example: m € [«, /]

min /Q [i(x, ) + (m)] dx,

subject to {_Au+mu—f in Q

u e H{(Q).
We search m € [, f].
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Example: m € [«, /]

min/Q li(x, u) + ¥(m)] dx,

subject to {_Au+mu—f in Q

u e H{(Q).
We search m € [, f].
(8) = 007 (“os,a)u(B,00)
(—00,0] ifs=a
dom(y)) = [a, 8], 0vY(s) = ¢ {0} ifa<s<gp
[0,00) ifs=4,

And,
_ m=a« a.e. in{uz<0
a ifr<0 . . {A A J
h(r) = 5 ifr>0 m=3 a.e. in {&z > 0}
T T N . An
-7 mela,f] ae.in{iz=0}
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Numerical Analysis

We propose the numerical resolution of problems

min/Q li(x, u) + ¥(m)] dx,

SUbjeCt to {—AU +mu=f inQ

ue H(Q).
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Numerical Analysis

We propose the numerical resolution of problems

min/Q li(x, u) + ¥(m)] dx,

SUbjeCt to {—AU +mu=f inQ

ue H(Q).

@ We consider Q = B(0,1) C R?.
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Numerical Analysis

We propose the numerical resolution of problems

min/Q li(x, u) + ¥(m)] dx,

SUbjeCt to {—AU—I—mUZf in Q

ue H(Q).

@ We consider Q = B(0,1) C R?.
@ We apply a gradient descent method with projection.
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Numerical Analysis

We propose the numerical resolution of problems

min/Q li(x, u) + ¥(m)] dx,

SUbjeCt to {—AU—I—mUZf in Q

ue H(Q).

@ We consider Q = B(0,1) C R?.
@ We apply a gradient descent method with projection.

@ It depends on the function ¢ associated to the volume constraint
of the potential.

(8) = 001(_co0) + K|S|?, first example,
Y(S) = 001 (_o,a)u(s,+o0):  SECON EXAMPle.
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Algorithm

@ Initialization: choose an admisible function mg € L'(Q), such that
\U(mo) < 0.
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Algorithm
@ Initialization: choose an admisible function mg € L'(Q), such that

V(mg) < oo.
@ For n > 0, iterate until stop condition as follows.
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Algorithm

@ Initialization: choose an admisible function mg € L'(Q), such that
V(mg) < oo.
@ For n > 0, iterate until stop condition as follows.
» Compute up, z, state and co-state associated to m = m,.
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Algorithm

@ Initialization: choose an admisible function mg € L'(Q), such that
V(mg) < oo.
@ For n > 0, iterate until stop condition as follows.
» Compute up, z, state and co-state associated to m = m,.
» Compute M, descent direction associated to u, and z,, as:

— 2km . .
. tnZ L in the first example,
fn = < lUnzn — 2kmn||12(q)
sgn(Unz,) in the second example,
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Algorithm

@ Initialization: choose an admisible function mg € L'(Q), such that
V(mg) < oo.
@ For n > 0, iterate until stop condition as follows.
» Compute up, z, state and co-state associated to m = m,.
» Compute M, descent direction associated to u, and z,, as:

— 2km . .
N tnZ L in the first example,
Mn = { |UnZn — 2kmy||2()
sgn(Unz,) in the second example,

» Update the function mj:
mn+1 = Pw(mn + anhn)
where P, is the projection operator from R into the domain of v, i.e.

st in the first example,
min{3, max{s,a}} inthe second examples.

Py(s) = {
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Algorithm

@ Initialization: choose an admisible function mg € L'(Q), such that
V(mg) < oo.
@ For n > 0, iterate until stop condition as follows.
» Compute up, z, state and co-state associated to m = m,.
» Compute M, descent direction associated to u, and z,, as:

— 2km . .
N tnZ L in the first example,
Mn = { |UnZn — 2kmy||2()
sgn(Unz,) in the second example,

» Update the function mj:
mn+1 = Pw(mn + anhn)
where P, is the projection operator from R into the domain of v, i.e.

st in the first example,
min{3, max{s,a}} inthe second examples.

Py(s) = {

ln—In—1]
[lol
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@ Stop if < tol, for tol > 0 small with I, cost in iteration n.




First example

Taking sp € R and

. 1
j(x,8) = z|s—so|%  W(S) =00l (_ooo) + KIS, F=1.

2
For m = 0, the solution of the state equation is

1-IxP

u(x) = -,
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First example
Taking sp € R and

) 1
j(x.8) = 5ls = sof*, () =00ty TKISP,  F=1.
For m = 0, the solution of the state equation is

- IxP

u(x) = -
Interesting case: sy € (0,1/4)

For k = 0 (1) non-superlinear) not necessarily m < L'(Q):

.1 4sy — 1+ a(1 — 2log a)
=—1
m So {x<a)OX + 4sylog a

for a, explicitly characterized and do is the 1-dimensional measure.

ixj=a)do,
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First example

So if x| < a
Optimal state i(x) = ¢ 1 — |x|2 N (459 — 1 + @) log ||

ifa<|x| <1.

4 4log a

Figure: Example 1: Optimal state & for k = 0 (analytic solution) for so = 0.1.
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First example
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Figure: Optimal control m (left), and optimal state & (right), k = 0
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First example

Figure: Optimal control / (left), and optimal state & (right), k = 10~/
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First example
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Figure: Optimal control / (left), and optimal state & (right), k = 10~°
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Second example

We consider

J(x,8) = 9(x)s, P(8) = 001 (_co,0)u(8,+0),
with
9(x1, Xo) = x& — X&.
and

. X2
f(x1,%2) = 10(x2 4 x3) sin (1Sarctan ’71D1{|X“>10_10}'

We consider o = 0, and we take three different values for 8: 1, 102 and
104.
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Second example

10 09
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Figure: Right-hand side f (left). Optimal control /m for 3 = 1 (right).
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Second example

100 10000,
95 9500
90 9000
85 8500
80 8000
75 7500
70 7000

3 6500

[ 160 6000
5 5500
50 5000
45 4500
40 4000
35 3500
30 3000
25 2500
20 2000
15 1500
10 1000
5 500
0.00 0.0000

Figure: Optimal control i for 3 = 10 (left) and 3 = 10* (right).
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