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Nonlinear elasticity

We say that a solid Q C R3 is elastic when it deforms under the
action of an external load and recovers its original shape when the
load stops acting.
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Nonlinear elasticity

We say that a solid Q C R3 is elastic when it deforms under the
action of an external load and recovers its original shape when the
load stops acting.

Let u: Q — R3 be the deformation in the solid under the action of
a distributed load F. Then for a given point in the reference
configuration x € Q, the function u maps the point to u(x) in the
deformed configuration u().
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Hyperelasticity

We say that the solid is hyperelastic if there exists a stored-energy
function W : R3*3 — R such that the potential elastic energy of
the system is

/Q W(Vu) dx,
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Hyperelasticity

We say that the solid is hyperelastic if there exists a stored-energy
function W : R3*3 — R such that the potential elastic energy of
the system is

/Q W(Vu) dx,

(this means that the Piola-Kirchhoff stress tensor is T = VW)
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Hyperelasticity

We say that the solid is hyperelastic if there exists a stored-energy
function W : R3*3 — R such that the potential elastic energy of
the system is

/Q W(Vu) dx,

(this means that the Piola-Kirchhoff stress tensor is T = VW)
and therefore deformation under the action of a body force
F : Q — R3 must be minimizer of the functional

I(u) = /Q [W(Vu) - F - u] dx.
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Hyperelasticity

Stored-energy density W must fulfill some requirements in order to
provide a physically consistent model:
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Hyperelasticity

Stored-energy density W must fulfill some requirements in order to
provide a physically consistent model:

e Zero energy for undeformed states: W(l3) =0
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Hyperelasticity

Stored-energy density W must fulfill some requirements in order to
provide a physically consistent model:

e Zero energy for undeformed states: W(l3) =0

o Frame indifference: W(QA) = W(A), YQ € SO(3), A € R3*3
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Hyperelasticity

Stored-energy density W must fulfill some requirements in order to
provide a physically consistent model:

e Zero energy for undeformed states: W(l3) =0

o Frame indifference: W(QA) = W(A), YQ € SO(3), A € R3*3

e Infinite energy for infinite compression: W(A) — +o0 as
det A decreases to 0
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Hyperelasticity

Stored-energy density W must fulfill some requirements in order to
provide a physically consistent model:

e Zero energy for undeformed states: W(l3) =0

o Frame indifference: W(QA) = W(A), YQ € SO(3), A € R3*3

e Infinite energy for infinite compression: W(A) — +o0 as
det A decreases to 0

e Infinite energy for infinite stretching: W(A) — +o0 as
|A| = 400
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Example of hyperelastic models

@ Mooney-Rivlin materials:
W(A) = a|A|?> + b| cof A|? + J(det A),

with J : R — [0, +00] a function such that J(t) = +oo for
any t <0 and lim¢ 10 J(t) = +00. a, b > 0.
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Example of hyperelastic models

@ Mooney-Rivlin materials:
W(A) = a|A|?> 4 b| cof A|? + J(det A),

with J : R — [0, +00] a function such that J(t) = +oo for
any t <0 and lim¢ 10 J(t) = +00. a, b > 0.

@ When b = 0 we have Neo-Hookean materials
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Example of hyperelastic models

@ Mooney-Rivlin materials:
W(A) = a|A|?> 4 b| cof A|? + J(det A),

with J : R — [0, +00] a function such that J(t) = +oo for
any t <0 and lim¢ 10 J(t) = +00. a, b > 0.

@ When b = 0 we have Neo-Hookean materials

e Ogden Materials
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Isotropy

When we further assume the material to be isotropic, i.e. W
verifies W(AR) = W(A) for all R € SO(3) and any A € R3*3,
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Isotropy

When we further assume the material to be isotropic, i.e. W
verifies W(AR) = W(A) for all R € SO(3) and any A € R3*3,
then Rivlin-Ericksen theorem establishes that there exists
h:(0,400)® — R such that

W(A) = h(|A[?, | cof A%, (det A)?).
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Isotropy

When we further assume the material to be isotropic, i.e. W
verifies W(AR) = W(A) for all R € SO(3) and any A € R3*3,
then Rivlin-Ericksen theorem establishes that there exists
h:(0,400)® — R such that

W(A) = h(|A[?, | cof A%, (det A)?).

In a simplified situation in hyperelasticity we are therefore
concerned with finding minimizers for an energy of the form

I(u) = / [A(Vu, cof Vu,det Vu) — F - u] dx,
Q
and u: Q Cc R® — R3 such that

u = ug on 0N.
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Polyconvexity

Definition

W : R™" — R is said polyconvex iff there exists a convex
function h: R™" x R"™" x R — R such that

W(A) = h(A, cof A, det A).
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Polyconvexity

W :R"™" — R is said polyconvex iff there exists a convex
function h: R™" x R™" x R — R such that

W(A) = h(A, cof A, det A).

Result

| A

Polyconvexity implies quasiconvexity. Consequently, if W(x, u, )
polyconvex for a.e. x € Q and all v € R™, then

I(u) = /Q W(x, u(x), Vu(x)) dx

is s.w.l.s.c.

A\
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Polyconvexity

Weak continuity of the determinant

n<p<oo. ui— uweakly in WHP(Q;R"). Then

det Vuj — det Vu weakly L ().
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Polyconvexity

Weak continuity of the determinant

n<p<oo. ui— uweakly in WHP(Q;R"). Then

det Vuj — det Vu weakly L ().

@ Piola identity: div(cof Vu) =0

@ det Vu may be written in divergence form:

n

det Vu = div(uj(cof Vu)) = Z ai(u,-( cof Vu); )

x;
=t

@ Integration by parts:

/(det Vur)p dx = —/(uk),-(cof V) IV d.
Q Q
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Theorem (John Ball 1977)

n=3,p>2qg>p,r>1,c,c >0 W such that:
o W(A) = W(F,cof F,det F) for all F e R3*3, polyconvex.
e W(A) — oo as det A — 0.
o W(A) > c1(|A|P + |cof AP + (det A)") — c».

Let

Az ={ue W' cof Vue L9, detVu e L, det Vu > 0,u = ug on 0

and assume A,y # 0. Then

I(u):/Q[W(Vu)—F-u] dx

admits minimizers
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Functional space

Functional space in which deformation inhabit is part of the model,
and it is always controversial:
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Functional space

Functional space in which deformation inhabit is part of the model,
and it is always controversial:

@ Lavrentiev phenomenon: minimizers change as functional
space changes
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Functional space

Functional space in which deformation inhabit is part of the model,
and it is always controversial:

@ Lavrentiev phenomenon: minimizers change as functional
space changes

o WLP, with p > n, forces functions to be continuous so that
singularities as fracture and cavitation are forbidden
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Functional space

Functional space in which deformation inhabit is part of the model,
and it is always controversial:

@ Lavrentiev phenomenon: minimizers change as functional
space changes

o WLP, with p > n, forces functions to be continuous so that
singularities as fracture and cavitation are forbidden

@ Ir order to include into the model singularity formation, extra

energy terms taking into account the singularity energy has to
be added to the energy functional.
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Functional space

Functional space in which deformation inhabit is part of the model,
and it is always controversial:

@ Lavrentiev phenomenon: minimizers change as functional
space changes

o WLP, with p > n, forces functions to be continuous so that
singularities as fracture and cavitation are forbidden

@ Ir order to include into the model singularity formation, extra
energy terms taking into account the singularity energy has to
be added to the energy functional.

We explore nonlocality as a way to admit singular deformations in
hyperelastic models set in spaces weaker than Sobolev




Introduction to nonlinear elasticity Existence in hyperelasticity Bond-based model in peridynamics Nonlocal gradients model
00000 0000 [ 1o} 000000000000000000000

Nonlinear bond-based model

Peridynamics bond-base nonlinear energy:

Epp(u) = /Q /Q . w(x, x—x', u(x)—u(x')) dx’ dx— / F(x)-u(x) dx.

Q
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Nonlinear bond-based model

Peridynamics bond-base nonlinear energy:

Epp(u) = /Q /Q . w(x, x—x', u(x)—u(x')) dx’ dx— /Q F(x)-u(x) dx.

Can model hyperelasticity with an energy like Epp, in such a way
that the model converges to a local hyperelastic model as the
horizon § goes to zero?. And if the answer is positive, which local
hyperleastic models can be obtained?




Introduction to nonlinear elasticity Existence in hyperelasticity Bond-based model in peridynamics Nonlocal gradients model
00000 0000 [ 1o} 000000000000000000000

Nonlinear bond-based model

Peridynamics bond-base nonlinear energy:

Epp(u) = /Q /Q . w(x, x—x', u(x)—u(x')) dx’ dx— /Q F(x)-u(x) dx.

Can model hyperelasticity with an energy like Epp, in such a way
that the model converges to a local hyperelastic model as the
horizon § goes to zero?. And if the answer is positive, which local
hyperleastic models can be obtained?

We study this question in the framework of I'-convergence,
following the constructive process to obtain the (local) -limit of
the sequence Epp, as § — 0!

1B., Mora-Corral, Pedregal, Hyperelasticity as a - limit of Peridynamics
when the horizon goes to zero. Calc. Var., 2015.
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Nonlinear bond-based models

CONCLUSIONS AFTER LOCALIZATION OF BOND-BASED
MODELS?:

2B., Cueto, Mora-Corral, Bond-based peridynamics does not converge to
hyperelasticty as the horizon goes to zero. J. Elasticity, 2020.
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Nonlinear bond-based models

CONCLUSIONS AFTER LOCALIZATION OF BOND-BASED
MODELS?:

o If we impose frame indifference and isotropy to the nonlinear
energy Epp and obtain the I-limit as § — 0, very little local
energies are recovered. Essentially variations fo the quadratic
energy.

2B., Cueto, Mora-Corral, Bond-based peridynamics does not converge to
hyperelasticty as the horizon goes to zero. J. Elasticity, 2020.
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Nonlinear bond-based models

CONCLUSIONS AFTER LOCALIZATION OF BOND-BASED
MODELS?:

o If we impose frame indifference and isotropy to the nonlinear
energy Epp and obtain the I-limit as § — 0, very little local
energies are recovered. Essentially variations fo the quadratic
energy.

@ In particular, neither Mooney-Rivlin energies nor densities
depending on the determinant or the cofactor can be
recovered by the localization process.

2B., Cueto, Mora-Corral, Bond-based peridynamics does not converge to
hyperelasticty as the horizon goes to zero. J. Elasticity, 2020.
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Nonlinear bond-based models

CONCLUSIONS AFTER LOCALIZATION OF BOND-BASED
MODELS?:

o If we impose frame indifference and isotropy to the nonlinear
energy Epp and obtain the I-limit as § — 0, very little local
energies are recovered. Essentially variations fo the quadratic
energy.

@ In particular, neither Mooney-Rivlin energies nor densities
depending on the determinant or the cofactor can be
recovered by the localization process.

@ If we linearized a local model obtained from Epp, by

localization, then Poisson ration is necessarily v = %.

2B., Cueto, Mora-Corral, Bond-based peridynamics does not converge to
hyperelasticty as the horizon goes to zero. J. Elasticity, 2020.
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Nonlocal gradients

Given a function u: R” — R and a kernel p : R" — R, the
nonlocal p-gradient of u is given by the integral

_ [ i) —uly) x—y
Dpu(x)—/n x| |X7y,p( y)dy
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Nonlocal gradients

Given a function u: R” — R and a kernel p : R" — R, the
nonlocal p-gradient of u is given by the integral

[ xmy
Dpu(x)—/n x| \x—y!p( y)dy

The idea is considering functional depending on nonlocal gradients
rather that local gradients for modeling nonlinear elasticity:

I(u) = /Q W(x, u(x), Dy(x)) dx.

in the spirit of state based peridynamics
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Riesz fractional gradient

Among nonlocal gradients, a paradigmatic examples is the Riesz
s-fractional gradient:

DSU(X) — CILS/R U(X) — U(_y) X—Yy

nox =yt x —y
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Riesz fractional gradient

Among nonlocal gradients, a paradigmatic examples is the Riesz
s-fractional gradient:

Du(x) = cps

)

JECRES
R

X =yl x =yl
It is natural to define the space
H57P(Rn) — W”-HHS,P(R”

with
[ull sy = Il oey + 1D ull Lo (rn mr)-
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Riesz fractional gradient

Among nonlocal gradients, a paradigmatic examples is the Riesz
s-fractional gradient:

DSU(X) — Cn,s/R U(X) — U(Y) X—=Yy d

nox = yl|mts x —yl

It is natural to define the space

HeP(R) = Cge(Rn) e

with
[ ull s.prry = [l orny + 1D ull Lo (rn )

and the subspace of functions verifying an exterior Dirichlet
condition

HgP(Q) ={u e H®P : u=gon Q°}.
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Riesz fractional gradient

For vector functions v : R” — R, its s-Riesz fractional gradient is
defined as

Dux) = e [ T X0,
rr X — Y| x =yl

and

H*P(R",R™) = {u € LP(R",R™) : D*u e LP(R",R"™™)},



Riesz fractional gradient

Riesz fractional gradient is very good because:
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Riesz fractional gradient

Riesz fractional gradient is very good because:

@ Very nice mathematical properties: Fourier transform, Riesz
potential,.....
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Riesz fractional gradient

Riesz fractional gradient is very good because:
@ Very nice mathematical properties: Fourier transform, Riesz
potential,.....
@ Very good mathematical properties for the associated

functional space H*P: Poincaré, compact embedding
(Shieh-Spector)
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Riesz fractional gradient

Riesz fractional gradient is very good because:

@ Very nice mathematical properties: Fourier transform, Riesz
potential,.....

@ Very good mathematical properties for the associated
functional space H*P: Poincaré, compact embedding
(Shieh-Spector)

@ Nice fractional theory of nonlinear elasticity: existence theory

and convergence to nonlocal problems (B., Cueto,
Mora-Corral)
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Riesz fractional gradient

Riesz fractional gradient is very good because:

@ Very nice mathematical properties: Fourier transform, Riesz
potential,.....

@ Very good mathematical properties for the associated
functional space H*P: Poincaré, compact embedding
(Shieh-Spector)

@ Nice fractional theory of nonlinear elasticity: existence theory
and convergence to nonlocal problems (B., Cueto,
Mora-Corral)

@ H*P is the interpolation (in the Lions-Calderon complex
sense) of LP and WYP (WSP s the interpolation os those
spaces in the Peetre real sense)



Introduction to nonlinear elasticity Existence in hyperelasticity Bond-based model in peridynamics Nonlocal gradients model
00000 0000 e]e] O00@00000000000000000

Riesz fractional gradient

Riesz fractional gradient is very good because:

@ Very nice mathematical properties: Fourier transform, Riesz
potential,.....

@ Very good mathematical properties for the associated
functional space H*P: Poincaré, compact embedding
(Shieh-Spector)

@ Nice fractional theory of nonlinear elasticity: existence theory
and convergence to nonlocal problems (B., Cueto,
Mora-Corral)

@ H*P is the interpolation (in the Lions-Calderon complex
sense) of LP and WYP (WSP s the interpolation os those
spaces in the Peetre real sense)

Riesz fractional gradient has an important drawback:
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Riesz fractional gradient

Riesz fractional gradient is very good because:
@ Very nice mathematical properties: Fourier transform, Riesz
potential,.....

@ Very good mathematical properties for the associated
functional space H*P: Poincaré, compact embedding
(Shieh-Spector)

@ Nice fractional theory of nonlinear elasticity: existence theory
and convergence to nonlocal problems (B., Cueto,
Mora-Corral)

@ H*P is the interpolation (in the Lions-Calderon complex
sense) of LP and WYP (WSP s the interpolation os those
spaces in the Peetre real sense)

Riesz fractional gradient has an important drawback:

@ it works only in the whole space R"
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Fracture and cavitation

Another very good point is that H** includes functions with
singularities forbidden in Sobolev spaces of use in classical
hyperelastic models:
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Fracture and cavitation

Another very good point is that H** includes functions with
singularities forbidden in Sobolev spaces of use in classical
hyperelastic models:

e Fracture: Let Q =(0,1)" and ¢o,...,p, € CZ(R"). Define
u=(xQs¥2,---,%n). Then

1 1
ue H>PR"R") if p<=, and u¢ H>P(R",R") if p>—.
s s
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Fracture and cavitation

Another very good point is that H** includes functions with
singularities forbidden in Sobolev spaces of use in classical
hyperelastic models:

e Fracture: Let Q =(0,1)" and ¢o,...,p, € CZ(R"). Define
u=(xQs¥2,---,%n). Then

1 1
ue H>PR"R") if p<=, and u¢ H>P(R",R") if p>—.
s s

e Cavitation: Let p € C2°([0,00)) be such that ¢(0) > 0, and
u(x) = ‘i—‘gp(|x|) Then

ue HP(R",R") if p< g and ¢ HSP(R",R") if p> g
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Fractional hyperelastic model

Given an stored-energy function W : R" x R” x R™" — R, such
that W(x, A, ) polyconvex for a.e. x € Q and all A € R", we
consider the following fractional hyperelastic energy

I(u) = - W (x, u(x), D°u(x)) dx,

with u € HgP(Q,R"™).
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Fractional hyperelastic model

Given an stored-energy function W : R" x R” x R™" — R, such
that W(x, A, ) polyconvex for a.e. x € Q and all A € R", we
consider the following fractional hyperelastic energy

I(u) = - W (x, u(x), D°u(x)) dx,

with u € HgP(Q,R"™).

We show existence of minimizers for this fractional model
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Fractional hyperelastic model

Given an stored-energy function W : R" x R” x R™" — R, such
that W(x, A, ) polyconvex for a.e. x € Q and all A € R", we
consider the following fractional hyperelastic energy

I(u) = - W (x, u(x), D°u(x)) dx,

with u € HgP(Q,R"™).
We show existence of minimizers for this fractional model

Since we are assuming polyconvexity, the main ingredient in order
ingredient in order to apply the Direct Method of the CoV is the
weak continuity of the determinant, or in general any minor, of
Dfu in HP.
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Calculus in H®P

Integration by parts:

Defining the fractional s-divergence of ¢ € C°(R",R") as

) +oly) x—y

R X =yt x—y|

divi (x) = —cns

then if u € L} _(R") and D%u € L} _(R",R") the integration by

loc loc
parts formula

/ DRu(x) - h(x) o = - / u(x) divep(x) dx

holds.
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Weak continuity of the minors

Fractional Piola Identity

div®(cof D°u) =0
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Weak continuity of the minors

Fractional Piola Identity

div®(cof D°u) =0

Weak continuity of the minors

uj — u weakly in H*P(R",R") and M : R"™" — R a minor or
order r, then
M(D*uj) — M(D*u),

weakly in L5 (R").
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Existence result

Theorem

p>n—1 p>1land0<s<1. Let

W :R" x R" x R™" — R U {oo} such that:

a) For a.e. x € R"” and every y € R”, the function W(x, y, ") is
polyconvex.

b) Coercivity conditions on W (compatible with hyperelasticity)

W(x,y,F) > a(x) + c|F|” + c|cof F|? + h(|det F|) q> 2, ifjsp <
W(x,y, F) > a(x)+c|F|”, if lsp >

fora.e. x e R", all y € R" and all F € R™".

Let Q2 be a bounded open subset of R". Let ug € H*>P(R",R").
Then there exists a minimizer of

I(u) = - W (x, u(x), D°u(x)) dx
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[-convergence

Convergence of fractional gradient

u € WLP(R";R™), then
D°u — Vu,

strong in LP(R",R™ ™).
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[-convergence

Convergence of fractional gradient

ue WLP(R”;R’"), then
D*u — Vu,

strong in LP(R" R"™™).

Compactness

us € HgP(Q), such that there exists C > 0 and so € (0, 1) with
HDSUSHLp(Rn’MnXm) < C, Vs € (507 1),
then there exists u € WLP(R" R™) such that

D?us — Vu weakly in LP(R",R™)
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[-convergence

['-convergence result

W :R" x R™ x R"™™ — R, such that W(x, u, -) is quasiconvex
for a.e. R” and all u € R™. Let

Is(u) = W(x, u, D°u) dx
Rn

be defined on Hz”(Q;R™), and let
I(u) = W(x, u, Vu) dx
RI’I

be defined on W;P(; R™). Then

Is T-converges to /.
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Definition of the truncated Riesz fractional gradient

Inspired in the Riesz fractional gradient, given a bounded domain
Q C R", we define the following nonlocal gradient:

D§U(X) — Cn,s/ U(X) — U(y) X—=Yy W(X _y) dy,

B(xo) |IX—Yyl |x—yllx—y|r1ts

where w is a cut-off function.
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Definition of the truncated Riesz fractional gradient

Inspired in the Riesz fractional gradient, given a bounded domain
Q C R", we define the following nonlocal gradient:

u(x) —u X — w(x —
Dux) = oo [ MZIWIXZY ML),
B(xs) X—yl Ix—=yllx—yl
where w is a cut-off function.

Now, we define de space HP°(Q) as the completion of C2°(R")
under the norm

1

o) = (141ngy) + 105ulfney )

where s is the union of Q with a tubular neighbourhood of the
boundary of radius §.
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Nonlocal gradient in bounded domains

Observed that

D5 ullLr(@) = Cn,s (/
Q

which is quite different of typical double-integral seminorms, like
Gagliardo seminorm f.i.

p

/ u(x) —uly) x—y w(x —n_y1)+s dy| dx
Bixo) X—yl Ix—yllx—vyl |
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Nonlocal gradient in bounded domains

Observed that
P

Ny e // u(x) —u(y) x—y wix—y) dy| dx
13 e ey ’S<Q sy Xyl Xyl x -yl Y

which is quite different of typical double-integral seminorms, like
Gagliardo seminorm f.i. Therefore, new ideas are required in order
to obtain structural properties of the space HS’P"s(Q).




Introduction to nonlinear elasticity Existence in hyperelasticity Bond-based model in peridynamics Nonlocal gradients model
00000 0000 e]e] 000000000000 0®0000000

Nonlocal gradients in bounded domains

Integration by parts

Defining the nonlocal divergence as

div§ ¢(x) = — pvy Cns / o(x) +oly) x—y ws(x—y)

. dy.
Bxo) IX—yl Ix—y|lx—y|r~tts

Suppose that u € C°(R") and ¢ € C}(,R"). Then
Diu € L*(R",R") and divj ¢ € L°(R"). Moreover,

/ Diu(x) - ¢(x) dx = —/ u(x) divg ¢(x) dx
Q Q

e [ [ O oy i) g,
Q5\Q IX—yI x =yl |x — y|n-l+s

and these three integrals are absolutely convergent.
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New fractional space in bounded domains

The space H*P9(Q) must fulfill two structural features in order to
be useful for variational analysis, in particular for establishing new
models of nonlocal hyperelasticity:
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New fractional space in bounded domains

The space H*P9(Q) must fulfill two structural features in order to
be useful for variational analysis, in particular for establishing new
models of nonlocal hyperelasticity:

@ A Poincaré inequality
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New fractional space in bounded domains

The space H*P9(Q) must fulfill two structural features in order to
be useful for variational analysis, in particular for establishing new
models of nonlocal hyperelasticity:

@ A Poincaré inequality

o Compact embedding into LP
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The key result

Nonlocal fundamental theorem of calculus

There exits a function V§ € C>°(R" \ {0},R") N LL _(R",R") such
that for every u € C°(R") and x € R”,

) = [ Djuly) - Vi(x=y)dy.

Moreover, for every R > 0 there exists M > 0 such that

M

—c)
‘X‘” s

Vs ()] <

x € B(0,R) \ {0}.




@ ¢(x) = Ve (o7
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Main points in the proof
@ ¢(x) = Ve (7, hafy);
@ Qj a primitive of the kernel in the definition of Dju, i.e.
D§u(x) =uxVQ§ =Vux Q3

for all u € C(R");
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Main points in the proof

@ o(x) = Vo= (o;ﬁ@);
@ Qj a primitive of the kernel in the definition of Dju, i.e.
D§u(x) =uxVQ§ =Vux Q3
for all u € C(R");

© Show there exists a tempered distribution V¥ such that

V5 Qs =o;_11ﬁ;
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Main points in the proof

@ o(x) = Vo (0,177
@ Qj a primitive of the kernel in the definition of Dju, i.e.
Diu(x) =uxVQ; =Vux* Q3

for all u € C(R");
© Show there exists a tempered distribution V¥ such that

V5 Qs =o;_11ﬁ;

@ Show V5§ is indeed a function, and find estimates on it;
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Main points in the proof

0 ¢(x) = Vo (0:2177);
@ Qj a primitive of the kernel in the definition of Dju, i.e.
Diu(x) =uxVQ; =Vux* Q3
for all u € C(R");

© Show there exists a tempered distribution V¥ such that

V5 Qs =o;_11ﬁ;

@ Show V5§ is indeed a function, and find estimates on it;

© Apply the first item to obtain the representation theorem.
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Consequences of NFTC

Poincaré inequality

Let 1 < p < co. Then there exists C > 0 such that for all
u e HYPP(Q5),

[ull (o) < ClID3Ull1r(g) -
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Consequences of NFTC

Poincaré inequality

Let 1 < p < co. Then there exists C > 0 such that for all
u e HZP(Q5),

[ull (o) < ClID3Ull1r(g) -

We can also show Sobolev, Morrey, Trudinger and Hardy type
inequalities in H*P9(Q).



Introduction to nonlinear elasticity Existence in hyperelasticity Bond-based model in peridynamics Nonlocal gradients model
00000 0000 e]e] 000000000000 000000e00

Consequences of NFTC

Estimation on the translations

a) Let 1 < p < 0o. Then there exists C > 0 such that for all
ue HYPO(Q_5) and h € R,

( / |u(x+h)—u(x)|"dx)" < ClHF D3 ullny . (1)

b) Let p = 1. Then for all M > 0 there exists C > 0 such that for
all u € HP°(Q_s) and h € B(0, M), inequality (1) holds.
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Consequences of NFTC

Compact embeddings

Let g € H*P°(R). Then, for any sequence {u;}jen C Hg’p’é(Q,J)
such that

up—u in H9P°(Q),
for some u € HP9(Q), one has u € HyP°(Q_s) and:

Q@ ifp>1 ui—u inL9Q), for every q satisfying

qge(l,p;) ifsp<n,
gel[l,o0) ifsp=n,
g€ [l,o0] ifsp>n.

Qifp=1,

u —u in LY(Q).
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Nonlocal hyperelasticity

Theorem
Letp>n—1,p>1 qg> 5. Let
W :R" x R" x R™" — R U {oo} such that:

a) For a.e. x € R" and every y € R”, the function W(x, y, ) is
polyconvex.

b) Coercivity conditions on W (compatible with hyperelasticity)
Let up € H*P9(Q,R").Then there exists a minimizer of

I(u) = /Q W (x, u(x), Dy u(x)) dx

Then there exists a minimizer of | in H5P(Q_s, R").
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Fractional and nonlocal linear elasticity

By linearization of the previous fractional and nonlocal
(polyconvex) hyperelasticity models we obtain respectively the
following fractional and nonlocal linear elasticity models:
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Fractional and nonlocal linear elasticity

By linearization of the previous fractional and nonlocal
(polyconvex) hyperelasticity models we obtain respectively the
following fractional and nonlocal linear elasticity models:

sym

div’(EDS,,v) = f, inR",
v =0, on R"\Q
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Fractional and nonlocal linear elasticity

By linearization of the previous fractional and nonlocal
(polyconvex) hyperelasticity models we obtain respectively the
following fractional and nonlocal linear elasticity models:

°
div’(EDg,,v) = f, in R,
v =0, on R"\Q

div§(EDS o,yv) = f, in Q_s,
v =0, on Q\Q_s
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Fractional and nonlocal linear elasticity

By linearization of the previous fractional and nonlocal
(polyconvex) hyperelasticity models we obtain respectively the
following fractional and nonlocal linear elasticity models:

°

sym

div’(EDS,,v) = f, inR",
v =0, on R"\Q

div§(EDS o,yv) = f, in Q_s,
v =0, on Q\Q_s

We show existence of solutions for these problems via a nonlocal
Korn's inequality.
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Connection with Eringen’s nonlocal elasticity model

Erigen’s model of nonlocal elasticity

—dive = f, in Q

o(x) = / A(x, X")CDsymv(x') dx’, in Q

v=y, ; on 092.
with A(-,-) a given nonlocal convolution kernel.
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Connection with Eringen’s nonlocal elasticity model

Erigen’s model of nonlocal elasticity

—dive = f, in Q
U(X) = / A(X7X,)CDSymV(X/) dX/, in Q

Q
V=1, on 0f).

with A(-,-) a given nonlocal convolution kernel.

Equivalence with Eringen's model

The previous linear elasticity models are equivalent with Eringen’s
nonlocal elasticity model when:

A
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Connection with Eringen’s nonlocal elasticity model

Erigen’s model of nonlocal elasticity

—dive = f, in Q
U(X) = / A(X7X,)CDSymV(X/) dX/, in Q

Q
V=1, on 0f).

with A(-,-) a given nonlocal convolution kernel.

Equivalence with Eringen's model

The previous linear elasticity models are equivalent with Eringen’s
nonlocal elasticity model when:
O Fractional case: A(x,x') = hyq_g)(|x — x'[), with I, the
Riesz potential of order «

A
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Connection with Eringen’s nonlocal elasticity model

Erigen’s model of nonlocal elasticity

—dive = f, in Q
U(X) = / A(X7X,)CDSymV(X/) dX/, in Q

Q
V=1, on 0f).

with A(-,-) a given nonlocal convolution kernel.

Equivalence with Eringen's model

The previous linear elasticity models are equivalent with Eringen’s
nonlocal elasticity model when:

O Fractional case: A(x,x') = hyq_g)(|x — x'[), with I, the
Riesz potential of order «

@ Nonlocal case: A(x,x') = Q5 * Q3(|x — x'|).

A



Work in progress

@ Nonlocal vector calculus for D3 (with P. Radu, M. Foss and J.
Cueto):
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Work in progress

@ Nonlocal vector calculus for Df (with P. Radu, M. Foss and J.
Cueto):

© Nonlocal divergence theorem
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Work in progress

@ Nonlocal vector calculus for Df (with P. Radu, M. Foss and J.
Cueto):
© Nonlocal divergence theorem
@ Nonlocal Helmhotz-Decomposition
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Work in progress

@ Nonlocal vector calculus for Df (with P. Radu, M. Foss and J.
Cueto):
© Nonlocal divergence theorem
@ Nonlocal Helmhotz-Decomposition
© Nonlocal natural boundary conditions and Green theorems
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Work in progress

@ Nonlocal vector calculus for Df (with P. Radu, M. Foss and J.
Cueto):

© Nonlocal divergence theorem
@ Nonlocal Helmhotz-Decomposition
© Nonlocal natural boundary conditions and Green theorems
@ Generalization of the study of of nonlocal gradients and
associated Bessel-type spaces to general kernels (with C.
Mora-Corral and H. Schéonberger):

[ —ul) x—y
D) = [ S o
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Work in progress

@ Nonlocal vector calculus for Df (with P. Radu, M. Foss and J.
Cueto):
© Nonlocal divergence theorem
@ Nonlocal Helmhotz-Decomposition
© Nonlocal natural boundary conditions and Green theorems
@ Generalization of the study of of nonlocal gradients and
associated Bessel-type spaces to general kernels (with C.
Mora-Corral and H. Schéonberger):

[ —ul) x—y
D) = [ S o

© Optimal conditions on the kernel p for having
Poincaré-Sobolev inequalities and compact embeddings in
LP-spaces, for p € [1, 0]
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Work in progress

@ Nonlocal vector calculus for Df (with P. Radu, M. Foss and J.
Cueto):

© Nonlocal divergence theorem
@ Nonlocal Helmhotz-Decomposition
© Nonlocal natural boundary conditions and Green theorems
@ Generalization of the study of of nonlocal gradients and
associated Bessel-type spaces to general kernels (with C.
Mora-Corral and H. Schéonberger):

[ —ul) x—y
D) = [ S o

@ Optimal conditions on the kernel p for having
Poincaré-Sobolev inequalities and compact embeddings in
LP-spaces, for p € [1, 0]

@ Equivalence of spaces for different p's
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