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Abstract. In this paper, a bilinear optimal control problem associated to a 3D chemo-repulsion
model with linear production is studied. The existence of weak solutions is proved, and a regularity
criterion to get global-in-time strong solutions is established. As a consequence, the existence of a
global optimal solution with bilinear control is deduced, and using a Lagrange multiplier theorem,
first-order optimality conditions for local optimal solutions are derived.
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1. Introduction. The chemotaxis phenomenon is understood as the directed
movement of living organisms in response to chemical gradients. Keller and Segel [19]
proposed a mathematical model that describes the chemotactic aggregation of cellular
slime molds. These molds move preferentially toward relatively high concentrations
of a chemical substance secreted by the amoebae themselves. Such a mechanism
is called chemo-attraction with production. Conversely, when the regions of high
chemical concentration generate a repulsive effect on the organisms, the phenomenon
is called chemo-repulsion.

Bilinear control problems are a special class of nonlinear control problems in which
a nonlinear term is constructed by multiplication of the control and state variables.
In fact, the control acts as the coefficient of a reaction term depending linearly on the
state. In this work we study an optimal control problem subject to a chemo-repulsion
system with a linear production term and in which a bilinear control acts injecting
or extracting a chemical substance on a subdomain of control 2. C ). Specifically,
let Q C R3 be a bounded domain with boundary 99 of class C?! and (0,7) a time
interval, with 0 < T' < +o00. Then a control problem is studied which is related to
the system in the time-space domain @ := (0,7") x €,

(1) { Ou— Au=V - (uVv),
ov—Av+v=u+ folg,

with initial conditions
(2) u(0,-) = ug =0, v(0,-) =vg 20 in Q,
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and nonflux boundary conditions

(3) g—zzo, %:0 on (0,7) x 99,

where n denotes the outward unit normal vector to 9€2. In (1), the unknowns are
the cell density wu(t,z) > 0 and chemical concentration v(t,z) > 0. The function
f = f(t,x) denotes a bilinear control acting in the chemical equation. It is observed
that, in the subdomains of 2, where f > 0, such a control acts as a proliferation
coeflicient of the chemical substance, and conversely, where f < 0, the control acts as
a degradation coefficient of the chemical substance. In particular, with this choice of
the bilinear control, the solution (u,v) of system (1)—(3) always remains nonnegative.
By considering a distributed control with a negative sign, the positivity of v could
not be guaranteed.

System (1)—(3) without control (i.e., f = 0) has been studied in [11] and [33].
In [11], the authors proved the global existence and uniqueness of smooth classical
solutions in 2D domains and global existence of weak solutions in dimensions 3 and
4. In [33], on a bounded convex domain @ C R™ (n > 3), it is proved that a modified
system of (1)—(3), changing the chemotactic term V - (uVv) by V - (g(u)Vv) with an
adequate density-dependent chemotactic function g(u), has a unique global-in-time
classical solution. This result is not applicable to problem (1) (even for f = 0) because
g(u) = u does not satisfy the hypothesis imposed in [33]. Both [11] and [33] (and
many others studying chemotaxis models) are based in the abstract theory of classical
solutions for quasi-linear parabolic systems (see, for instance, [3]) by applying the
existence and uniqueness of local-in-time classical solutions and extensibility criteria of
these classical solutions. In the case treated in this work, such a theory is not directly
applicable due to the influence of the bilinear control term because no regularity is
required for the derivatives of the control.

There is an extensive literature devoted to the study of control problems with
PDEs; see, for instance, [2, 7, 8, 18, 20, 22, 25, 26, 32, 37] and references therein. In
all previous works, the control is of distributed or boundary type. As far as we know,
the literature related to optimal control problems with PDEs and bilinear control is
scarce; see [5, 14, 17, 21, 36].

In the context of optimal control problems associated to chemotaxis models, the
literature is also scarce. In [14, 30], a 1D problem is studied. In [14], the authors
analyzed two problems for a chemoattractant model. The bilinear control acts on the
whole Q in the cells equation. The existence of optimal control is proved, and an
optimality system is derived. Also, a numerical scheme for the optimality system is
designed, and some numerical simulations are presented. In [30], a boundary control
problem for a chemotaxis reaction-diffusion system is studied. The control acts on
the boundary for the chemical substance, and the existence of optimal solution is
proved. A distributed optimal control problem for a 2D model of cancer invasion has
been studied in [12], proving the existence of an optimal solution and deriving an
optimality system. Rodriguez-Bellido, Rueda-Gémez, and Villamizar-Roa [28] study
a distributive optimal control problem related to a 3D stationary chemotaxis model
coupled with the Navier—Stokes equations (chemotazis-fluid system). The authors
prove the existence of an optimal solution and derive an optimality system using a
penalty method, taking into account that the relation control state is multivalued.
Ryu and Yagi [29] studied an extreme problem for a chemoattractant 2D model in
which the control variable is distributed in the chemical equation. They prove the
existence of optimal solutions and derive an optimality system, using the fact that
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the state is differentiable with respect to the control. Other studies related to control-
lability for the nonstationary Keller—Segel model and nonstationary chemotaxis-fluid
system can be consulted in [9] and [10], respectively.

In [17], an optimal bilinear control problem concerning strong solutions of system
(1)=(3) in 2D domains was studied, proving the existence and uniqueness of global
strong solutions and the existence of global optimal control. Moreover, using a La-
grange multiplier theorem, first-order optimality conditions are derived. Now, this
paper can be seen as a 3D version of [17]. Similarly to [17], the main objective now is
to prove the existence of global optimal solutions and to derive optimality conditions,
which will be now more complicated because the PDE system is considered in 3D
domains.

In fact, the regularity framework for system (1) in 2D and 3D problems is com-
pletely different. Note that, in 2D domains, the existence (and uniqueness) of a strong
solution has been established in [17]. However, the strong regularity in 3D domains
is not proved in general.

Therefore, in this case, two different types of solutions can be distinguished:
weak and strong. The existence of weak solutions can be obtained under minimal
assumptions (see Theorem 5). However, such a result is not sufficient to carry out the
study of the control problem due to the lack of regularity of weak solutions. In order
to overcome this problem, this paper introduces the regularity criterion u € L%/ Q)
that allows obtaining a (unique) global-in-time strong solution of (1)—(3) (see Theorem
7). As far as it is known, there are no results of global-in-time regularity of weak
solutions of system (1)—(3) in 3D domains. This is similar to what happens with the
Navier—Stokes equations (see [34]).

Consequently, here we deal with strong solutions of (1)—(3), which allows analyz-
ing the control problem. In fact, the existence of optimal control associated to strong
solutions will be proved, assuming the existence of controls such that the associated
strong solution of (1)—(3) exists. More concretely, it will be assumed that there exist
wealk solutions (u, v, f) of (1)~(3) satisfying the regularity criterion u € L?%/7(Q). As
a matter of fact, this is true in the case of a control acting on the whole domain €2,
that is, when Q. = Q, and strictly positive initial chemical concentration vg > a > 0
in 2; see Remark 6 below.

Following the ideas of [7, 8], it is considered the L?/7(Q)-norm of the regularity
criterion in the objective functional in such a way that any weak solution of (1)—(3)
with a finite objective functional is also a strong solution.

This paper is organized as follows. In section 2, the notation has been fixed, the
functional spaces to be used have been introduced, and a regularity result for linear
parabolic-Neumann problems that will be used throughout this work is established.
In section 3, the existence of weak solutions of system (1)—(3) is proved through a
family of regularized problems (its existence is deduced in Appendix A). In section 4,
a regularity criterion under which weak solutions of (1)—(3) are also strong solutions is
established. Section 5 is dedicated to the study of a bilinear control problem related
to strong solutions of system (1)—(3), proving the existence of an optimal solution
and deriving the first-order optimality conditions based on a Lagrange multiplier
argument in Banach spaces. Finally, a regularity result for these Lagrange multipliers
is obtained.

2. Preliminaries. In this section, some notations will be introduced. The
Lebesgue space LP(Q2), 1 < p < +o00, with norm denoted by || - ||z» will be used.
In particular, the L?-norm and its inner product will be denoted by || - || and (-,-),
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respectively. The usual Sobolev spaces W™P(Q) = {u € LP(Q) : [|0%lr <
+00, V]ja| < m}, with norm denoted by || - |[wm.», is considered. When p = 2, it
is established that H™(§2) := W™2(Q), denoting the respective norm by || - || g=. The
space W P(Q) = {u € W™P(Q) : 2% = 0on 0Q} (m > 1+ 1/p), and its norm
denoted by || - |lym» will also be used.

If X is a Banach space, LP(X) indicates the space of valued functions in X defined
on the interval [0, 7] that are integrable in the Bochner sense, and its norm will be
denoted by || - [|z»(x). In particular, when X is a Lebesgue space LP(€2) or a Sobolev
space W™1(Q)), LP(X) will be denoted simply by LP(L9) or LP(W™?), respectively.
For simplicity, one defines LP(Q) := LP(0,T; LP(R?)) if p # 4oc and its norm by
|- ler(@)- In the case p = 400, L*>°(Q) means L>((0,T) x ), and its norm, is
denoted by || - ||z (). It is denoted by C([0,77]; X) the space of continuous functions
from [0, 77 into a Banach space X, whose norm is given by || - [|c(x). The topological
dual space of a Banach space X will be denoted by X’ and the duality for a pair X
and X’ by (-,-)x- or simply by (-,-) unless this leads to ambiguity. Moreover, the
letters C, K, Cy, Ky, C1, K1, ..., denote positive constants, independent of the state
(u,v) and control f, but its value may change from line to line.

In order to study the existence of solution of system (1)—(3), the space is defined
by

W2=2/vp(Q) if p<3,

e @ i={ aamn) i pos

The following regularity result for the heat equation we will often be used (see [13, p.

344]).

THEOREM 1. For Q € C2, let 1 < p < +oo (p # 3), ug € W2"2/PP(Q), and
g € LP(Q). Then the problem

Ou—Au=gqg inQ,
w(0,) =ug in €,
ou

%:0 on (0,T) x 02

admits a unique solution u such that
we C0, T W>=>/PP) 0 LP(WRP),  dyu € LP(Q).

Moreover, there exists a positive constant C := C(p,Q,T) such that

[ull o i2-2/vmy T 10l Lo(@) + lullLowzry < ClgllLr@) + lluollfa-2/ms)-

For simplicity, in what follows, the following notation for specific Banach spaces
will be used frequently in the paper:

Xy i={ue (0, T;W>=>/"P) A LH(WRP) : du e LP(Q)} (p> 1),

(4) X :=C([0,T); L*) n L*(HY).

Moreover, its norm will be denoted by || - || x, and || - ||x, respectively.
The Leray—Schauder fixed-point theorem will be used several times to prove the
existence of solution for some different problems.
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THEOREM 2 (Leray—Schauder fixed-point theorem). Let X' be a Banach space
and T : X — X a continuous and compact operator. If the set

{zxeX:xz=aTx for some0<a<l1}

is bounded, then T has (at least) a fized point.

In this paper, the Leray—Schauder theorem will be applied considering the follow-
ing steps.

LEMMA 1. T : X — Y is well defined and maps bounded sets of X into bounded
sets of V.

LEMMA 2. Y is compactly embedded into X.
LEMMA 3. T : X — X is a continuous and compact operator.

LEMMA 4. The set {x € X : x = aTxz for some 0 < « < 1} is bounded in X
(with respect to ).

In this paper, the following two compactness results will be applied.

THEOREM 3 (Aubin—Lions lemma). Let X, B, and Y be reflexive Banach spaces
such that X C B C Y, with compact embedding X — B and continuous embedding
B <= Y. It is defined by

W={w: weLP0,T; X)), Orw € LP*(0,T;Y)}
for a finite T > 0 and py, p1 € (1,+00). Then the injection of W into LP°(0,T; B) is
compact.
Proof. See [23, Theorem 5.1, p. 58]. d

THEOREM 4 (Simon’s compactness result). Let X, B, and Y be Banach spaces
such that X C B C Y, with compact embedding X — B and continuous embedding
B < Y. Let F be a bounded set in L>°(0,T; X) such that the set O, F = {%{; feF}
is bounded in L™ (0,T;Y) for somer > 1. Then F is relatively compact in C([0,T]; B).

Proof. See [31, Corollary 4]. 0

Throughout this paper, the following equivalent norms in H*(2) and H?(2) will
be used, respectively (see [27] for details):

(5) ol = 1l + ([ u) Ve H'(9),

2
(6) llul|32 =~ || Aul)® + (/ u) Yu € HX(Q).
Q
Also, the classical interpolation inequality in 3D domains will be used:
(7) lullzs < Cllalull? Vue H'(9).

To obtain the regularity of different terms in the equations, some embedding
results will be used. In the following, some results in this setting are established.
As a consequence of the interpolation inequality
_ . 1 1-6 6
lullze < lullpad llullge,, with ~ = +— and 0€[0,1],
p b1 b2

the following LP(LY)-interpolation result can be deduced.
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LEMMA 5. Let p1,p2,q1,q2,p,q > 1 be such that

1 1—-6 0 1 1—-0 0
— = + — and — = +*, with 0 € [0,1]
q q1 q2 p b1 P2

Then

(8) LPY(L9) O LP2(L%2) — LP(L9).

As a consequence of the Sobolev embeddings [1, Theorem 7.58, p. 218],

1 1
(9) WrP(Q) — H*(Q), r,5>0,1<p<2, withs=N (2 - > T
b
(10) WTP(Q) — L), with 1_1_ T
g p N
where N is the space dimension. The following LP(H?)-interpolation result can be
obtained.

LEMMA 6 ([24, Theorem 9.6, p. 49]). Let p1,p2,p > 1 and s1,82,5 > 0 be such

that
1 1-6 6
s=(1—-0)s1+0sy and — = + —, with 0 € [0, 1].
p P b2
Then LP*(H®*)NLP2(H*®2) — LP(H?®). In particular, one has LP* (H** )N LP2(H*%?) —
LP(L?) with % =1-%.

COROLLARY 1. L®(L*)NL2(H') < LY3(Q) and L*(HY)NL*(H?) — L'(Q).

Using the Sobolev embedding (10) and the Gagliardo-Nirenberg inequality (see
[15, Theorem 10.1]),

1 1 s 1-46
WePL( Q)N LP2(Q) — LP(Q), with — =0 —— —= | + and 6 € [0, 1],
@0 @) > 22@), with =0 0.1]

the following Bochner—Sobolev-LP embedding result can be deduced.
LEMMA 7. Let p1,q1,p2,p,q9 > 1 be such that

1 1-6 1 1 0
- = +0(_r) and — = —, with § € [0,1] and r > 0.
q T N P P2

Then L*(L9) O LP2(W"P1) < LP(LY).

LEMMA 8 ([13]). Let Q C RY be a bounded Lipschitz domain. Then the inter-
polation inequality

(11) [ollwarc@y < CllolRyoso ol 0SA<T,

holdsfor()goz,ﬁ,'ygl,1<p,q,r<oo,a:)\/8+(1—/\)%%:%4'%'

When using the Leray—Schauder fixed-point theorem, Lemma 2 needs to be
proved. The following results will be of great help for it.

LEMMA 9. The space X20/13 is compactly embedded in X.



BILINEAR OPTIMAL CONTROL FOR 3D CHEMO-REPULSION 1463

Proof. Note that if w € Xy,13, then using (9) and Lemma 6,

(12) w € Lo°(W7/10:20/13)  [20/13(1y2,20/13)
SN LOO(H1/4) o) L20/13(H31/20) N LP(Hl/4+2/p)

with p > 20/13. Thus, again from the definition of Xyy/13 and (12),
we LX(HYYY N L2(HYY), ow e LP13(Q).

Therefore, the Aubin-Lions lemma (Theorem 3) and Simon’s compactness result
(Theorem 4) can be applied, allowing us to deduce that X153 is compactly em-
bedded in X. O

Since X, C X30/13 for any p > 20/13, the following result can be concluded.
COROLLARY 2. The space X,, is compactly embedded in X for any p > 20/13.

3. Existence of weak solutions of problem (1)—(3).

DEFINITION 1 (weak solution (u,v)). Let f € L*(Q.) := L*(0,T; L*(2.)), uo €
LPo(Q) for some py > 1, vg € H* () with ug > 0, and vg > 0 in Q. A pair (u,v) is
called a weak solution of problem (1)—~(3) in (0,T) ifu >0, v >0 a.e. in Q:

(13) = L5/3(Q) ﬂL5/4(W1’5/4), 8tu c LlO/Q((Wl,IO)/)’
(14) ve L®°(HYN LA (H?), ow e LP3(Q).

The following variational formulation holds for the u-equation:
T T T
(15) / <8tu,ﬂ> +/ (Vu7 VE) +/ (UV’U, Vﬂ) =0 Vuce LlO(WLlO),
0 0 0

The v-equation (1) holds pointwisely a.e. (t,z) € Q, and the boundary conditions for
v (3)a and the initial conditions for (u,v) (2) are satisfied.

Remark 1. Taking @ =1 in (15), one has

u € L®(LY) and /Qu(t):/Quo = my.

In addition to this conservation property, the cornerstone to prove the existence
of a weak solution of (1)-(3) is the following energy law, which can be computed
only in a formal way, testing (1); by In(u) plus (1)2 by —Aw. Since chemotactic and
production terms cancel, one arrives at

d
GE@O.0)+ [ (H9VAP + 1802+ |VoP) = = [ Fo(ao)a,,
Q Q
where E(u,v) := [,,(uIn(u) —u+3|Vo[?). See (139) in Appendix A, to find a rigorous
proof of an energy law for a regularized problem.

Finally, each term of (15) has a sense. In particular, from (13)—(14) one has that
uVv € L'%%(Q), and therefore fOT(qu, V) is finite for all w € L1°(W1H19). Indeed,
from Corollary 1 it is known that Vv € L(L?)NL?(H') — L'%/3(Q), which, jointly
with the fact that u € L°/3(Q), implies that uVv € L'%/9(Q).

THEOREM 5 (existence of weak solutions of (1)—(3)). There exists a weak solu-
tion (u,v) of system (1)—(3) in the sense of Definition 1.

The proof of this theorem follows from the two next subsections.
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3.1. Regularized problem. In order to prove Theorem 5, the following family
of regularized problems related to system (1)—(3) will be studied for any € € (0, 1).
Given an adequate regularization (uj,v§) of initial data (ug,vo), it is defined by
(u®, 2%) as the solution of

Ou® — Au® =V - (ufVo(z)) in Q,
0p2° — Azf + 25 =u + fu(zf)4lg. inQ,

(16) uf(0) = uf, 2°(0) = v§ —cAv§ in Q,
ou’ 0z°
%—0, 87—0 on (O,T)Xaﬂ,

where ve(t,-) := v(z°(¢,-)) for any ¢ € [0,7] is the unique solution of the problem

(17) W on 00,
on

{ v& —eAv® =25 in

and vy := max{v,0} > 0.
The initial conditions u§ and v§ such that uj > 0 a.e. in Q, (uf, vy — eAvg) €
W4/5:5/3(Q) x WZ/5’10/3(Q), are chosen, and

(18) (u5,v5) — (ug,ve) in LP°(Q) x H'(Q) ase — 0 for po > 1.
In particular,
(19) 25(0) = v§ — eAvy — vy in (H'(Q)) ase — 0.

In the remainder of this section, v(2°) will be denoted only by v=.

DEFINITION 2 (strong solution (uf,2%)). Let u§ € W4/55/3(Q), v§ — cAv§ €
W,Z/E”lo/g(Q) with u§ > 0 in Q, and f € LYQ.). It is said that a pair (uf,2%) is a
strong solution of problem (16) in (0,T) if u® >0 a.e. in Q:

(u®,2%) € X5/3 X X10/3-

FEquations (16)1—(16)2 hold a.e. (t,x) € Q, and the initial and boundary conditions
(16)3—(16)4 are satisfied.

Remark 2. Notice that each function w € X, in particular belongs to
C([O,T];/WQ_Q/””’). Since the regularity obtained is (u®,2%) € X5/3 x Xy9/3, from
Theorem 1 it is necessary to impose u§ € W2=2/(5/315/3(Q) = W4/55/3(Q) (in this
case, p = 5/3 < 3) and z§ € WQ’Q/(IO/?’)’IOB(Q) = WZ/5’1°/3(Q) (in this case,
p =10/3 > 3). Additionally, assuming more regularity of data (ug, z§), more regular-
ity can be deduced from the solution (u?, 2°) making a bootstrapping argument using

Theorem 1, as in the proof of Theorem 7 below. For instance, if (u§, 2§) € W3/2’4(Q)2,
then (uf,2°) € Xy x Xy.

THEOREM 6. There exists a strong solution (u®,2%) € X5/3 X X193 of system
(16) in (0,T) in the sense of Definition 2.

The proof of Theorem 6 is carried out in Appendix A.
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3.2. Proof of Theorem 5. Taking limits as e — 0. Following the proof of
Lemma 15 in Appendix A, using in particular the conservation property (138) and
the energy inequality (143), and taking into account that [, (u§ + 1)In(ugj + 1) <
Cllu§ 4+ 1||Lro for any po > 1 and (18), the following estimates can be deduced from
the Gronwall lemma (uniformly with respect to ¢):

(20)
{VVuf +1}.50 is bounded in L*(Q),
{Vuf +1}.50 is bounded in L>°(L?) N L2(LS) — L/3(Q) N L (L'?/%),
{v}e>0 is bounded in L®(H') N L?(H?) — LY°(Q),
{VEAv®}.~o is bounded in L*°(L?) N L2(H?').
From (20)3, one has
(21) {uf}eso s bounded in L= (LY) N L5/3(Q) n L*(L8/®).

Moreover, taking into account that Vu® = 2v/u® + 1Vy/uf + 1, from (20); and
(20)2 it is deduced that

(22) {uf}es0  is bounded in L%/4(W15/4),

From (20)3, one also has that {Vv®}.~¢ is bounded in L>®(L?)NL2(H') < L'%/3(Q),
which, jointly with (21), implies that

(23) {ufVve}eso  is bounded in L'%%(Q).

Looking at the u®-equation and previous estimates (22) and (23), it is deduced
that

(24) {Ouf}eso  is bounded in L%9((W110)"),
From (20)3 4 and the equality 2° = v® — ¢Av®, one has that
(25) {#*}.>0 is bounded in L>(L?) N L*(H').

Looking at the 2°-equation and previous estimates (20)3, (21), and (25), it is deduced
that

(26) {0,2°}es0 is bounded in L>/3((H')").
Notice that from (17) and (20)4, it is obtained that
(27) 22— =—eAv" -0 ase—0 inthe L>(L?) N L?*(H"')-norm.

Therefore, from (20)s, (21), (22), and (27), it is deduced that that there exist limit
functions (u,v) such that

= L5/3(Q) ) L5/4(W1’5/4),
v e L®(HY) N L2(H?),

and for some subsequence of {(u®, v, 2%)}.>0, still denoted by {(u®,v®, 2%)}.>0, the
following convergences hold as € — 0:

ut  — wu  weakly in L5/3(Q) N L¥/4(W15/4),
— v weakly in L?(H?) and weakly* in L>(H?'),
(28) 2 — v weakly in L?(H') and weakly* in L°°(L?),
—  Owu  weakly* in L'0/9((W110)"),
— O weakly* in L5/3((H')").
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It will be verified that (u,v) is a weak solution of (1)—(3). Indeed, from (21), (22),
and (24), by applying compactness results Theorems 3 and 4, it is deduced that

(29) {uf} o> is relatively compact in L*(L?) N C([0,T); (WY 9)) (¢ > 3).
In particular, since u is bounded in L%/3(Q),
(30) {u}c>0 is relatively compact in LP(Q) Vp < 5/3.
Taking into account (23), the weak convergence
(31) usVo® — x  weakly in L'%°(Q)

is obtained. From (28)2, one also has Vo® — Vv weakly in L'%/3(Q). Thus, (30) and
(31) allow us to identify x with Vv, and

(32) u*Vo© — uVo  weakly in L'°(Q).

Furthermore, from (28)3 and (28)5 and again using the compactness results from
Theorems 3 and 4, it is obtained that

(33) 2¢ — v strongly in L?(Q) N C([0, T); (H')).

In particular, from (29) and (33), (u%(0), 25(0)) converges to (u(0),v(0)) in (W14)’
x (H')'; then from (18), (19), and the uniqueness of the limit, the identification
(u(0),v(0)) = (uo, vo) holds in LP°(2) x HY(Q) (po > 1), which is the initial condition
given in (2).
From (27), (28)2, and (33), it is deduced that v converges to v strongly in L?(Q),
which implies that
v} — vy strongly in L*(Q).

Then, using (20)3 and f € L*(Q.), it is deduced that
(34) foilag, = foile,  weakly in L2/7(Q).

Therefore, taking to the limit in the regularized problem (16), as ¢ — 0, and
taking into account (28), (32), and (34), it is concluded that the limit (u,v) satisfies
the weak formulation

(35)
T T T
_ _ .\ a 10/11,1,10
/0<8tu,u)+/0 (Vu,Vu)+/0 (WVo, V) =0 Vi e LOio),
(36)
T T T T T
v, Z v, VZ v, Z) = u,z v z z 5/2 1.
/0<at,>+/0<v,v>+/0<,> /0<,>+/0 (fupla,.?) V7 e L2

Note that (35) is exactly the variational formulation given in (15). Moreover, integrat-
ing by parts in (36) and using that v € L%/3(Q) and v € L?(H2), it can be deduced
that

(37) o —Av+v=u+fulg, inL3(Q).

Finally, the positivity of (u,v) will be checked. Indeed, the positivity of u follows
from (29) and the fact that u® > 0 a.e. (f,z) € Q (see Lemma 15 in Appendix A). In
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order to check that v > 0, (37) is tested by v_ := min{v,0} < 0. Taking into account
that v > 0 and using that v_ =0ifv > 0, Vo_ = Vv if v <0, and Vo_ =0if v > 0,
it is obtained that

1d

5 o IP + IVo 2+ o P = (w,0-) + (£ o4 1o, 0-) <0,

which implies that v_ = 0; then v > 0 a.e. (t,z) € @ (the fact of taking vy in the
control term is used here to guarantee the positivity of v). From (37) and vy = v, v
satisfies the v-equation (1)2 pointwisely a.e. (¢,z) € Q.

4. Regularity criterion. In this section, a regularity criterion of system (1)—(3)
will be given.

DEFINITION 3 (strong solution (u,v)). Let f € L*(Q.) and (ug,vo) € Wia/24(Q)?
with ug > 0 and vg > 0 a.e. in Q. A pair (u,v) is called a strong solution of problem
(1)=(3) in (0,T) ifu>0,v >0 ae. inQ,

(38) (U,’U) € X4 X Xy,
the system (1) holds a.e. (t,x) € Q, and the initial and boundary conditions (2) and

(3) are satisfied.

Remark 3. Using the interpolation inequality (7) and the Gronwall lemma and
following similar arguments to those presented in [17] (in the 2D case), the uniqueness
of strong solutions of (1)—(3) can be deduced. In fact, comparing two possible solutions
(ui,vg), for i = 1,2, with (u,v) = (u; — ug,v1 — v2) and testing by u and —Awv, one
has uniqueness via the Gronwall lemma if uy, Vo, € L*(0,T; LS).

THEOREM 7 (regularity criterion). Let (u,v) be a weak solution of (1)—(3). If,
in addition, (ug,vo) € WS/QA(Q)2 and the regularity criterion

(39) u e L*°7(Q)

holds, then (u,v) is a strong solution of (1)—(3) in the sense of Definition 3. Moreover,
there exists a positive constant K = K(||ug|l;;3/2.4, [vollyyar2.4, | fl2a(q)) such that

(40) (s 0) [ xaxx, < K-

Remark 4. From the definition of X, and some Sobolev continuous embeddings,
one has

(41) we Xy = LP(W24) — [2(Q) and Aw e LY(Q).

Moreover, looking at the proof of Step 5 of Theorem 7, from (70) it is deduced in
particular that

(42) we Xy, = Vwel?Q).

The proof of Theorem 7 follows from the next subsection.

4.1. Proof of Theorem 7. Starting from the weak regularity of (u,v) and the
hypothesis u € L?*/7(Q), the regularity for  and v will be improved several times
using a bootstrapping argument, arriving at the optimal regularity (u,v) € X4 x X4.

The proof of Theorem 7 is carried out in four steps:
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Step 1: v € Xog/7 and Vv € L23(Q).

From Theorem 5, it is known that there exists a weak solution (u,v) of system
(1)—(3) in the sense of Definition 1. Thus, since v € L*(H') N L*(H?), v € L'*°(Q)
(Corollary 1), then fvlg, € L?°/7(Q), which implies, using hypothesis (39), that
u+ fulg, € L?°7(Q). Then, applying Theorem 1 (for p = 20/7) to (1), one has
v € Xy/7. In particular, using Sobolev embeddings, it holds that

(43) v E LOO(Q)v
(44) Vo € L=°(L*) N LT (WH207T) — L°(L*) 0 L277(L°).

From (44) and applying Lemma 5 (for p; = oo, ¢1 = 4, po = 20/7, and g2 = 60, hence
p=q=20/3), one has

(45) Vv € L23(Q).

Step 2:  we L®(L?*) N L*(HY).

Starting from u € L?%/7(Q) N L5/*(W15/%) and v € Xo0/7, the regularity of u is
improved by a bootstrapping argument in eight substeps:

(i) u € Xag/19. Using that (u, Av) € L2/7(Q) x L>/7(Q), uAv € L'97(Q), and
using that (Vu, Vo) € L¥4(Q) x L*/3(Q), Vu - Vv € L?*/19(Q). Therefore,

V- (uVv) = uAv + Vu - Vo € L2/10(Q).

Thus, applying Theorem 1 (for p = 20/19) to (1)1, it is obtained that u € Xo0,19.
(ll) u e X10/9° Since u € )(20/197

w € LO°(W/10:20/19) (y ,20/19(7172:20/19)
Observe that, denoting by D'/ the 1/10-derivatives of u,
(46) DY/10y € L2°(L20/19) [20/19 (1y719/10,20/19) y [ o0(1,20/19) ( 20/19 (7371,20/13)

Applying Lemma 8 to (46) for (a,7) = (9/10,7), (8,p) = (1,20/13), and (v,q) =
(0,20/19), (A, 7) = (9/10,25/17) is obtained, and D/1% satisfies

s(1=X
(47) 1D 0ull3yo 102517 < CIDY O[3 205 [ DY 100350735,

where expression (47) is integrable in time if s\ = 20/19, and thus s = 200/171.
Therefore, u € L2°0/17H(W125/17) and

(48) Vu € L200/171(L25/17).

Moreover, from (44), using (8) (for py = oo, ¢1 = 4, pa = 20/7, ¢ = 60, and
p = 10, hence ¢ = 60/11), it is obtained that

(49) Vo € L°(L*) n LYO(L50/1h),

Thus, from (48) and (49), Vu - Vo € L200/171([100/93)  [200/191(300/259) g de-
duced. Then, owing to (8) applied to (p1,q1) = (200/171,100/93) and (p2,q2) =
(200/191, 300/259) implies that p = ¢ = 10/9; hence,

Vu- Vo e L9(Q).
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Since uAv € L*/7(Q), V - (uVv) € L'**?(Q) holds. Then, applying Theorem 1 (for
p=10/9) to (1)1, it is deduced that u € X1¢9.
(lll) u e X20/17. Since u € X10/93

we LOO(W1/5,10/9> A L10/9(W2,10/9).
Observe that, denoting by D'/%u the 1/5-derivatives of u,
(50) DI/SU c Loo(LIO/Q) N LIO/Q(WQ/S,IO/Q) s Loo(LIO/Q) N LIO/Q(WI’SO/IQ).

Applying Lemma 8 to (50) for (a,r) = (4/5,7), (B,p) = (1,30/19), and (v,q) =
(0,10/9), we obtain (\,r) = (4/5,150/103), and D'/%u satisfies

(51) 1D 53251507105 < CIDYull3N 0710 | DY 20350,

where expression (51) is integrable in time if s A = 10/9, and thus s = 25/18. There-
fore, u € L25/18(W1,150/103) and

(52) Vu € L25/18(L150/103).

Now, from (44), using (8) (for p; = 00, ¢1 = 4, p2 = 20/7, g2 = 60, and p = 5, hence
q=60/7),

Vo € L=(L*) N L (L),

which jointly with (52) implies that Vu - Vo € L2?5/18([300/281) o [,25/23(,300/241)
Then using (8) with (p1,q1) = (25/18,300/281), (pa,q2) = (25/23,300/241) implies
that p = ¢ = 20/17; hence,

Vu- Vo € L*17(Q).

Since uAv € L'%/7(Q), it is deduced that V - (uVv) € L?%/17(Q). Then, applying
Theorem 1 (for p = 20/17) to (1)1, one has that u € X517
(iv) u € X5/4. Since u € Xy07,

u € Lo°o(W3/10:20/17) [ 20/17 (172,20/17),
Observe that, denoting by D3/ the 3/10-derivatives of u,
(53) D310y € Lo°(L20/1T) [20/1T (W 1T/10.20/17) . [00([20/17) ( [ 20/17 (171,60/37)

Applying Lemma 8 to (53) for (a,r) = (7/10,7), (8,p) = (1,60/37), and (v,q) =
(0,20/17), we obtain (\,r) = (7/10,150/103), and D3/1%% satisfies
(54) 1D 0|52 10.150/108 < LD MOul[3} 0 07 1D 0ul|355,77

where expression (54) is integrable in time if s A = 20/17, and thus s = 200/119.
Therefore, u € L200/119(T)/1,150/103) anq

Vu € L200/119(L150/103).

Now, from (44), using (8) (for p; = 00, ¢1 = 4, ps = 20/7, g2 = 60, and p = 4; hence,
q= 12)7

Vo € L®(L*) N LA (L'?).
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Then Vu - Vo € L200/119([,300/281)  [200/169(1,100/77) " \which thanks to (8) applied
to (p1,q1) = (200/119,300/281), (p2,q2) = (200/169,100/77) implies p = g = 5/4;
hence,

Vu- Vo e LP/*4Q).

Since uAv € L'/7(Q), it is obtained that V - (uVv) € L°*(Q). Then, applying
Theorem 1 (for p = 5/4) to (1)1, it is deduced that u € X5/4.
(v) u € Xy/3. Using that u € X5,4,

= LOO(W2/5’5/4) ) L5/4(W2’5/4).
Observe that, denoting by D?/%u the 2/5-derivatives of u,
(55) D2/5u c LOO<L5/4> ﬂL5/4(W8/5’5/4) N LOO(L5/4) ﬂL5/4(W1’5/3).

Applying Lemma 8 to (55) for (e, 7) = (3/5,7), (8,p) = (1,5/3), and (v, q) = (0,5/4),
we obtain (\,r) = (3/5,25/17), and D?/®y satisfies

s s s(1=X\
(56) 1D %ul[3 /5,257 < CID*5ul[ih s/ | DY Pul[ 597,

where expression (56) is integrable in time if s A = 5/4, and thus s = 25/12. Therefore,
u € L2/12(W125/17) and

(57) Vu € L25/12(L25/17).
From (44), using (8) (for p1 = o0, ¢1 = 4, po = 20/7, g2 = 60, and p = 3, hence
g = 36), it holds that
Vo € L®(L*) N L3(L%%);
then, from the latter regularity and (57) having
Vau - Vo € L23/12([100/93)  [75/61([900/637)

which thanks to (8) applied to (p1,q1) = (25/12,100/93), (p2, ¢2) = (75/61,900/637)
implies p = ¢ = 4/3; hence,

Vu - Vo € L3(Q).

Since uAv € L'%/7(Q), it is obtained that V - (uVv) € L*3(Q). Then, applying
Theorem 1 (for p = 4/3) to (1)1, it is deduced that u € X,/3.
(vi) u € Xyo/7. Since u € X3,

= LOO(wl/2,4/3) N L4/3(w2,4/3).
Observe that, denoting by D'/?u the 1/2-derivatives of u,
(58) D1/2u c LOO(L4/3) n L4/3(W3/2’4/3) N Loo(L4/3) N L4/3(W1’12/7).

Applying Lemma 8 to (58) for (o,7) = (1/2,7), (8,p) = (1,12/7), and (v,q) =
(0,4/3), we obtain (\,r) = (1/2,3/2), and D'/? satisfies

s s 1-X
(59) 1D 2031272 < CIUDY2ullid i | DY2ull 3™,
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where expression (59) is integrable in time if s A\ = 4/3, and thus s = 8/3. Therefore,
u € L3/3(W13/2) and
Vu e L¥/3(L%/?).
Again using that Vv € L3(L3%), it is obtained that
Vo € L>®(L*) N L3(L*%)

and Vu-Vo € L¥3(L'?/11) N L2417 (L36/25) which thanks to (8) applied to (p1,q1) =
(8/3,12/11), (p2, g2) = (24/17,36/25) implies p = ¢ = 10/7; hence,

Vu- Vo € L'7(Q).

Since uAv € L'°/7(Q), it is obtained that V - (uVv) € L'%7(Q). Then, applying
Theorem 1 (for p = 10/7) to (1), it is deduced that u € Xy¢,7.
(Vll) u e X20/13. Since u € )(10/77

(60) w e Lo(W3/310/T) ( [10/7(12.10/7) oy [00([2) A [10/7([30).
In particular, it follows that
(61) Vu € LWO/T(Wh10/7) <y [10/7([30/11y,
Observe that, denoting by D3/%u the 3/5-derivatives of u,
(62) D33y € L(LO/TY A LIO/T(WT/5:10/T) ey [20o([10/T) (y [10/7(yL,30/17),

Applying Lemma 8 to (62) for («,r) = (2/5,7), (8,p) = (1,30/17), and (v,q) =
(0,10/7), we obtain (\,r) = (2/5,150/97), and D3/5u satisfies

(63) D35l s.15007 < CIDPullih 0,27 | DY P52,

where expression (63) is integrable in time if s A = 10/7, and thus s = 25/7. From
(63), it can be deduced that

D3/5u c L25/7(W2/5’150/97)

which implies
(64) Vu = D2/5(D3/5u) c L25/7(L150/97).
Therefore, thanks to (60), (61), and (64), u € L?®/7(W1150/9T)L10/T(130/11) " Ap-
plying Lemma 5 to (60) and using the previous regularity, it is deduced that
(65)

= LOO(W3/5’10/7) n LlO/?(wQ,lO/?) N Loo(LQ) N L10/7(L30) < LlO/S(CQ)7

Vu € L25/7(L150/97) N L10/7(L30/11).

This time, (8) is used in (65)2 (for (p1,q1) = (25/7,150/97) and (p2, ¢2) = (10/7,30/11)
and p = ¢ = 2), obtaining

Vu € L*(Q).
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The latter regularity, (65), (45), and the fact that Av € L**/7(Q) imply
ulv, Vu - Vo € L*/13(Q).

Then, applying Theorem 1 (for p = 20/13) to (1), it is deduced that u € X50/13.
(viii) w € L>®(L?) N L*(H'). From (9), it is known that W7/10.20/13(Q)
HY4(Q) and W220/13(Q) — H31/20(Q). Therefore, from u € Xy0,13, the regularity

= LOO(H1/4) ﬂL2O/13(H31/20)

can be deduced. Moreover, from Lemma 6 for (p1,s1) = (o0,1/4), (p2,s2) =
(20/13,31/20), one has that v € L?(H®/*) < L?>(H'). Therefore, from the latter
regularity and (65)1, it can be deduced that

(66) we L®(L?) NLA(HY) — LY3(Q).

Step 3:  (u,v) € X573 X X19/3. In particular, u € L>(Q) and Vu € L2/9(Q).

From (43), (66), and the fact that f € L*(Q.), it implies that u + fvlg, €
L1%/3(Q). Then, applying Theorem 1 (for p = 10/3) to (1)s, one has v € X;g3. In
particular, from Lemma 7 (for p; = po = 10/3, ¢ = 6, r = 1, and p = ¢ = 10),
Vo € L®°(L%) N LYO/3(Wh10/3) <y L10(Q) is obtained. Then, using that (u, Av) €
LY3(Q) x L'/3(Q), Vv € L'°(Q) and taking into account that Vu € L?(Q), it holds
that

V- (uVv) = uAv + Vu - Vo € L¥3(Q).

Thus, applying Theorem 1 (for p = 5/3) to (1)1, u € X553 is obtained. Moreover,
from Sobolev embeddings and again Lemma 7 (for p;y = p2 =5/3, ¢ =3, r = 2, and
p = q = 5), the regularity

(67) we L®(LP) N L3 (W25/3) — 15(Q)

holds.
From (9), the embeddings W*/%5/3(Q) < H'/2(Q) and W25/3(Q) — H/19(Q)
hold. Thus, since u € X5/3, one has

= LOO(Hl/2) ﬂL5/3(H17/10).

Moreover, from Lemma 6 (for (p1,s1) = (00,1/2) and (pe, s2) = (5/3,17/10)),
it can be deduced that u € L20/9(H7/5), and in particular Vu € L20/9(H2/5) —
LQO/Q(Q).

Step 4: (u,v) € Xo x Xy.

From (43), (67), and using that f € L*(Q.), one has u + fv1g, € L*(Q). Then,
applying Theorem 1 (for p = 4) to (1), it can be deduced that v € X, and satisfies
the estimate
(68)

ollxe < Cu+ Follzagy + Iollyares)
< Clllullpa) + 1flla@ ol Lo (@) + llvollyys/2.4)
< Co(lluollwass.5/3, llvollyysrzas [1flla@))-

In particular, by Sobolev embeddings and Lemma 7 (for p; =p2 =4, ¢ =12, r =1,
hence p = ¢ = 20), the regularity Vv € L>®(L'?) N LA(W14) — L29(Q) is deduced.
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Now, using that (u, Av) € L*(Q) x L*(Q) and (Vu, Vv) € L*/°(Q) x L*°(Q),
one has

V- (uVv) = uAv + Vu - Vo € L(Q).

Therefore, applying Theorem 1 (for p = 2) to (1);, it is deduced that v € X and

lullx, < Cllullzs@) 1 Av]La@) + VUl L20/s (@) IVl L20(@) + luolla)
(69) < Ci(lluollms Nlvollyysreas 1 f 1l La@))-

Step 5:  u € Xy4.

Observe that the regularity v € X, cannot be improved because f € L*(Q.);
hence, fv1lg, € L*(Q) and no more. However, the regularity for u can increase from
X2 to X4.

(i) u € Xooy7. Since (u,v) € Xy x Xy, it is deduced that u € L'Y%Q), Vu €
LY/3(Q), Av € L*(Q), and, by using Lemma 7, one has

(70)  Vve LWL W) = L2 (L) n LYW < LP(Q).

Therefore, V- (uVv) = uAv+ Vu- Vo € L?/7(Q). Again from Theorem 1, it can be
deduced that u € Xyq,7 and

lull x50, < Clullzro@) 1AV L@y + IVl 105 ()| VOl 20 (@) + [lwollwis/ro20/7)
(71) < Ci(lluollwis/iozorm, [[voll ysr2.a, [1f | 2a(@))-

(ii) u € Xy4. Since v € Xy, Vv € L¥(Q) and Av € L*(Q). From u € Xp7,
the Sobolev embedding u € Lo (W13/10:20/Ty <y [>°(Q) can be deduced. Moreover,
using Lemma 7, it is known that Vu € L°(W3/10:20/7) [20/7 (W 1,20/7) <y [20/3(Q).
Therefore,

V- (uVv) = ulAv+ Vu- Vv € L*(Q).

Thus, Theorem 1 implies that u € X, and

lullx, < C(lullze@)llAvllLaq) + [IVull L2030y VI L20(q) + [[uollws/2.4)
(72) < Cilluollyysrzas llvollysrzas [ fllLacq))-

Finally, observe that estimate (40) follows from (68) and (72).

5. The optimal control problem. In this section, the statement of the bilinear
control problem is established. Following [7, 8], the control problem in such a way
that any admissible state is a strong solution of (1)—(3) is formulated. It is supposed
that

(73)  Fc LYQ.):=L*0,T;L*(Q.)) is a nonempty, closed, and convex set,

where 2, C € is the control domain. Note that the physically relevant case where
pointwise control constraints are imposed is a particular case in this analysis because
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the set
F={feL*0,T;L*(Q)): —c0<a< f(t,x) <b< +oo a.e. (t,z) € (0,T) x Q.}

is a nonempty closed convex set in L*(0,T; L*(12.)).

Consider (ug,vg) € W3/2’4(Q)2 the initial data with uyp > 0 and v > 0 in Q and
the function f € F describing the bilinear control acting on the v-equation.

Now the following constrained minimization problem related to system (1)—(3) is
defined:
(74)
Find (u,v, f) € X4 x X4 x F such that the functional

T T
Yu 20/7 Yo
Howof) = gt [ utt) = wa® 8 gyt + 5 [ o0 = va(0) oy

T
g
+ IOt
0
is minimized, subject to (u,v, f), and satisfies the PDE system (1)—(3).

Here (uq, v4) € L?°/7(Q) x L?*(Q) represents the desired states, and the real numbers
Yus Vv, and vy measure the cost of the states and control, respectively. These numbers
satisfy

(75) Yu >0 and 7,75 > 0.

In fact, it is assumed that either v; > 0 or F is bounded in L*(Q.).
The admissible set for the optimal control problem (74) is defined by

Soa ={s=(u,v, f) € X4 x X4 x F : sis a strong solution of (1)—(3) in (0,7)}.

The functional J defined in (74) describes the deviation of the cell density v and the
chemical concentration v from a desired cell density uy and chemical concentration
vg, respectively, plus the cost of the control measured in the L*-norm. Since there
is no existence result of global-in-time strong solutions of (1)—(3), it is necessary to
choose a suitable objective functional, considering particularly the L?°/7(Q)-norm for
u. Consequently, if (u, v) is a weak solution of (1)—(3) in (0,T) such that J(u,v, f) <
+00, then u € L?°/7(Q) and, by Theorem 7, (u,v) € X4 x X4 is a strong solution of
(1)—(3) in (0,7). In what follows, the hypothesis will be assumed:

(76) Saa # 0.

Remark 5. The reason for choosing the first term of the objective functional in
the L2%/7-norm is that any weak solution of (1)—(3) such that .J(u, v, f) < 400 satisfies
that u € L?°/7(Q), and therefore, by virtue of Theorem 7, (u,v) is the unique solution
of (1)—(3) in the sense of Definition 3. Thus, the admissible states of problem (74) to
the strong solutions of (1)—(3) are reduced. With this formulation, the existence of
a global optimal solution will be proved, and the optimality conditions associated to
any local optimal solution will be derived.

Remark 6. The hypothesis (76) holds when the control acts on the whole domain
Q, that is, 2, = (2, and the initial chemical concentration is strictly positive, vy >
a > 0in Q. In this case, we will furnish a particular (u,v, f) € Suq-
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Indeed, by applying Theorem 1 for p = 4, one first considers v € Xy as the
global-in-time strong solution of the heat problem

g—z =0 on (0,T) x 09.
This v is strictly positive because v > vg > « > 0 in (. Second, given this v € Xy,
we define u € X, as the strong solution of the linear parabolic problem
0
Ou—Au—V - (uVv) =0, u(0,-)=mup in Q, a—z =0 on (0,T) x 99.

In fact, the existence (and uniqueness) of u € Xs0/11 using Theorem 2 for X = X
(X defined in (4)) and YV = Xyo/11 can be proved. The embedding from Xyg/11
into L2°/3(Q) (see (109) below) implies in particular that the regularity criterion
u € L?°7(Q) (given in Theorem 7) holds. Therefore, it can be deduced that u € Xj.

Finally, if f is defined such that v = v+ fv (ie., f = 1 — u/v), which is well
defined and regular because v > vg > a > 0 in @, then (u,v, f) € Suq-

Ov—Av=0 in @, v(0,)=1vy in Q,

5.1. Existence of global optimal solution.

DEFINITION 4. An element (1, 0, f) € Syq will be called a global optimal solution
of problem (74) if

77 J(u, 0, f) = in_ J(u,v, f).
(77) (@, 9, f) W (u, v, f)

THEOREM 8. Let ug, vg € W3/2’4(Q) with ug > 0 and vg > 0 in Q. Assuming
that either vy > 0 or F is bounded in L*(Q.) and hypothesis (76), the bilinear optimal
control problem (74) has at least one global optimal solution (4,7, f) € Saq.-

Proof. From hypothesis (76), Sqq # 0. Let {sm}men := {(Wm,Vm, fm)}men C
8.4 be a minimizing sequence of J, that is, lim,—4eo J(Sm) = infses,, J(s). Then,
by definition of S,q, for each m € N, s,,, satisfies system (1) a.e. (t,z) € Q.

From the definition of J and the assumption v; > 0 or F is bounded in L*(Q.),
it follows that

(78) {fm }men is bounded in L*(Q.)

and
{tm }men is bounded in L2°/7(Q).

From (40) there exists a positive constant C, independent of m, such that

(79) [t vm) | x5, < C.

Therefore, from (78), (79), and taking into account that F is a closed convex subset
of L*(Q.) (hence is weakly closed in L*(Q.)), it is deduced that there exists § =

(@,7, f) € X4 x X4 x F such that, for some subsequence of {s,, }men, still denoted
by {$m }men, the following convergences hold as m — +oc:
80) U — @ weakly in L*(W2%) and weakly* in L™ (W3/24);
) U — 0 weakly in L*(W?24) and weakly* in L (W3/24);
) Oy — Oyt weakly in L*(Q);
83) Oyvm — 040 weakly in L*(Q);
) fm — [ weakly in L*(Q.) and f € F.
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From (80)—(83), Theorems 3 and 4, and using Sobolev embedding, one has
(85) (U, vm) — (@, D) strongly in (C([0,T]; LY) N LA (W11))? Vg < 4oc0.
In particular, the limit of the nonlinear terms of (1) can be controlled as follows:

(86) V- (umVvy) = V- (@VD)  weakly in L/3(Q),
(87) fmvmla, = folg, weakly in LY(Q).

Moreover, from (85) it implies that (um, (0), v, (0)) converges to (#(0), 9(0)) in L9(£2) x
L1(Q), and since up, (0) = ug, vy, (0) = vo, it is deduced that @(0) = ug and 9(0) =
vg. Thus, § satisfies the initial conditions given in (2). Therefore, considering the
convergences (80)—(87) and taking the limit in (1) replacing (u, v, f) by (%, Vm, fm)
as m goes to +oo, it is possible to conclude that § = (4, v, f) is a solution of the
system (1) pointwisely, that is, § € S,4. Therefore,

(88) lim J(sp) = inf J(s) < J(3).

m——+00 SESad

Additionally, since J is lower semicontinuous on S,4, one has

J(8) < liminf J(s,),

m—+—+00
which, jointly with (88), implies (77). |

5.2. Optimality system related to local optimal solutions. The first-order
necessary optimality conditions for a local optimal solution (&, 7, f ) of problem (74)
will be derived, applying a Lagrange multiplier theorem. The argument is based
on a generic result given by Zowe and Kurcyusz [38] (see also [35, Chapter 6] for
more details) on the existence of Lagrange multiplier in Banach spaces. In order to
introduce the concepts and results given in [38], the following optimization problem
will be considered:

(89) min J(s) subject to G(s) =
seM
Here, J : X — R is a functional, G : X — Y is an operator, X and Y are Banach

spaces, and M is a nonempty closed and convex subset of X. The admissible set for
problem (89) is defined by

S={seM: G(s) =0}
DEFINITION 5 (Lagrangian). The functional £ : X x Y — R, given by

(90) L(s,6) = J(s) = (& G(s))v
is called the Lagrangian functional related to problem (89).

DEFINITION 6 (Lagrange multiplier). Let § € S be a local optimal solution for
problem (89). Suppose that J and G are Fréchet differentiable in &, with derivatives
J'(3) and G'(8), respectively. Then any & € Y’ is called a Lagrange multiplier for (89)
at the point § if

(€, G(3))w =0,
(1) { LG = T — (€@ >0 vrec(),

where C(8) = {0(s — 35) : s € M, 6 > 0} s the conical hull of § in M.
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DEFINITION 7. Let § € S be a local optimal solution for problem (89). It will be
said that 5 is a reqular point if

@'(3)C(3)] = Y.

THEOREM 9 ([35, Theorem 6.3, p. 330], [38, Theorem 3.1]). Let § € S be a local
optimal solution for problem (89). Suppose that J is a Fréchet differentiable function
and G is continuous Fréchet differentiable. If § is a reqular point, then the set of
Lagrange multipliers for (89) at § is nonempty.

Now the optimal control problem (74) will be reformulated in the abstract setting
(89). The Banach spaces

X=Xy x X4 x LYQ.), Y := LY(Q) x L*(Q),

are considered, where R
Xy ={ue Xy : u(0) =0}

and the operator G = (G1,G2) : X — Y, where
G1:X = LYQ), G2 : X — LYQ),
are defined at each point s = (u,v, f) € X by

G1(s) = 0w — Au— V - (uVv),
Ga(s) =0w—Av+v—u— fulg,.

Thus, the optimal control problem (74) is reformulated as

(92) Il’éll\% J(s) subject to G(s) =0,

where
M := (4,9, f) + X4 x X4 x (F = f),

where (@, 0, f) is a global strong solution of (1)-(3) and F is defined in (73).

Remark 7. From Definition 5, it is deduced that the Lagrangian associated to
optimal control problem (92) is the functional £ : X x L*/3(Q) x L*/3(Q) — R given
by

L(s,A,n) = J(s) = (A G1(s)) pars — (1, G2(s)) pass.

It can be observed that M is a closed convex subset of X and that the set of

admissible solutions of control problem (92) is

(93) Sod = {s = (u,v, f) e M : G(s) = 0}.

Concerning the differentiability of the constraint operator G and the functional J,
one has the following results.

LEmMMA 10. The functional J : X — R is Fréchet differentiable, and the Fréchet
derivative of J in § = (4,0, f) € X in the direction r = (U, V, F) € X is

(94)
@ = | T/Q sen ) — w70+, [ T/Q o =vaV+ay [ T/Q (iis
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LEmMMA 11. The operator G : X — Y is continuous Fréchet differentiable, and the
Fréchet derivative of G in § = (4,0, f) € X in the direction r = (U,V,F) € X is the
linear operator G'(3)[r] = (G(3)[r], G4(8)[r]) defined by

{ Gl (3)r] = U — AU — V - (UV#) — V - (aVV),

(9) GL&)r =YV —AV +V —U— [V 1q. — F.

The aim is to prove the existence of Lagrange multipliers, which is guaranteed if a
local optimal solution of problem (92) is a regular point of operator G (by virtue of
Theorem 9).

Remark 8. From Definition 7 it is concluded that § = (@,
point if for any (gy, g,) € Y there exists r = (U, V, F) € X4 x

) € Suq is a regular

v,
X, x C(f) such that

G'(3)[r] = (gu: 90);
where C(f) :={0(f — f) : >0, f € F} is the conical hull of f in F.
LEMMA 12. Let 5 = (1,0, f) € Saa (Saa defined in (93)). Then 3 is a regular
point.
_ Proof. For a fixed point (i, 9, f) € Sag, let (gu,gv) € Y = L*(Q)?. Since 0 €
C(fy={0(f—f) : 0 >0, f € F}, it suffices to show the existence of (U, V) € X4 x X,
solving the linear problem

U - AU -V - (UVD) -V - (aVV) =g, inQ,

OV —AV+V -U-fVig =g, inQ,

(96) U@©)=0, V(0)=0 inQ,
ou oV
%—07 %—O on (O,T)x@Q

In order to prove the existence of solution of (96), Theorem 2 (Leray—Schauder fixed-
point theorem) will be utilized for X = X x X (X is defined in (4)) and Y = X011 X
X30/11- Therefore, the operator

(97) SZ(U,V)EXXX’—)(U,V)GXQ()/ll XX20/11
is considered, where (U, V) is the solution of the decoupled problem

{ (U — AU =V - (aVV) =V - (UVD) + g, inQ,

(98) OV —AV+V =U+ fVIQC +g, inQ,

endowed with the corresponding initial and boundary conditions.

Step 1: In order to prove Lemma 1 for the operator S defined in (97), starting from
(U,V), one first finds V and later finds U. Indeed, from Corollary 1, it is known that
U,V € L'93(Q); hence, fV1g, € L*/'Y(Q). Applying Theorem 1 (for p = 20/11)
to (98)2, it is deduced that V' € Xyy/1; and

IVlxao < € (1T + V10, + gull 2011y )
(99)
<0 (IT1lx + Iflz+@IVx + gl -

Owing to Remark 4, it is known that o € X4 implies V& € L?°(Q), and it can be
deduced that

(100) V- (UVD)=UA+VU -V € LQO/“(Q).
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Observe that, using (9) and Lemma 6,
(101)
V € Xagj1y < LO(W9/1020/11)  [20/11(yy2.20/11) y [ oo([y3/4) o [20/11(F37/20)

In particular, from (101), V' € Xyp/11 — L20/7(H?9/20) . Therefore, using again
Lemma 6,

(102) VV e L2/T(H9/20) s [20/7(Q),
and thus
(103) V- (aVV) = a AV + Vi VV € L2/M(Q) + L*(Q)

thanks to (41) and (42).
Therefore, from (100), (103), and Theorem 1, it is deduced that U € X011 and

||UHX20/11 <C Hv : (UV’Z)) +V- (avv) + gu||L2U/11(Q)

(104) o )
< C (0N xI19llxs 4 1V x50, 1l x,) -

Finally, from (99) and (104), it is deduced that bounded sets in X x X are mapped
in bounded sets in Xoq,11 X Xog/11-

Step 2: From Corollary 2 it can be deduced that Xyg/1; is compactly embedded
in X. Therefore, Lemma 2 is proved in this case.

Step 3: In particular, using the argument of Lemma 14 (see Appendix A), it is
not difficult to prove the continuity of S from X x X to itself.

Step 4: Now the aim is to show that the set S, := {(U,V) € Xag/11 x Xog/11 :
(U, V) = aS(U,V) for some o € [0,1]} is bounded in X x X (with respect to «).
Indeed, if (U,V) € S, then (U, V) € X99/11 X X20/11 and solves the coupled linear
problem

(105) U — AU -V - (aVV) =aV - (U?f}) + ag, in Q,
OV —AV+V =aU+ afVlig, +ag, inQ,

with the corresponding initial and boundary conditions. Then, testing (105); by U,

one obtains
(106)

d N -
FNUIP+IVUIP < Cat (14 [[Vollze) (U +CllalzIVVIP+a (lgul® + [U1) -
Now, testing (105)2 by V, it holds that
d
(107) ZIVIZ+ VG < Calfllzz IVIP +a (lgo* + U117 + [VI?)

Considering an adequate constant K > 2C ||i||%« (recall that @ € L>®(Q)), it is
deduced from (106) and (107) that

d i
= (U1 + KVIP) + VU2 + (K = 2C a1V [I7n
< Co (14 [Vollze) U+ C K oI fllz= [IV]?

+ a (llgull® + Kllgol + (1 + K)UJ2 + K|V]]?).
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Using that U(0) = V(0) = 0 and ||gullz2(z2), l9ollL2(r2), [IfllLar2), llll~(q),
and ||[V0||pszey are constant finite values. In fact, the data are even more regu-
lar because g, g» € L*(Q), and since & € X4, @ € L*(Q) (thanks to (41)) and
Vo € L*0,T; L°(Q2). Therefore, the Gronwall lemma implies that

(108) U, V)llxxx < C.

Consequently, by applying the Leray—Schauder fixed-point theorem, one has the
existence of (U,V) € X911 X Xa0/11 a solution of problem (96). The uniqueness of
solution is directly deduced from the linearity of problem (96).

Finally, it suffices to prove that this solution is in fact more regular; namely,
(U, V) € X4 x X4. Indeed, from (108) and using (101) and Lemma 6, it can be
deduced that

(109) U, V € Xaoy11 = L (L") 0 L/ (HYT/?0) — 12973(Q),

and since f € L*(Q.), one has fVlgc € L5/2(Q). Then, applying Theorem 1 (for
p =5/2) to (105)s, it can be deduced that

Ve X5/2.

By Sobolev embeddings, for p = 5/2, one has W?2~2/P2(Q) < LI(Q) for any q < +oo.
Then V € LYQ) (¢ < +00); hence, fV1g, is bounded in L*~¢(Q), for any ¢ > 0.
Thus, using (109), U € L?%/3(Q). Again, from Theorem 1 (for p = 4 —¢), one deduces
that V' € X,_.. This last regularity implies that V' € L>°(Q), and the same argument
leads to

(110) Ve X,

Now, using that U € Xj/11 and therefore satisfies (102) and (109) and that the
regularity (110) implies that A% € L*(Q) and from (70) Vo € L?°(Q), it is obtained
that

V- (UVd) =UAD+ VU - Vi € L¥*(Q).

Now, using that AV € L*(Q) and @ € X, (hence, & € L>®(Q), Vi € L*°(Q), and
Au € LY(Q)),
V- (aVV) =aAV + Vi - VV € LY(Q).

Applying Theorem 1 (for p = 5/2) to (96)1, it is first deduced that U € X5,5. Second,
using the reasoning made for V above, it is deduced that U € L9(Q) (for any g < +00).
Moreover, U € L= (W6/5:5/2)  L5/2(W25/2) and thus

VU c Loo(wl/5,5/2) mLS/Q(wl,E}/Q) N LOO(L3) 8 L5/2(w1,5/2) N L5(Q)7
which implies
V- (UVD) =UA3+VU-Vi € L*5(Q) + L*(Q) &> 0(small),

and therefore U € X,_.. This last condition guarantees that U € L*(Q), and thus
it can easily be deduced that U € X}. ]

Now the existence of Lagrange multiplier for problem (74) associated to any local
optimal solution § = (4, 7, f) € Suq will be shown.
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THEOREM 10. Let § = (@i,0, f) € Saq be a local optimal solution for the control
problem (74). Then there exists a Lagmnge multiplier € = (\,1) € L*3(Q) x L*3(Q)
such that for all (U, V,F) € X4 X X4 X C(f)

m/OT/ngnwud>|aud13/7v+vv/OTL<avd>v
+vf/T/ (f)3F—/T/ (atU—AU—V-(UW)—V-(WV))A
(111) //Q<atv AV +V -U - fV19>77+/ /Q Fim > 0.

Proof. From Lemma 12, § € S,q is a regular point. Then, from Theorem 9, there
exists a Lagrange multiplier £ = (\,n) € L*3(Q) x L*/3(Q) such that by (91), and
Remark 7, one must satisfy

(112) L'(s, \n)lr] = T (3] = (A GL3)r]) pars — (0, Go(3)[r]) pars = 0

for all r = (U,V, F) € X4 x X4 x C(f). Thus, the proof follows from (94), (95), and

(112). d
From Theorem 10, an optimality system for problem (74) can be derived.

COROLLARY 3. Let § = (&,@,f) € Saq be a local optimal solution for the control
problem (74). Then the Lagrange multiplier (\,n) € L*/3(Q) x L*/3(Q), provided by
Theorem 10, satisfies the system

//(&U AU-V. UVv> //Un

(113) :*yu/ /sgn(ﬂ—ud)|ﬂ—ud|13/7U VU € Xy,
Q
T ’ T : T
/ /<8tV—AV+V>n—/ / an—/ /V-(QVV))\
0o Jao 0o Ja. 0o Ja
T ~
(114) :%/ /(ﬁ—vd)V VYV e Xy
0o Jo

and the optimality condition

(115) / / (PP +an(f - =0 VieF.

Proof. From (111), taking (V, F) = (0,0) and using that X is a vectorial space,
(113) holds. Similarly, taking (U, F) = (0,0) in (111) and taking into account that
X, is a vectorial space, (114) is deduced. Finally, taking (U, V) = (0,0) in (111), it

holds that
T B T B
w/ / (f)3F+/ / P >0, VFec(f).
0 Qe 0 Q.

Thus, choosing F = 0(f — f) € C(f) for all f € F and 6 > 0 in the last inequality,
(115) is deduced. d
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Remark 9. A pair (\, ) € L*3(Q) x L*/3(Q) satisfying (113)—(114) corresponds
to the concept of very weak solution of the linear system
(116)
—ON — AN+ V-V — 1 = vyusgn(i — ug)|t — ug|*®/”  in Q,
=0 —An—=V-(aVA) +n—fnla, =70 —-vi) inQ,
AMT)=0,n(T)=0 1inQ,
2—2:0, 2—220 on (0,7T) x 99.

THEOREM 11. Let § = (ﬂ,ﬁ,f) € Saa be a local optimal solution for the problem
(74) and uq € L*/7(Q). Then the system (116) has a unique solution (X\,n) such that

(117) A € Xo0/13,
(118) n € Xa0/13-

Proof. Since the desired state uq € L?*/7(Q), it can be deduced that h(a) :=
sgn(@ — ug)|i — ug|™®/7T € L2/13(Q). Let s = T —t, with t € (0,T) and A(s) = A(t),
71(s) = n(t). Then system (116) is equivalent to

DA — AN+ V-V — 7 =~,h(a) inQ,
D5l — A =V - (AVA) + 7 — i lo, = (0 —va) inQ,
(119) A0) =0, 7(0)=0 inQ,
0, o0
On " On
In order to prove the existence of a solution for (119), as before the Leray—
Schauder fixed-point theorem it will be applied over the operator

=0 on (0,7) x 00.

(120) T:(A\7) €X xX s (\n) € Xa0/13 X X20/13;

where the space X is defined in (4). This time, it is wanted to prove Theorem 2 for
operator T', using X = X x X and Y = Xy,13 X X20/13, and (A, 1) = T(\, 1) solving
the decoupled problem

A = AN+ V-V — 7] = y,h(a)  inQ,

Osn—An—=V - (aVA) +n— fiilg, =70 —vq) inQ,
(121) A0)=0, n(0) =0 inQ,

_o 9 _
871’17 7871’170 on(O,T)Xf)Q.

Step 1: In order to prove Lemma 1, (5\,77) € X x X is taken. Reasoning over
(121); and using Corollary 1, it can be deduced that

_VS\ V6+ﬁ+,yuh(a) c L20/11(Q) +L10/3(Q> +L20/13<Q)7

which implies (by Theorem 1) that A € X5,13. Such regularity cannot be improved
due to the regularity of v, h(a).
Now the reasoning focus on (121)s. Observe that

(122) Fila, +7(0 —va) € L*7M(Q) + L*(Q).
From A € X39/13, it can be deduced that

= Loo(w7/10,20,13) mLQO/lS(wZ,QO/lS) N Loo(H1/4) ﬂLZO/lS(Hiﬂ/QO)

(123) <y LP(HYA2/p) 1> 20/13.
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Therefore, VA € LP(H~3/4+2/P) < [29/9(Q) and
(124) V- (V) = AN + Vi - VA € L213(Q) + L(Q).

From (122) and (124), it is deduced that n € Xj/13. Again, the regularity for n
cannot be improved because the regularity of A cannot either. In conclusion, one has
that operator T' is well defined from X x X in Xjp/13 X X30/13 and maps bounded
sets of X x X in bounded sets of Xyy/13 X Xo9/13-

Step 2: Lemma 9 guarantees that Xog,13 is compactly embedded in X. Therefore,
Lemma 2 is true in this case.

Step 3: In particular, using the argument of Lemma 14, it is not difficult to prove
the continuity of T from X x X to itself.

Step 4: The aim is to show that the set

T :={(\n) € Xoo/13 X Xog/13 + (A1) = aT (X, ) for some a € [0,1]}

is bounded in X x X (with respect to ). Indeed, if (\,n) € Tn, then (\,n) €
X90/13 X X20/13 and solves the coupled linear problem

OsA = AX+a VA Vi —an=ayh(i) inQ,
Osn—An—V - (aVN) +n—afnlg, =av(0—vy) inQ,

(125) M0)=0, n(0) =0 in €,
ox  on
%— s a—n—O on (O,T)xaﬁ

Taking A as test function in (125);, it is obtained that

Ld
2 dt
<o (Inl* + 1IAP) + o [ X V0]l 2o M 2o + e [|A(@)[] L20/13]| M |20/7

<e (IVAIP+ IA12) + e (Inll* + [IA11%)

A2+ VA2
(126)

+ Ce (@t VBRI + o/ [IA@) 72077 M2 + /3 (@) 12477

Taking 7 as test function in (125)s, it is obtained that

1d 9 9
5l + 1l

a20) <l IV + o Al Il + e 16— vall ]
< e |[Vnll2 + Ce (29N +a 740l + o (32 5 vl + [l]?2))

Considering an adequate constant K > C¢ ||a||2 (recall that @ € L>°(Q)), it can be
deduced from (126) and (127) that

d
= Ul + KIXIP) + Il + KV

<c@{(1+19ol,

+ (1 171) ||n||2||h<a>||i%}?3) A2+ 5 = vall? + ||h<a>|;ié}?3}.
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Using Remark 4, the hypotheses of the Gronwall lemma are satisfied, which implies
that

IS xxx < Clallxgs 18] x4 1 Fllzs@)s luall 2o gy lvall 2 @))-

Therefore, by applying the Leray—Schauder fixed-point theorem, the existence of
a solution of problem (116), (A, 7) € X30/13 X X20/13, is obtained. The uniqueness of
a solution is directly deduced from the linearity of problem (116). d

In the following result, more regularity for the Lagrange multiplier (A, n) than
provided by Theorem 10 will be obtained.

THEOREM 12. Let § = (ﬂ,f),f) € Saq be a local optimal solution for the control
problem (74). Then the Lagrange multiplier, provided by Theorem 10, satisfies (\,n) €
X20/13 X X20/13-

Proof. Let (\,n) be the Lagrange multiplier given in Theorem 10, which is a very
weak solution of problem (116). In particular, (X, 7) satisfies (113)—(114).

Furthermore, from Theorem 11, system (116) has a unique solution (\,7) €
X20/13 X X20/13- Then it suffices to identify (A, n) with (A, 7). With this objective, the
unique solution (U, V) € X4 x X4 of linear system (96) for g, := sgn(A—\)|JA=X|/3 €
L*(Q) and g, := sgn(n — 7)|n — 71"/ € L*(Q) is considered (see Lemma 12). Then,
writing (116) for (X\,7) (instead of (A, 7)), testing the first equation by U and the
second one by V', and integrating by parts in €, it is obtained that

(128)

/ /(&U AU -V - UVU) / /Un—’yu/ /Sgnu ug)| i — Ud|13/7U

Making the difference between (113) for (\,7) and (128) for (\,7) and between (114)
and (129) and then adding the respective equations, since the right-hand-side terms
vanish, it can be deduced that

/OT/Q(@U—AU—V-(UV@)—v.(avV)>(>\_>\)
(130) +/0T/Q(&V—AV—FV—U—fVlﬂc)(n_n):0'

Therefore, taking into account that (U, V') is the unique solution of (96) for g, =
sgn(A — X)X =AY/ and g, = sgn(n —7)|n — 7|*/3, from (130) it is deduced that

4/3 4/3
N = X3y + I = gy = 0,

which implies that (\,7) = (\,7) in LY3(Q) x LY3(Q). As a consequence of the
regularity of (X, 7), it holds that (A, ) € Xa0/13 X X20/13. O

COROLLARY 4 (optimality system). Let § = (@i, 0, f) € Saa be a local optimal
solution for the control problem (74). Then the Lagrange multiplier (\,n) € Xa0/13 X
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Xoo0/13 satisfies the optimality system
(131)
—ON — AN+ V-V — 1 = yusgn(i — ug) |t — ug|™*/™  a.e (t,x) €Q,
—Om—An—=V - (aVX)+n—fnla, =70 —v4) ae (t,2)€Q,
MT)=0,nT)=0 1inQ,

oA on
871’1_076711_0 On(O7T)XaQ,

T
/O /ﬂ(w(f)f’wn)(f—f)zo vfeF.

Remark 10. If vy > 0 and there is no convexity constraint on the control, that
is, F = L*(Q..), then (131)5 becomes

v (f)Pla, +nlg, =0.

B 1 1/3
f = (—’f} T]) IQC.
vr

Appendix A. Existence of strong solutions of Problem (16). In this
appendix, Theorem 6 will be proved. By considering the weak space

Thus, the control f is given by

X :=C(L*)NL*(HY),

and the operator R : X x X — X5/3x X103 = X x X defined by R(u",z°) = (u®, 2°),
where (u®, z¢) is the solution of the decoupled linear problem

O — Au® =V - (. Vo(z®)) inQ,

012 — A2° + 25 =u° + fvilg, inQ,
(132) uf(0) = u§, 2°(0) = v§ — eAv§  in €,

ou® 0z°
=0, — = T Q
o ' B 0 on (0,T) x 99,
being 7° := v(Zz°) is the unique solution of problem (17) and T% its positive part.

Then a solution of system (16) is a fixed point of R. Therefore, in order to prove
the existence of solution to system (16), we will use the Leray—Schauder fixed-point
theorem (Theorem 2) taking T'= R, X = X x X, and J = X;5,3 x X193

Step 1: Now Lemma 1 is rewritten as follows.

LEMMA 13. The operator R is well defined from X x X to X5/3x X10/3 and maps
bounded set of X x X into bounded sets of X5/3 X X19/3

Proof. Let (u,z°) € X x X. From the H? and H?®-regularity of problem (17)
(see [16, Theorems 2.4.2.7 and 2.5.11], respectively, and recall that 9Q € C?*1), it can
be obtained that

T € L®°(H?*) N L*(H?).
Thus, it has been deduced that Vo° € L*®°(H') N L*(H?) — L°(Q) and Av® €
L®(L*) N L2(H') < L'%3(Q). Then, taking into account that 7 € X «— L'%/3(Q),
it can also be deduced that V - (a5 Vv°) = 05 Av° + Vs, - Vo© € L5/3(Q). Then,
by Theorem 1 (for p = 5/3), there exists a unique solution u® € X553 of (132); that
satisfies

(133) [0l x5,0 < Cllugllwarssrs, [0 x, (25 x)-
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Now, since X «— L1%/3(Q) and 7° € L>®(Q), it follows that ° + f7% 1, €
LY/3(Q). Then, by Theorem 1 (for p = 10/3), there exists a unique solution z° of
(132)2 belonging to X;(/3 and

(134) 1250 x10/8 < Ul ygzrsaors, 101 (251 1 F 1l 2o @) -

Therefore, R is well defined from X x X in X5/3 X X10/3 and maps bounded set
of X x X into bounded sets of X5,3 x Xio/3. ]

Step 2: From Corollary 2, the compact embedding of X;o/3 and X5,3 in X can
be deduced. Therefore, Lemma 2 is proved in this case.
Step 3: Now Lemma 3 is rewritten as follows.

LEMMA 14. The operator R : X x X — X x X is continuous.
Proof. Let {(u5,,Z5,) }men € X x X be a sequence such that

(135) (u,,z5,) = (@*,z°) in X x X.

In particular, {(@,,z5,)}men is bounded in X x X. Thus, from (133) and (134),
the boundedness of the sequence {(u$,, 25,) := R(u;,, m)}meN in Xs5/3 x Xj9/3 can
be deduced. Then there exists a subsequence of {R(%;,,Z5,) }men, still denoted by
{R(u;,,Z;,) }men, and an element (2%, 2%) € X5/3 X Xjq,3 such that

(136) R(a;,,7;,) — (u°,2%) weakly in X5,3 x X19/3 and strongly in X x X.

m?Tm

Now system (132) written for (u®, 2°) = R(%5,,z5,) and (u®,z°) = (u,, Z5,) is consid-
ered. From (135) and (136), taking the limit in the system depending on m, as m goes
to 400, it is deduced that (u,z%) = R(limm_,Jroo(um7 Z:.)). Then by the uniqueness
of the limit, the whole sequence {R(%:,,Z:,) }men converges to (uf,z°) strongly in

X x X. Thus, operator R: X x X — X x X is continuous. ]

Step 4: The proof of the boundedness of the set {x € X : x = a« Rz for some
0 < a < 1} in this case follows from the following result.

LEMMA 15. Let (uf, v — eAvg) € W4/55/3(Q) x WZ/"”lO/?’(Q) with u§ > 0 in Q
and f € L*(Q.). Then the possible fived points (uf,v¥) of aR are bounded in X x X,
independently of o € [0, 1], with u® > 0.

Proof. Assume that o € (0,1] (the case o = 0 is trivial). Notice that if (u®,2)
is a fixed point of aR(u®, 2%), then (u®, 2%) € X5,3 X X193 and satisfies a.e. in @ the
following problem:

Ou® — Auf =a'V - (ui V%)  in Q,
012" — A2 +2° = au® +a fvilg, inQ,
(137) uf(0) = u§, 25(0) = v5 — cAv§  in €,

ous 0z°
871’1_ s on =0 on(O,T)x@Q.

The proof is carried out in three steps.
Step 1: € is bounded in L>(L'). In fact, one has

(138) u® >0 ae. in@Q and / ut(t) = / ug Vit >0.
Q Q

Let (u®,2%) be a solution of (137). Then (u®, 2%) € X5,3 x X19/3. In particular,
Ous, Ave, and V - (u5Vo®) belong to L%/3(Q). Testing (137); by v € X —
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LY/3(Q) — L%2(Q), where u® := min{u®,0} < 0, and taking into account that
u® =0if u® >0, Vu& = Vu® if u* <0, and Vu® = 0 if ©v® > 0, it can be obtained

that
1d

2.dt |
which, jointly with uf > 0 a.e. in 2, implies that u® = 0; hence, ©* > 0 a.e. in Q)
and ug = u® (the fact of taking u% in the chemotactic term in (137); is used here to
guarantee the positivity of u¥). Finally, integrating (137); in Q, [, u®(t) = [, u§ =
m§ holds.

Step 2: 2° is bounded in X.

It can be observed that u® +1 > 1 and u® + 1 € L>(L'). Then, in particular,
u® + 1€ LY(Q) and

[us |2 + ||Vl ||? = —a(us. Vv, Vul ) = 0,

2
“In(u* +1) = In [(uf n 1)2/5} < (uf +1)25 € L52(Q);
hence, In(u® + 1) € L>/2(Q). Note that an extension of this argument yields to
/(uE + 1) In(u® +1) < C(|Juf[|zr) for any p > 1.
Q

Now, testing (137); by In(uf + 1) € L>?(Q) and (137), (rewritten in terms of v¥) by
—Av® € L'/3(W210/3) it can be obtained that

- (/Q(u F 1) In(u 1) + 2|V + ;HAUEP) AV TP
+ [JAVF|12 + [[VoF |2 + e[| Av® |12 + e[ V (A% ||
= —a/Q uauj_ 1Vv€ - Vu® +oz/QVu€ - Vo — oz/gfvilgcAvE
(139) :a/ﬂuailvue.wfw/ﬂf@ilmme.

Applying Holder and Young inequalities, the following inequalities hold:
(140)

Vue]?  « |Vv5|

£ JR— JR—
a/ﬂue+1V ak 2 ISR N
(141)

- a/ Foilo Av® < allfllsllv®|lps | Av®] < 8]lv%|I32 + o Csll 12 0% 13-
Q

< 20/|VVuE + 17 + HWEIIQ,

Moreover, integrating (137)q in €, using (138), and taking into account that v°
is the unique solution of the problem (17 it holds that

() oo fvn

Multiplying this equation by fQ v® and using the Holder and Young inequalities, one
has

() () () () o) ()

2

1 2
(142) 32( / ) Ll ( / us) L CAIP R
Q Q
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Adding (142) to (139) and then replacing (140) and (141) in the resulting inequality
and taking into account that o < 1, it can be deduced that

d 1 .
dt (/Q(UE + 1) IH(UE + 1) + 5”1)5”%{1 + 2||A,U€||2) + 2”vm”2

2
(143) +0||vf||z2+a|v<Av6>||2sc(( / ua) +||f||%4||v€||§p>.

From (143) and the Gronwall lemma, taking into account [,(u® + 1)In(u® + 1) <
C||u® + 1||», for any p > 1, it holds that

1 T 2
0% e (0,752 02)) < - exXP (C/O ||f(8)|%4d8> (IIUSIIQLPO + (o512 +C</QUS> T)

(144) = K§ (T llugllzeo, 110G 2 [1f | 2 (ray) -

Now, integrating (143) in (0,T) and using (144), it follows that

T
| 1) s
0

2
1
<lc <|ua||%po+||vsn%p+( / us) T+( sup ||vf<s>||%p) ||f|%w>>
€ Q 0<s<T
(145) 1= K5 (T, oo, oS 22, 1f 1220y

Therefore, from (144) and (145), the boundedness of v¢ in L>°(H?) N L?(H3) can be
deduced (independently of o € (0, 1]), which implies that z° is bounded in X.

Step 3: uf is bounded in X.
Testing (137); by u®, one has

Ld

14
(146) 2dt

sl + Vsl < allu|l s [ Vo8| o | Vel

Since v¢ is bounded in L>°(H?), in particular Vv® is bounded in L>(L%), by applying
(7) and Young inequalities and adding ||u||? to both sides of (146), the following
inequality holds:

d
(147) S+ el < C .

Then the Gronwall lemma can be applied in (147), obtaining that u° is bounded in
X. Consequently, the fixed points of aR are bounded in X x X, independently of
a> 0. O

Finally, from Lemmas 13, 14, and 15, one follows that the operator R satisfies
the hypotheses of the Leray-Schauder fixed-point theorem (Theorem 2). Thus, it
is concluded that the map R has a fixed point (u®,2°) € Xs5/3 X Xjg/3, that is,
R(uf, z°) = (u®, 2°), which is a (strong) solution of system (16).
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