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st. f(x) <0VteT,;
x € C,

where:

o T is arbitrary.
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Parameter spaces

We consider given a nominal problem

(P) inf f(x)
st. f(x) <0VteT,;
x € C,
where:

o T is arbitrary.

@ The decision space X is a IcHtvs.
o C CX.

o f,fi: X > RU{£oo} Vte T.
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e The marginal function is

g :=supf;
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o We analyze the effect on the feasible set
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={xeX:g(x)<0; xe C}

of perturbing ¢ maintaining X and T.
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Parameter spaces

@ The data (in the constraint system) are
c:={f,teT, C}
e The marginal function is

g :=supf;
teT

o We analyze the effect on the feasible set

Flo) ={xeX:fi(x) <0VteT; xe C}
={xeX:g(x)<0; xe C}

of perturbing ¢ maintaining X and T.
@ The parameter space © is the set of perturbed data

o1={fteT; G}

"similar" to 0.
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Parameter spaces

We take seven parameter spaces as milestones:

00 €01iffl: X >RU{+0}Vte T and @ # C C X.
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Parameter spaces

We take seven parameter spaces as milestones:
00 €01iffl: X >RU{+0}Vte T and @ # C C X.
001 €0yifo; €@y, flislscVt € T, and ( is closed.

e 71 € @3 if 07 € O, all the local mininima of g! are global,
G is convex, and F(o1) C int G.

@ 01 € O4 if 01 € @y, all the local mininima of g! are global,
and ¢; = X.
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Parameter spaces

@ 01 €05 if 01 € Oy, ftl convex YVt € T, and (; is convex.
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fixed).
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Parameter spaces

@ 01 €05 if 01 € Oy, ftl convex YVt € T, and (; is convex.

@ 0] € O if 01 € O, ft1:X—>IRVtE T,and GG = G (Co

fixed).

00 €07ifo1 €01, fl=ur+ay, up €X*, 0, ERVEET,
and Cl = X.

@ Then

0, C O3 C O, C 0
U U
®; C O C Os
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Some desirable stability properties

Let © C @1, ®1 equipped with some topology.
The feasible set mapping is F : @ == X such that

Flo) ={xeX:fl(x)<0Vvte T; xc (}

and its domain
domF ={o, € ©: F(01) # D} .

e Fis closed at 0 € ® if {05} C © and V {xs} C X such
that x; € F(0s) V6 € A, with 5 — ¢ and x5 — x, one has

x € F(o).
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Some desirable stability properties

Let © C @1, ®1 equipped with some topology.
The feasible set mapping is F : @ == X such that

Flo) ={xeX:fl(x)<0Vvte T; xc (}

and its domain
domF ={o, € ©: F(01) # D} .

e Fis closed at 0 € ® if {05} C © and V {xs} C X such
that x; € F(0s) V6 € A, with 5 — ¢ and x5 — x, one has

x € F(o).

o Fislsc at o € O if V open set W C X such that
WNF(o) #@, 3V C O open, o € V, such that

Wﬂf((?’l) #@V(ﬁ evVv.

Miguel A. Goberna



Some desirable stability properties

e o is Tuy regular if
o1 ={fk—u,teT;, G} edomF, withu, e RVte T,

Yo, € O "sufficiently close" to .
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Some desirable stability properties

e o is Tuy regular if
o1 ={fk—u,teT;, G} edomF, withu, e RVte T,

Yo, € O "sufficiently close" to .

e 0 satisfies the SS condition if 3x € C and Jp > 0 such that
fi(x) < —pVteT

(i.e., g satisfies Slater condition). We denote by Fss the set
of all SS points of .
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Some desirable stability properties

The inferior and superior limits of the net of sets .7:((75), €A, in
Kuratowski-Painlevé sense, are

YU nghbd of x 36 € A such
LiF(os) =< x€ X | that UNF(oy) #D :
0 V6" € A such that 6 < ¢

VU nghbd of x and VJ € A

Ls F(o;) = { x € X | 36’ € A such that § < ¢
0 and UNF(oy) #D
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Some desirable stability properties

o We say that o € @ is Kuratowski-Painlevé stable if

Li F(03) = Ls F(03) = F (0)

V{os} C © such that 05 — 0.

Miguel A. Goberna



Some desirable stability properties

o We say that o € @ is Kuratowski-Painlevé stable if
Li F(05) = Ls F03) = F (o)
V{os} C © such that 05 — 0.

@ Robinson regularity will be defined later (it requires X to be a
normed space).
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Topology on the parameter space

o Let B be a barrelled nghbd of 0 (a bounded barrel if X is
normable) and let By := kB, k € IN.
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Topology on the parameter space

o Let B be a barrelled nghbd of 0 (a bounded barrel if X is
normable) and let By := kB, k € IN.

o Given f,h € V) := (RU{+00})* we define
di(f, h) := sup,ep, |f(x) — h(x)|, k€N,
and
d(f,h) =Y % 27 min{1,dk(f, h)},

where (+00) — (400) =0, | — 00| = 400, | + 00| = +00.
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Topology on the parameter space

Consider V; = (RU {+0c0})* and the nested sets

Vo:={feV:fislsc}

Vj = {f €V : the loc. min. of f are global},j = 3,4
Vs :={f € V, : f is convex}

Ve ={feVs:f: X =R}

V; = X*
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o The improper function {+co}”* (with constant value +c0) is
an accumulation point of V;, j =1, ..., 5, because

{+o0}* = lim, Oix.1» Where x € X\ By for all k € N.
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o The improper function {+co}”* (with constant value +c0) is
an accumulation point of V;, j =1, ..., 5, because

{+o0}* = lim, Oix.1» Where x € X\ By for all k € N.

@ The topology of V7 describes the uniform convergence of the
continuous linear functionals on B.
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Topology on the parameter space

(Vj, d) is a metric space for all j which is complete if
i=1.256,7.

The next example shows that V4 = V3 is nonclosed.
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Topology on the parameter space

Example 1:
o Let X =R and {f,},.n C V3 be such that
x|, if x <1

fol) = wi ifxe]L 2]
x—1, if x> 22t
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Topology on the parameter space

Example 1:
o Let X =R and {f,},.n C V3 be such that
x|, if x <1
h—{ 3. ifxe]n 2

x—1, if x> 22t

@ Then f, — f & V3, with

|x], if x<1
Fix)={ 1, if x € 1,2
x—1, ifx>2.
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Topology on the parameter space

Example 1 (continues):

£

Z

A\

gph f,
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Topology on the parameter space

Example 1 (continues):

Ty

gph f
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Topology on the parameter space

o Given 0,01 € ©1, we define

[ mox{super d(f 1), d(6c.50)}, T £O
d(e.01) = { d(6c,d¢,), if T=0.

Theorem

(©,d) is a metric space VO C ©.
(©,d) is complete if © is a closed subset of O .
O; is closed in ®1, j = 2,5,6,7.
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Topology on the parameter space

Example 1 (continues):
Let
on ={fnR} €Oy C O3,n € N.

Since
on — 0 ={fR} ¢ O3,

®3 and O, are nonclosed.

Theorem
F is closed everywhere if © C O;.
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Lower semicontinuity

Theorem
F is Isc everywhere if T = @ and ©® C ©;.

Otherwise, we are interested in the relationship between the
following desirable stability properties at o € dom F :

o (i) Fislscato.
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(iii) o is Tuy regular.
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Lower semicontinuity

Theorem
F is Isc everywhere if T = @ and ©® C ©;.

Otherwise, we are interested in the relationship between the
following desirable stability properties at o € dom F :

o (i) Fislscato.

e (ii) o € intdom F.

e (iii) o is Tuy regular.

e (iv) o satisfies the SS condition.
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Lower semicontinuity

Theorem
F is Isc everywhere if T = @ and ©® C ©;.

Otherwise, we are interested in the relationship between the
following desirable stability properties at o € dom F :

(i) Fislsc at 0.

ii) o € intdom F.

iii) o is Tuy regular.

iv) o satisfies the SS condition.

V) ( ) —C1F55.

(
(
(
(
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Lower semicontinuity

Theorem
F is Isc everywhere if T = @ and ©® C ©;.

Otherwise, we are interested in the relationship between the
following desirable stability properties at o € dom F :

(i) Fislsc at 0.
ii) o € intdom F.
iii) o is Tuy regular.

V) ( ) —C1F55

]
]
]
]
*]
e (vi) o is Kuratowski-Painlevé stable.

(
(
(iv) o satisfies the SS condition.
(
(
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Lower semicontinuity

@ (vii) 0 € clconv { ( lJ epi f{") —|—epi5*c} :
teT
(with the usual convention that @ + epidy = @.)
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Lower semicontinuity

@ (vii) 0 € clconv { ( lJ epi f{") —|—epi5*c} :
teT
(with the usual convention that @ + epidy = @.)

e (viii) 0 ¢ clconv { ( L epi f;‘) U [epidc + (O, 1)]} .

teT
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Lower semicontinuity

Let 0 € dom F be such that T # @ and ® C O;.

If o € Oy, then (i)=(ii)=(iii)=(iv).

If o € ®3 U Os, then (i)-(vi) are equivalent to each other.
If o € Os, then (i)-(viii) are equivalent to each other.

Corollary

Let T # Q.

If ©7 C © C O3, then (i)-(vi) are equivalent to each other
Vo € dom F.

If ©7 C © C Os, then (i)-(viii) are equivalent to each other
Vo € dom F.
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Lower semicontinuity

olfc={f,teT;C} €®NdomF and C = X (eg.,
o € ©;Ndom F), then (viii)= (vii).
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Lower semicontinuity

olfc={f,teT;C} €®NdomF and C = X (eg.,
o € ©; Ndom F), then (viii)= (vii).

@ The converse statement is true whenever —1 is a lower bound
for some constraint function f;.
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Lower semicontinuity

olfc={f,teT;C} €®NdomF and C = X (eg.,
o € ©; Ndom F), then (viii)= (vii).

@ The converse statement is true whenever —1 is a lower bound
for some constraint function f;.

@ In Examples 2 and 3, where | T| =1 and
o€ O\ (O3U0Os), (ii)-(iv), (vii) and (viii) hold whereas
(i), (v), and (vi) fail.
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Lower semicontinuity

Example 2:
Let o= {f;C} € @\ (O3 U®s) be such that f (x) = x> —1
and C = {—1,0,1} C R (C nonconvex).

75

25

gphf
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Lower semicontinuity

Example 2 (continues):

e We have F(0) = {-1,0,1} and F(c,) = {0} for
1
On = {f—l—n;C},ne]N.

with 0, — 0.
o F is not Isc at o (take W =0, 2[).
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Lower semicontinuity

Example 2 (continues):

e We have F(0) = {-1,0,1} and F(c,) = {0} for
1
On = {f—l—n;C},ne]N.

with 0, — 0.

o F is not Isc at o (take W =0, 2[).
° ClFSS = {0} 7& f(U’)
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Lower semicontinuity

Example 2 (continues):

e We have F(0) = {-1,0,1} and F(c,) = {0} for
1
op = {f—l—n;C},ne]N.
with 0, — 0.

o F is not Isc at o (take W =0, 2[).

° ClFSS = {0} 7& f(U’)
o Li, F(op) = Lsp F(on) = {0} # F(0).
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Lower semicontinuity

Example 3:

Let o = {f; C} € @2\ (O3 U®s) be such that f (x) =1 — x?
and C = [—1,4o[ C R.

75

-10"

gphf
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Lower semicontinuity

Example 3 (continues):

o F(o)={-1}U[1,+oo[ L int C.
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Lower semicontinuity

Example 3 (continues):
o F(o)={-1}U[1,+oo[ L int C.
o Leto, ={f+2%;C}, neN. Then
ilv_i_oo
V. n

F(on) = Vn € N,

and o, — 0.

Miguel A. Goberna



Lower semicontinuity

Example 3 (continues):
o F(o)={-1}U[1,+oo[ L int C.
o Leto, ={f+2%;C}, neN. Then

ilv_i_oo
V. n
and o, — 0.

e F is not Isc at ¢ (take W =]-2,0]).

F(on) = Vn e N,
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Lower semicontinuity

Example 3 (continues):
o F(o)={-1}U[1,+oo[ L int C.
o Leto, ={f+2%;C}, neN. Then

n+1,—|—oo
V. n
and o, — 0.

e F is not Isc at ¢ (take W =]-2,0]).
o Li, F(0,) = Ls, F(on) = [1, +oo[ # F(0).

Vn € N,

F(on) =
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Lower semicontinuity

Example 3 (continues):

F(o) ={-1} UL, +oo[ € int C.
o Leto, ={f+2%;C}, neN. Then

f(O-I‘I): n+1 VHEN,
and o, — 0.
e F is not Isc at ¢ (take W =]-2,0]).
o Li, F(0,) = Ls, F(on) = [1, +oo[ # F(0).

o C1F55:[ ,+oo[7éf( )
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Lower semicontinuity

@ Assume that X is a normed space with associated distance 4.
Let §(x, @) = +oc0 Vx € X.
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Lower semicontinuity

@ Assume that X is a normed space with associated distance 4.
Let §(x, @) = +oc0 Vx € X.

e F:0 =2 X is Robinson regular at o € © if Vx € F(0),
Je, B > 0 such that

{ x € (7 and
5(x, F(o1)) < 5max{0,g1(§)},

Vo1 € © such that d(0,01) < €.
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Lower semicontinuity

Let 0 € dom F.
If F is Robinson regular at ¢ € @3 U ®@s, then F is Isc at 0.
If F is Isc at 0 and o € @s, then F is Robinson regular at 0.

Corollary

If®; C ® C O and 0 € dom F, then

F is Robinson regular at o < F is Isc at o

@ Convexity is also essential for this equivalence.
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Lower semicontinuity

Example 4:
Let ¢ = {f;R} € O3, where f (x) = —x°.

e Take x=0¢€ F (o) and cr,,:{f+%;IR} € ®3 Vne N.
Obviously, o, — 0.
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Lower semicontinuity

Example 4:
Let ¢ = {f;R} € O3, where f (x) = —x°.

e Take x=0¢€ F (o) and cr,,:{f+%;IR} € ®3 Vne N.
Obviously, o, — 0.
° 6(X,F(0a)) = == and max{0,g" (X)} = +, Vn € N.
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Lower semicontinuity

Example 4:
Let ¢ = {f;R} € O3, where f (x) = —x°.
o Take x=0€ F(0) and 0, = {f+%;IR} € ®3 Vne N.
Obviously, o, — 0.
e 6(x, F(on)) = % and max{0,g" (x)} = %, Vn e N.
@ Assuming that F is Robinson regular at ¢, with constant

B > 0, we must have ﬁ < % for n large enough

(contradiction).
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Bibliographical notes

H 1970s H (P) H cont H top H Rob H Tuy ‘
Robinson 75 | LIP, X Banach v
Daniel 75 LP, ® = Oy v
GrePier 75 SIP, ® = ©, v
Robinson 76 | C1-IP, X Banach v v
Tuy 77 LIP, ® = ©7, X IcHtvs v
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Bibliographical notes

| 1980s ‘ (P) | cont || top || Rob || Tuy
Brosowski 82 LSIP, ©® ¢ Oy v
Fischer 83 LSIP, ©® ¢ Oy v
Bank et al. 83 | CP, ® & O v
Brosowski 84 LSIP, ® ¢ Oy v
Todorov 85/86 | LSIP, ® ¢ O v
GuJoRii 86 CI-MP, © ¢ O, v
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Bibliographical notes

| 1990s \ (P) | cont || top || Rob || Tuy
Helbig 90 | LSIP, © C ©; v
JoTwiWe 92 | C1-SIP, ©® ¢ ©, v v
LuLu 94 LP, ©® = O v
GolLoTo 96 LSIP, ® = ©y v v v
GolL6 96 LSIP, © = Oy v v
GolL6To 97 LSIP, ©® = ©y v
JoRii 98 C-SIP, © ¢ ©, v
GolL¢ 98 LSIP, ® = Oy v v |V v
LoMiTo 98 LIP, ® = ©7, X IcHtvs | v v

Miguel A. Goberna



Main antecedents

\ In 2000-04 ‘ (P) ‘ cont ‘ top ‘ Rob ‘ Tuy
Hu 00 LSIP, ©@ = ©; v
MiMo 00 LIP, ® = ©7, X IcHtvs v
GoL6To 01 | LIP,® C @, Go =R\ | v v
LéVe 01 CSIP, ®=0g, (o =R" | V v v
CilLoéPa 02 | LSIP, ® = ® v
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Bibliographical notes

| 2005-09 \ (P) | cont || top [| Rob || Tuy
CaDoLo6Pa 05 | LSIP, © ¢ ©7 v v
L6RuVe 05 min-type SIP, @ C @4 | vV v v
AmGo 06 LSIP, @7 C © C Og v
DiGoLéSo 07 | CIP, ©® = ©s, X IcHtvs v
AmBoGo 08 LSIP, ®7 C O C Og v
CaGoPa 08 LSIP, ® = Oy v v
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