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Control systems

In a given Banach space X

Dynamical system: u′ = f (u,p
↑↑↑

)

control function

where

• u : [0,T ]→ X is the state variable

• p is the control
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Additive control for linear systems

{
u′(t) + Au(t) + Bp(t) = 0 t ∈ [0,T ]

u(0) = u0

where

• A : D(A) ⊂ X → X with −A the infinitesimal generator of a strongly continuous
semigroup of bounded linear operators on X

• e−tA (t > 0) is the semigroup generated by −A
• B : D(B) ⊂ X → X is a linear operator on X that can be either bounded or unbounded

• p : [0,T ]→ X is the control
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Scalar-input bilinear control systems
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Motivations
Bilinear controls enter the system equations as coefficients changing (at least some of) the
principal parameters of the process at hand

Examples

• by embedded smart alloys, the natural
frequency response of a beam can be
changed

• the rate of a chemical reaction can be
altered by various catalysts and/or by the
speed at which the reaction ingredients
are mechanically mixed
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A simplified model of a nuclear chain reaction
A chain reaction refers to a process in which neutrons released in fission produce an additional
fission in at least one further nucleus. This nucleus in turn produces neutrons, and the process
repeats. The process may be controlled (nuclear power) or uncontrolled (nuclear weapons).

ut = a2∆u + v(t, x)u

• u(t, x) ≥ 0 neutron density in the
reaction

• v(t, x) > 0 neutron amount in the
surrounding medium

• v(t, x)u neutrons provided by the
collision of the particles in the reaction
with the surrounding medium
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Schrödinger equation
The Schrödinger equation is a linear partial differential equation that describes the wave
function or state function of a quantum-mechanical system

iψt = −∆ψ − p(t)µ(x)ψ

• ψ wave function of a particle
• p amplitude of the electric field
• µ dipolar moment of the particle
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Fokker-Planck equation

Let Xt be a 1D duffusion process in
(Ω,F ,Ft ,P)

dXt = b(t,Xt)dt + σdWt

where Wt is the standard Wiener process
The probability density u(t, ·) of Xt

P
(
α ≤ Xt ≤ β

)
=
∫ β
α u(t, x)dx

satisfies the Fokker-Planck equation

ut(t, x)− σ2

2
uxx(t, x) +

(
b(t, x)u(t, x)

)
x

= 0 (FP)

Problem: to steer the initial density u0 of X0 to a given target density uT by using a drift
b(t, x) for (FP) of the form b(t, x) = p(t)µ(x)
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The abstract model

Systems where control enters as a coefficient{
u′(t) + Au(t) + p(t)Bu(t) = 0 t ∈ [0,T ]
u(0) = u0 ∈ X

• the state space
(
X , 〈·, ·〉

)
is a separable Hilbert space

• A : D(A) ⊂ X → X with −A the infinitesimal generator of a strongly continuous
semigroup of bounded linear operators on X

• e−tA (t > 0) is the semigroup generated by −A
• B : D(B) ⊂ X → X is a linear operator on X that can be either bounded or unbounded

• control p ∈ L2(0,T ) is a square summable scalar function
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What are the difficulties?

The map ΦΦΦ : p 7→ u is

Additive control: Locally distributed control: Bilinear control:{
u′ + Au + Bp = 0
u(0) = u0


u′ + Au + Bu + p1ω = 0
u = g |∂Ω

u(0) = u0

{
u′ + Au + pBu = 0
u(0) = u0

yyy
linear

linear
yyy

nonlinear

u(t) = e−tAu0−
∫ t

0
e−(t−τ)ABp(τ)dτ u(t) = e−tAu0−

∫ t

0
p(τ)e−(t−τ)ABu(τ)ds

‖u(t)‖ 6 CT

(
‖u0‖+ ‖p‖L1(0,T ;X )

)
‖u(t)‖ 6 CT‖u0‖eCT ‖p‖L1(0,T ;X )

P. Cannarsa (Rome Tor Vergata) Bilinear control of evolution equations. 1 10 / 42



What are the difficulties?

The map ΦΦΦ : p 7→ u is

Additive control: Locally distributed control: Bilinear control:{
u′ + Au + Bp = 0
u(0) = u0


u′ + Au + Bu + p1ω = 0
u = g |∂Ω

u(0) = u0

{
u′ + Au + pBu = 0
u(0) = u0yyy

linear

linear
yyy

nonlinear

u(t) = e−tAu0−
∫ t

0
e−(t−τ)ABp(τ)dτ u(t) = e−tAu0−

∫ t

0
p(τ)e−(t−τ)ABu(τ)ds

‖u(t)‖ 6 CT

(
‖u0‖+ ‖p‖L1(0,T ;X )

)
‖u(t)‖ 6 CT‖u0‖eCT ‖p‖L1(0,T ;X )

P. Cannarsa (Rome Tor Vergata) Bilinear control of evolution equations. 1 10 / 42



An obstruction to exact controllability

Boundary control: Locally distributed control: Bilinear control:
u′ = Au + Bu
u = p|∂Ω

u(0) = u0


u′ = Au + Bu + p1ω
u = g |∂Ω

u(0) = u0

{
u′ + Au + pBu = 0
u(0) = u0

(1)

Let u0 ∈ X and denote by u(·; p, u0) the unique solution of (1) for p ∈ L1
loc(0,∞). Define the

attainable set from u0 by

S(u0) :=
{
u(t; p, u0); t ≥ 0, p ∈ L1

loc(0,∞)
}

Theorem (Ball, Marsden, Slemrod 1982)

Let B ∈ L(X ). If dimX =∞, then X \ S(u0) is dense

Consequently, S(u0) ( X and (1) fails to be exactly controllable
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Multiplicative control for parabolic systems

• A.Y. Khapalov
I Controllability of partial differential equations governed by multiplicative controls,

Springer, Lect. Notes Math. (1995)
I Bio-mimetic swimmers in incompressible fluids. Modeling, well-posedness, and controllability,

Birkhäuser, Lect. Notes Math. Fluid Mech. (2021)

• P. Cannarsa and A. Khapalov. Multiplicative controllability for reaction-diffusion
equations with target states admitting finitely many changes of sign, Discrete Contin.
Dyn. Syst., Ser. B (2010)

• P. Cannarsa, G. Floridia, and A. Y. Khapalov. Multiplicative controllability for semilinear
reaction-diffusion equations with finitely many changes of sign, J. Math. Pures Appl.
(2017)

• P. Cannarsa and A. Khapalov. Micromotions and controllability of a swimming model in
an incompressible fluid governed by 2− D or 3− D Navier-Stokes equations, J. Math.
Anal. Appl. (2018)
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Scalar single-input bilinear control for the Schrödinger and wave equations

• K. Beauchard and C. Laurent. Local controllability of 1d linear and nonlinear Schrödinger
equations with bilinear control, J. Math. Pures Appl. (2010)

• K. Beauchard. Local controllability and non-controllability for a 1d wave equation with
bilinear control, Journal of Differential Equations (2011)

• K. Beauchard and M. Morancey. Local controllability of 1D Schrödinger equations with
bilinear control and minimal time, Math. Control Relat. Fields (2014)

• P. Cannarsa, P. Martinez and C. Urbani, Bilinear control of a degenerate hyperbolic
equation, SIAM J. Math. Anal. (2023), arXiv:2112.00636v1
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Scalar single-input bilinear control for parabolic equations

• K. Beauchard and F. Marbach. Quadratic obstructions to small-time local controllability
for scalar-input systems, Journal of Differential Equations (2017).

• K. Beauchard and F. Marbach. Unexpected quadratic behaviors for the small-time null
controllability of scalar-input parabolic equations, J. Math. Pures Appl. (2020)

• Controllability to eigensolutions
I F. Alabau-Boussouira, P. Cannarsa, and C. Urbani. Superexponential stabilizability of

evolution equations of parabolic type via bilinear control, Journal of Evolution
Equations (2020), arXiv:1910.06802

I P. Cannarsa and C. Urbani. Superexponential stabilizability of degenerate parabolic
equations via bilinear control, Inverse Problems and Related Topics, vol. 310, pages 31?45,
Springer Singapore (2020) (arXiv:1910.06198)

I F. Alabau-Boussouira, P. Cannarsa, and C. Urbani. Exact controllability to eigensolutions for
evolution equations of parabolic type via bilinear control, Nonlinear Differ. Equ.
Appl. (2022), arXiv:2105.05732

I F. Alabau-Boussouira, P. Cannarsa, and C. Urbani. Bilinear control of evolution equations
with unbounded lower order terms. Application to the Fokker-Planck equation,
arXiv:2303.04465
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Bilinear control and preservation of energy

Given a domain O ⊂ Rn and u0 ∈ H1
0 (O), find p : [0,∞)→ R such that the solution to

∂u
∂t (t, x) = ∆u(t, x) + p(t)u(t, x) in R+ ×O
u = 0 on R+ × ∂O
u(0, x) = u0(x) ξ ∈ O

(CL)

satisfies ‖u(t)‖L2(O) = ‖u0‖L2(O) ∀t > 0

• L. Caffarelli and F. Lin, Nonlocal heat flows preserving the L2 energy, Discrete Contin.
Dyn. Syst. (2009)

• L. Ma and L. Cheng, Non-local heat flows and gradient estimates on closed manifolds,
Journal of Evolution Equations (2009)

• P. Cannarsa, G. Da Prato, and H. Frankowska. Domain invariance for local solutions of
semilinear evolution equations in Hilbert spaces, J. Lond. Math. Soc., II. Ser. (2020)

• P. Antonelli, P. Cannarsa, B. Shakarov, Existence and asymptotic behavior for L2-norm
preserving nonlinear heat equations, arXiv:2210.04603v1
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Controllability to eigensolutions
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Assumptions

Let (X , 〈·, ·〉) be a separable Hilbert space and AAA : D(AAA) ⊂ X → X a densely defined linear
operator satisfying the following Standing Assumptions

(a) AAA is self-adjoint
(b) ∃σ ≥ 0 : 〈AAAx , x〉 ≥ −σ‖x‖2 , ∀x ∈ D(AAA)
(c) D(AAA) ⊆ X is compact

(SA)

yyy
1. X has a complete orthonormal system {ϕkϕkϕk}k∈N∗ of eigenvectors of AAA

2. the eigenvalues {λkλkλk}k∈N∗ of AAA satisfy −σ ≤ λkλkλk → +∞ as k → +∞
3. −AAA generates the strongly continuous semigroup e−tAAA
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The state equation

Given T > 0, consider the bilinear control problem{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0, t ∈ [0,T ]
u(0) = u0

(?)

where BBB ∈ L(X ) and p ∈ L2(0,T )

Consider system (?) with p = 0 and u0 = ϕjϕjϕj (j ≥ 1){
u′(t) +AAAu(t) = 0, t ∈ [0,T ]
u(0) = ϕjϕjϕj

Any solution ψj(t) = e−λjλjλj tϕjϕjϕj is called an eigensolutioneigensolutioneigensolution

For j = 1, the solution ψ1(t) = e−λ1λ1λ1tϕ1ϕ1ϕ1 is the ground state solutionground state solutionground state solution
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j-null controllable pairs

Definition

Let T > 0 and j ≥ 1. The pair {A,B} is called j-null controllable in time T if there exists a
constant NT > 0 such that for every y0 ∈ X one can find a control p ∈ L2(0,T ) satisfying

||p||L2(0,T ) ≤ NT ||y0||,

for which y(T ; y0, p) = 0, where y(·; y0, p) is the solution of{
y ′(t) + Ay(t) + p(t)Bϕj = 0, t ∈ [0,T ]
y(0) = y0

The pair {A,B} is called j-null controllable if there exists T0 > 0 such that {A,B} is j-null
controllable in time T0

The control cost is given by Nj(T ) = sup
‖y0‖=1

inf
y(T ;y0,p)=0

‖p‖L2(0,T )
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Local exact controllability to eigensolutions

{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0 (t > 0)
u(0) = u0

(?)

Theorem

Assume that {A,B} is j-null controllable (j ≥ 1) in any time T > 0 and ∃ν,T0 > 0 such that

Nj(τ) ≤ eν/τ ∀ 0 < τ ≤ T0

Then for any T > 0 there exists RT > 0 such that for any u0 ∈ BRT
(ϕj) there exists a control

p ∈ L2(0,T ) for which u(T ) = e−λjT ϕju(T ) = e−λjT ϕju(T ) = e−λjT ϕj . Moreover,

RT = RT

(
ν, σ, ‖B‖,T ,T0

)
and ‖p‖2 6 C

(
ν, σ, ‖B‖,T ,T0

)
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A Newton type algorithm (j = 1, λ1 = 0)
Step 1: linearization

For T > 0 consider the systems{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0, t ∈ [0,T ]
u(0) = u0

{
ψ′1(t) +AAAψ1(t) = 0, t ∈ [0,T ]
ψ1(0) = ϕ1ϕ1ϕ1

Note that ψ1(t) ≡ ϕ1ϕ1ϕ1 and set v := u −ϕ1ϕ1ϕ1 Then linearize to obtain{
v ′(t) +AAAv(t) + p(t)BBBv(t) + p(t)BBBϕ1ϕ1ϕ1 = 0
v(0) = v0 = u0 −ϕ1ϕ1ϕ1

{
y(t)′ +AAAy(t) + p(t)BBBϕ1ϕ1ϕ1 = 0
y(0) = v0
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A Newton type algorithm (j = 1, λ1 = 0)
Step 2: induction procedure [0,T ]{

v ′(t) +AAAv(t) + p(t)BBBv(t) + p(t)BBBϕ1ϕ1ϕ1 = 0
v(0) = v0 = u0 −ϕ1ϕ1ϕ1

{
y(t)′ +AAAy(t) + p(t)BBBϕ1ϕ1ϕ1 = 0
y(0) = v0

v0

0

0 T

v(3T ; v0, p)

||p||L2(0,T ) ≤ C3(T )ΛT ||v0||1/2. (2)

||w(T )|| = ||v(T )|| ≤ KT ||v0||2. (3)
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A Newton type algorithm (j = 1, λ1 = 0)
Step 2: induction procedure [T , 2T ]{

v ′(t) +AAAv(t) + p(t)BBBv(t) + p(t)BBBϕ1ϕ1ϕ1 = 0
v(T ) = vT (given by step 1)

{
y(t)′ +AAAy(t) + p(t)BBBϕ1ϕ1ϕ1 = 0
y(T ) = vT

v0

0

0 T

v(3T ; v0, p)y(t; v0,ppp)

v(T ; v0,ppp)

2T

0

||p||L2(0,T ) ≤ NT ||v0|| ||(v − y)(T )|| = ||v(T )|| ≤ KT ||v0||2.
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A Newton type algorithm (j = 1, λ1 = 0)
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A Newton type algorithm (j = 1, λ1 = 0)
Step 2: induction procedure [2T , 3T ]{

v ′(t) +AAAv(t) + p(t)BBBv(t) + p(t)BBBϕ1ϕ1ϕ1 = 0,
v(2T ) = v2T ,

{
y(t)′ +AAAy(t) + p(t)BBBϕ1ϕ1ϕ1 = 0,
y(2T ) = v2T .

v0

0

0 T

v(3T ; v0, p)y(t; v0,ppp)

v(T ; v0,ppp)

2T

0

y(t; v(T ),ppp)
v(2T ; v0,ppp)

3T

0

||p||L2(T ,2T ) ≤ ΛT ||v(T )|| ||(v − y)(2T )|| = ||v(2T )|| ≤ KT ||v(T )||2 ≤ (1/KT )(KT ||v0||)22

.
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Step 2: induction procedure [2T , 3T ]{

v ′(t) +AAAv(t) + p(t)BBBv(t) + p(t)BBBϕ1ϕ1ϕ1 = 0,
v(2T ) = v2T ,

{
y(t)′ +AAAy(t) + ppp(t)BBBϕ1ϕ1ϕ1 = 0,
y(2T ) = v2T .

v0

0

0 T

v(3T ; v0, p)y(t; v0,ppp)

v(T ; v0,ppp)

2T

0

y(t; v(T ),ppp)
v(2T ; v0,ppp)

3T

0y(t; v(2T ),ppp)

||p||L2(2T ,3T ) ≤ C(T )ΛT ||v(2T )||, ||(v − y)(2T )|| = ||v(2T )|| ≤ KT ||v(T )||2 ≤ (1/KT )(KT ||v0||)22

.
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The right time scaling
For fixed T > 0, we construct a solution v of v ′(t) + Av(t) + p(t)Bv(t) + p(t)Bϕ1 = 0, t ∈ [0, π

2

6 T ]

v(0) = v0 = u0 − ϕ1

(6)

by applying the Newton type algorithm on consecutive intervals [τn, τn+1] with

τn =
n∑

j=1

T

j2

Technical estimates ensure that

||v (τn)|| ≤
(
eC/T ||v0||

)2n

−→ 0 as n→∞ for eC/T ||v0|| < 1

and this yields the conclusion v(π
2

6 T ) = 0
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Conditions for j-null controllability
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Sufficient conditions for j-null controllability

Theorem

In addition to (SA) suppose that

1. A : D(A) ⊂ X → X satisfies the gap condition√
λk+1 − λ1 −

√
λk − λ1 ≥ α, ∀ k ∈ N∗ (G )

for some constant α > 0

2. B : X → X is a bounded linear operator such that

(i) 〈Bϕj , ϕj〉 6= 0 (ii) ∃β, q > 0 : |λk − λj |q |〈Bϕj , ϕk〉| ≥ β, ∀ k 6= j (Sj)

Then, the pair {A,B} is j-null controllable in any time T > 0 and ∃ν,T0 > 0 such that

Nj(τ) ≤ eν/τ ∀ 0 < τ ≤ T0
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Comments on sufficient conditions

• The gap condition (G ) is due to the fact that we restrict the analysis to single-input
controls p(t). It is satisfied by several control systems in one space dimension

• The spreading condition (Sj)

〈Bϕj , ϕk〉 6= 0, ∀ k ∈ N∗

is necessary for the null controllability of the linear system{
y ′(t) + Ay(t) + p(t)Bϕj = 0, t ∈ [0,T ]
y(0) = y0
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Necessity of (Sj)
Proof

The identity y(T ) = 0 is equivalent to∑
k∈N∗

〈y0, ϕk〉e−λkTϕk =

∫ T

0
p(s)

∑
k∈N∗

〈Bϕj , ϕk〉e−λk (T−s)ϕkds.

Since {ϕk}k∈N∗ is an othonormal basis of X , we have that

〈y0, ϕk〉 =

∫ T

0
eλk sp(s)〈Bϕj , ϕk〉ds, ∀ k ∈ N∗.

In particular, if (Sj) is violated, there exists some k̄ ∈ N∗ such that 〈Bϕj , ϕk̄〉 = 0. Hence, in
the k̄-th direction we have that

〈y0, ϕk̄〉 =

∫ T

0
eλk̄ sp(s)〈Bϕj , ϕk̄〉ds = 0

which yields y0 ∈ ϕ⊥k̄ .
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Proof of sufficient conditions (j = 1)

Let T > 0 and y0 ∈ X . We want to find a control p ∈ L2(0,T ) such that

y(T ) = 0 and ||p||L2(0,T ) ≤ NT ||y0||

where {
y(t)′ +AAAy(t) + ppp(t)BBBϕ1ϕ1ϕ1 = 0
y(0) = y0

Since y(t) = e−tAy0 −
∫ t

0 e−(t−s)Ap(s)Bϕ1ds,

y(T ) = 0 ⇐⇒
∑
k≥1

〈y0, ϕk〉e−λkTϕk =

∫ T

0
p(s)

∑
k≥1

〈Bϕ1, ϕk〉e−λk (T−s)ϕkds.

or ∫ T

0
eλk sp(s)ds =

〈y0, ϕk〉
〈Bϕ1, ϕk〉

(k ≥ 1)

P. Cannarsa (Rome Tor Vergata) Bilinear control of evolution equations. 1 27 / 42



Proof of sufficient conditions (j = 1)
The moment method

Thanks to (G ) there exists a biorthogonal family1 {σj}j≥1 to {eλk t}k≥1 in L2(0,T ), that is,

∀k, j ≥ 1,

∫ T

0
σj(t)eλk tdt = δjk

Moreover
||σj ||2L2(0,T ) ≤ C 2

α(T )e−2λjT eCα
√
λj , ∀j ≥ 1 (??)

Therefore

p(s) =
∞∑
k=1

〈v0, ϕk〉
〈Bϕ1, ϕk〉

σk(s) =⇒
∫ T

0
eλk sp(s)ds =

〈v0, ϕk〉
〈Bϕ1, ϕk〉

(??) and (S1) ensure that the above series converges in L2(0,T ) and

||p||L2(0,T ) ≤ eC/T ||v0||
1See [P. Cannarsa, P. Martinez, J. Vacostenoble, Math. Control Relat. Fields (2017)], see also Fattorini and

Russell [1971], Tennebaum and Tucsnak [2007], and Lissy?[2014, 2015]
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Applications
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Heat equation with Dirichlet boundary conditions
Consider the bilinear control system

ut(t, x)− uxx(t, x) + p(t)µ(x)u(t, x) = 0, (t, x) ∈ (0,∞)× (0, 1)
u(t, 0) = u(t, 1) = 0
u(0, x) = u0(x)

which can be recast as the abstract evolution equation in X = L2(0, 1){
ut(t) +AAAu(t) + p(t)BBBu(t) = 0, t ∈ (0,∞)
u(0) = u0

where AAA and BBB are defined by

D(AAA) = H2 ∩ H1
0 (0, 1), AAAϕ = −d2ϕ

dx2
and BBB ∈ L(X ), BBBϕ = µϕ

• eigenvalues and eigenvectors of AAA are easily computed

λkλkλk = (kπ)2, ϕkϕkϕk(x) =
√

2 sin(kπx) ∀k ≥ 1

Problem: to study local controllability to the ground state solution
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Heat equation with Dirichlet boundary conditions
checking sufficient conditions

• gap condition √
λk+1λk+1λk+1 −

√
λkλkλk = (k + 1)π − kπ = π ∀k ≥ 1

• spreading condition

〈µϕ1, ϕk〉 =
√

2

∫ 1

0
µ(x)ϕ1(x) sin(kπx)dx

=
√

2

(
− (µ(x)ϕ1(x))

cos(kπx)

kπ

∣∣∣∣1
0

+

∫ 1

0
(µ(x)ϕ1(x))′

cos(kπx)

kπ
dx

)

=
√

2

(
(µ(x)ϕ1(x))′

sin(kπx)

(kπ)2

∣∣∣∣1
0

−
∫ 1

0
(µ(x)ϕ1(x))′′

sin(kπx)

(kπ)2
dx

)

=
√

2

(
(µ(x)ϕ1(x))′′

cos(kπx)

(kπ)3

∣∣∣∣1
0

−
∫ 1

0
(µ(x)ϕ1(x))′′′

cos(kπx)

(kπ)3
dx

)

=
4

k3π2

[
(−1)k+1µ′(1)− µ′(0)

]
−
√

2

(kπ)3

∫ 1

0
(µ(x)ϕ1(x))′′′ cos(kπx)dx
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Heat equation with Dirichlet boundary conditions
checking speading condition

From the above computation it follows that

〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 =
4

k3

(
(−1)k+1µ′(1)− µ′(0)

)
−
√

2

(kπ)3

∫ 1

0
(µ(x)ϕ1ϕ1ϕ1(x))′′′ cos(kπx)dx

So, if 〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 6= 0 ∀k ∈ N∗ and µ′(1)± µ′(0) 6= 0, then we have

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ Cλkλkλk
−3/2, ∀k ∈ N∗.

Example For Bϕ(x) = x2ϕ(x) we have that

〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 =


(−1)k+14k

(k2−1)2 k 6= 1

2π2−3
6π2 k = 1
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Heat equation with Dirichlet boundary conditions
local controllability to ground state solution

For any T > 0 there exists RT > 0 such that for all u0 with∫ 1

0
|u0(x)−

√
2 sin(πx)|2dx < R2

T

there exists p ∈ L2(0,T ) steering the solution of the parabolic system
ut(t, x)− uxx(t, x) + p(t)x2u(t, x) = 0 (t, x) ∈ (0,T )× (0, 1)
u(t, 0) = u(t, 1) = 0
u(0, x) = u0(x)

to u(T , x) = e−π
2T sin(πx)
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Extensions
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Unbounded control operators

We allow for BBB /∈ L(X ) in

{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0 (t > 0)
u(0) = u0

(?)

Theorem

Suppose that λ1 ≥ 0 and there exists a constant α > 0 such that√
λk+1λk+1λk+1 −

√
λkλkλk ≥ α ∀k ≥ 1 (G )

Let BBB : D(B) ⊂ X → X be a linear operator such that D(A1/2) ⊂ D(B),

‖BBBϕ‖ ≤ C‖ϕ‖D(A1/2) ∀ϕ ∈ D(A1/2)

and
〈BBBϕ1ϕ1ϕ1,ϕ1ϕ1ϕ1〉 6= 0 & ∃β, q > 0 such that λqkλ

q
kλ
q
k |〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ βββ ∀k > 1 (??)

Then for any T > 0 there exists RT > 0 such that, ∀u0 ∈ D(A1/2) satisfying ‖A1/2(u0 − ϕ1)‖ < RT ,
the solution to (?) can be steered to the ground state solution in time T by some control p ∈ L2(0,T )
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Example (Fokker-Planck equation with Dirichlet b.c.)
Consider the bilinear control system

ut(t, x)− uxx(t, x) + p(t)
(
µ(x)u(t, x)

)
x

= 0, (t, x) ∈ (0,∞)× (0, 1)

u(t, 0) = u(t, 1) = 0 (absorbing b.c.)
u(0, x) = u0(x)

that translates into the evolution equation in X = L2(0, 1){
ut(t) +AAAu(t) + p(t)BBBu(t) = 0, t ∈ (0,∞)
u(0) = u0(x)

where AAA and BBB are defined by

D(AAA) = H2 ∩ H1
0 (0, 1), AAAϕ = −d2ϕ

dx2

D(BBB) =
{
ϕ ∈ X : d

dx (µϕ) ∈ X
}
, BBBϕ = d

dx (µϕ)
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Example (Fokker-Planck equation with Dirichlet b.c.)
checking assumptions

Observe that

• D(A1/2) = H1
0 (0, 1) ⊂ D(B) if µ ∈ C 1([0, 1])

• the eigenvalues and eigenvectors of AAA are given by

λkλkλk = (kπ)2, ϕkϕkϕk(x) =
√

2 sin(kπx) ∀k ≥ 1

• ‖Bϕ‖ ≤
(
‖µ‖2

∞ + ‖µ′‖2
∞
)1/2‖ϕ‖D(A1/2) for any ϕ ∈ D(A1/2)

Remark

Since we have that ∫ 1

0
ϕ1(x)dx =

√
2

∫ 1

0
sin(πx)dx =

2
√

2

π

controlling the solution to the ground state means that we are forcing some mass to remain in

the interval [0, 1] after time T (in the sense that with probability equal to 2
√

2
π
∼= 0.9 we find a

particle in the interval [0, 1]), even though we are in presence of absorbing boundary conditions
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Example (Fokker-Planck equation with Dirichlet b.c.)
checking sufficient conditions

• gap condition
√
λk+1λk+1λk+1 −

√
λkλkλk = (k + 1)π − kπ = π ∀k ≥ 1

• spreading condition

〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 =
√

2

∫ 1

0
(µϕ1)′(x) sin(kπx)dx

=
√

2

(
− (µϕ1)′(x)

cos(kπx)

kπ

∣∣∣∣1
0

+

∫ 1

0
(µϕ1)′′ (x)

cos(kπx)

kπ
dx

)

=
2

k

(
(−1)kµ(1) + µ(0)

)
+

√
2

kπ

∫ 1

0
(µϕ1)′′ (x) cos(kπx)dx .

If 〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 6= 0 ∀k ∈ N∗ and µ(1)± µ(0) 6= 0, then we have

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ Cλkλkλk
−1/2, ∀k ≥ 1

EXAMPLEEXAMPLEEXAMPLE: BBBϕ(x) = d
dx (xnϕ(x)) for any n ≥ 1
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Example (Fokker-Planck equation with Dirichlet b.c.)
local controllability

Remark

Taking µ(x) = x a direct check shows that the Fourier coefficients of Bϕ1 do not vanish

〈(µϕ1)′, ϕk〉 =


(−1)k2k
k2−1

, k ≥ 2

1
2 k = 1

and the lower bound λqkλ
q
kλ
q
k |〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ βββ is satisfied with q = 1

2 and β = 2π

Our abstract result guarantees that, for any n ≥ 1 and T > 0,
ut(t, x)− uxx(t, x) + p(t)

(
xu(t, x)

)
x

= 0, (t, x) ∈ (0,T )× (0, 1)

u(t, 0) = u(t, 1) = 0
u(0, x) = u0(x)

is locally exactly controllable to ψ1(T , x) =
√

2 e−π
2T sin(πx) by some control p
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Global exact controllability on a strip{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0 (t > 0)
u(0) = u0

(S)

Theorem

Suppose that λ1 ≥ 0 and there exists a constant α > 0 such that√
λk+1λk+1λk+1 −

√
λkλkλk ≥ α ∀k ≥ 1

Let BBB : X → X be a bounded linear operator satisfying the following

〈BBBϕ1ϕ1ϕ1,ϕ1ϕ1ϕ1〉 6= 0 & ∃ b, q > 0 such that λqkλ
q
kλ
q
k |〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ bbb ∀k > 1 (??)

Then there exists r1 > 0 such that for all R > 0 there exists TR > 0 such that for all u0 ∈ X in the strip

|〈u0,ϕ1ϕ1ϕ1〉 − 1| ≤ r1
||u0 − 〈u0,ϕ1ϕ1ϕ1〉ϕ1ϕ1ϕ1|| ≤ R

the solution to (S) can be steered to the ground state solution ψ1(t) = e−λ1t ϕ1ϕ1ϕ1 in time TR by some
control p ∈ L2(0,TR)
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ϕ1ψ1(TR)

R

−R

r1

u0
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Global exact controllability outside ϕ⊥1{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0 (t > 0)
u(0) = u0

(S)

Corollary

Suppose that λ1 ≥ 0 and there exists a constant α > 0 such that√
λk+1λk+1λk+1 −

√
λkλkλk ≥ α ∀k ≥ 1

Let BBB : X → X be a bounded linear operator satisfying the following

〈BBBϕ1ϕ1ϕ1,ϕ1ϕ1ϕ1〉 6= 0 & ∃ b, q > 0 such that λqkλ
q
kλ
q
k |〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ bbb ∀k > 1 (??)

Then for every R > 0 there exists TR > 0 such that for all u0 satisfying

||u0 − 〈u0,ϕ1ϕ1ϕ1〉ϕ1ϕ1ϕ1|| ≤ R|〈u0,ϕ1ϕ1ϕ1〉|

the solution to (S) can be steered to 〈u0,ϕ1ϕ1ϕ1〉ψ1 =: φ1 in time TR by some control p ∈ L2(0,TR)
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ϕ1ϕ1 φ1(TR)φ̂1(TR)

u0

û0

QR

Figure: fixed any R > 0, the set of initial conditions exactly controllable in time TR to their projection
along the ground state solution is indicated by the colored cone QR .
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