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@ Some notations:
X a normed linear space
X* the dual space of X
C C X a convex closed subset
B denotes the closed unit ball of X
B* denotes the closed unit ball of X*
Tc(x) the tangent cone to C at x
N¢(x) the normal cone to C at x
dc(x) = infgec ||x — X||
P(x|C) the projection
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f: X — RU{+0o0} a proper lower semi-continuous convex
function

e Consider the optimization problem

P minimize f(x)
subject to x € X.

Let S be the solution set of P, that is,

S={xeX: f(x) :;nei)rg f(y)}
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solution set S is

@ weak sharp minima :
f(x) > f(x) +ads(x) VxS, ¥xeX. (1)
e local weak sharp minima (« and ¢ depend on X)

f(x) > f(x) + ads(x) Vx €S, Vx € B(X,¢).
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@ The notion of sharp minima, or strongly unique local minima
emerged in Cromme (1978) and Polyak (1979) as an
important tool in

o the analysis of the perturbation behavior of certain classes of
optimization problems
e the convergence analysis of algorithms designed to solve these
optimization problems.
o Later, Ferris (1988) introduced the term weak sharp minima
to describe the extension of the notion of sharp minima to
include the possibility of a non-unique solution set.
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Applications of weak sharp minima:

sensitivity analysis and convergence analysis of optimization
algorithms

((Burke (2000,2001), Jourani (2000), Lewis and Pang (1996), Ye,
Zhu and Zhu ( 1997), Burke and Ferris (1993, 1995), Burke and
More (1988), Feris (1990, 1991), Li and Wang (2002), Burke and
Deng (2002) and references therein.)
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Relationship between weak sharp minima, error bound and
metrically regular:

h: X — RU{+o00} a proper lower semi-continuous convex
function

@ consider the convexity inequality
h(x) <0 (2)
Let C denote the solution set of (2), that is,

C={xe X:h(x) <0}
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@ A global error bound for (2) means that there exists a
constant 7 > 0 such that

dc(x) < 7[h(x)]+ Vx e X. (3)

@ xp € OC, the topological boundary of C, (2) is said to be
metrically regular if there exists 7,0 € (0, +00) such that

dc(x) < 7[h(x)]+ Vx € B(xo,9) (4)

The study of error bounds and metrically regular has drawn much
attention during recent years and there are more than 100
published papers
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Let f : X — RU {400} be given by

Then

@ error bound (resp. metrically regular ) for h(x) <0 <= Cis
weak sharp minima (resp. local weak sharp minima) for f.

Joint work with Mordukhovich, Wang and Yao Weak sharp minima on Riemannian manifolds



Weak sharp minima on Banach spaces

Weak sharp minima on Banach spaces

The two key tools to characterize weak sharp minima:

ddz(x) = Nz(x)NB* ¥xe€ S

and
yeP(x|S) <= (x—y,z—y)<0 VzeS.
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Characterization of weak sharp minima are
In terms of normal cone:
Theorem A (Burke and Deng (2002)) The following statements are
equivalent:
@ S is a set of weak sharp minima for £ with modulus o > 0
@ aB* N Nz(x) C df(x) holds for all x € S
In terms of directional derivative:
Theorem B (Burke and Deng (2002)) The following statements are
equivalent:
@ S is a set of weak sharp minima for £ with modulus o > 0
@ f'(x,u) > adr,(x)(u) holds for all x € S and u € X

@ f'(z,y — z) > adz(y) holds for all y € X and z € P(y|S)
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Extensions of some results for optimization problems

Recently, the interests are focused on solving optimization problem
on Riemannian manifolds, extending non-smooth analysis,
monotone operator, proximal point algorithm and so on to
Riemannian manifolds.

@ Optimization problems posed on manifolds arise in many
natural contexts. See for example Smith (1994), Edelman,
Arias and Smith (1998), Mahony (1996) ------
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Extensions of some results for optimization problems

@ Smith (1994): Newton's method and conjugate gradient
method to solve optimization problems on Riemannian
manifold.

e Edelman, Arias and Smith (1998): Newton's method and
conjugate gradient method to solve optimization problem on
the Stiefel and Grassmann manifolds.

e Ferreira and Svaiter (2002): the well-known Kantorovich
theorem for Newton's method to Riemannian manifolds

@ Dedieu, Priouret and Malajovich (2003): Smale’s a-theory
and v-theory to analytic vector fields on Riemannian
manifolds,

e Udriste (book, 1994): convex functions and optimization
methods on Riemannian manifolds.
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Extensions of some results for optimization problems

Extensions of non-smooth analysis, monotone operator, proximal
point algorithm and so on to manifolds are also quite fruitful. For
example:

@ Ledyaev and Zhu (2007): subdifferential calculus for I.s.c.
functions on manifolds to study constrained optimization
problems, non-classical problems of calculus of variations, and
generalized solutions of first-order partial differential equations
on manifolds.

o Azagra, Ferrera and Lépez-Mesas (2005): subdifferential on
manifolds to solve the Hamilton-Jacobi equations defined on
Riemannian manifolds.

Joint work with Mordukhovich, Wang and Yao Weak sharp minima on Riemannian manifolds



Extensions of some results for optimization problems on Banach sp:

Extensions of some results for optimization problems

@ Németh (2003): the variational inequalities on Hadamard
manifolds.

o Azagra nad Ferrera (2005): proximal subdifferential for
non-smooth functions defined on Riemannian manifolds.

o Li, Lépez and Martin-Margnez (2009): extended monotone
vector fields and the proximal point algorithm to Hadamard
manifolds

e Ferreira and Oliveira (2002): proximal point algorithm on
Riemannian manifolds

@ Azagra, Ferrera and Sanz (2009): fixed points and zeros for
set valued mappings on Riemannian manifolds
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M a complete connected m-dimensional Riemannian manifold
TxM the tangent space of M at x

By ={ve TM: |v|| <1}

exp, : TxM — M, the exponential map at x

B(x, r) the open metric ball at x with radius r

B(x, r) the closed metric ball at x with radius r

C C X, dc(x) the indicator function and o¢(x) the support
function
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o D C M, D is said to be totally convex if D contains every
geodesic v of M whose endpoints x and y are in D.

o f: M — RU{+o0} is said to be convex if for each x,y € M
and v € I'y,, the composite foy: R — RU {400} is a
convex function.
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xeD
TxD={veTM|c:[0,e] = D ¢(0)=x, c’(0)=v}
Np(x) ={v e TuM|(u,v) <0 Vv e T,D}
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e directional derivative f'(x; v) = lim;_ g+ w
@ Subdifferential
of(x) ={w e TM: f(y) > f(x) + (w,7,(0)) Vy e M}
@ Relationship between subdifferential and directional derivative
o If(x)={we TM: (w,v) <f'(x;v) VveT,M}
® 0yf(x)(-) is the lower semicontinuous hull of the function
f'(x: )
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Let D be a closed subset of M and y € D.
o If x € M such that y € P(x | D) then

(Vy(1),7,2(0)) >0 for each z € D and ,, C FyDz, (3.1)

where 7y,, € [y, is a minimizing geodesic.
e Conversely, there exists ¢ > 0 such that for each x € B(y, ¢),
if (3.1) holds, then y € P(x | D).
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Let f : M — RU {+o0} be a proper convex function and S C M
be a nonempty closed totally convex set.
Consider the optimization problem:

P minimize f(x)
subject to x € S.
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fo : M — RU {400} is given by

f(x) xeS§
+00 otherwise.

o) = F(x) + 05(x) = {

The optimization problem P can equivalently be stated as the
unconstrained optimization problem

Po:  minimize fy(x)
subject to x € M,

Following (Burke and Deng (2002)), below we will also assume that

Ofy(x) = cl(9F (x) + Ns(x)). (3.2)
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S the solution set of P, i.e.,

S = argmingf = {x € S| f(x) = minf(y)}
yes

x € S. Sis a set of weak sharp minima at x for f over the set S
with modulus o > 0 if there exists € > 0 such that

f(x) > f(x) + ads(x) (3.3)

holds for all x € SN B(X,¢).
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Sis
o weak sharp minima for f if (3.3) holds for all X € S and
x €S.

e local weak sharp minima for f if for each point x € S, Sis a
set of weak sharp minima at x for f over S.

@ boundedly weak sharp minima for f if for every bounded set
W c M with W NS # () there exists ay > 0 such that

f(x) > f(x)+ Oéwdg(x)

holds for all x e SN W and x € S.
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Theorem

Assume that (3.2) holds for all X € S. Then the following
statements are equivalent:

(i). S is a set of weak sharp minima for f over S C M with
modulus o > 0.

(ii). For each x € S, aB2 C cl(9f(X) + Ns(x) + TzS).

(iii). For each x € S, aBg N Nz(x) C cl(9f (x) + Ns(X) + TxS).
(iv). Foreachx € S,

aBg C 9f(x) + (TxS N Ng(x))° for each & € (0, ).
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Theorem

Assume that (3.2) holds for all X € S. Then the following
statements are equivalent:

(i). S is a set of weak sharp minima for f over S C M with
modulus o > 0.

(ii). Foreachx € S, f'(x;v) > allv| for each v € TzxS N Nz(x).
(iii). Let x€ S and X € P(x | S). Let v € [z be a minimizing
geodesic. Then,

f'(x:7'(0)) > adz(x).
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Corollary

Assume that (3.2) holds at each point of S. The following
statements are equivalent:

(i) S is the set of local weak sharp minima for f over S.

(i) For every z € M and r > 0 satisfying B(z,r) NS # (), there
exists a(r) > 0 such that

a(r)Bg N Nz(X) C cl(0f(X) + Ns(x) + TzS) Vx € SNB(z,r).
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Sis the set of boundedly weak sharp minima for f over S if and
only if S is the set of local weak sharp minima for f over S.
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@ M a Hadamard manifold, that is, a complete connected
m-dimensional Riemannian manifold with non-positive
sectional curvature

Sakai (1996) (Comparison theorem for triangles).

e A(x1x2x3) a geodesic triangle.

@ 7 :[0,/;] = M geodesic segments joining x; to Xji1,

o /i := L(v;) the length of ~;

o aj = Z(v{(0), =/ _1(li—1)), where i =1,2,3 (mod 3).
Then

@ a1 +tanr+a3z3 <,

o I+ /2, — 2liliy1cosaipy < 12
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If D is a totally convex subset of M and x € D.
Then
ddp(x) = BS N Np(x).
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Theorem

Assume that 0fy(X) = cl(0f (%) + Ns(x)) holds for all x € S. Then
the following statements are equivalent:

(i) S is the set of weak sharp minima for f over the S with
modulus o > 0.

(i) For each x € S, aBg N Nz(x) C cl(f(X) + Ns(X)).
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Theorem

Assume that 0fy(X) = cl(0f (%) 4+ Ns(x)) holds for all x € S. Then
the following statements are equivalent:

(i). S is a set of weak sharp minima for the function f over the S
with modulus o.

(ii). Foreachx €5 and v € T3S, f'(x;v) > adr_g(v).

(iii). For eachx € S and v € TS N Ng(X), f'(%;v) > afv||.

(iv). Foreachx € S, x = P(x | §) and v = expz* x,

f'(x; v) > adz(x).
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Corollary

Assume that 0fy(X) = cl(9f (%) + Ns(X)) holds for all x € S. Then
the following statements are equivalent:

(i) S is the set of local weak sharp minima for f over S.

(i) For every z € M and r > 0 satisfying B(z,r) NS # (), there
exists a(r) > 0 such that

a(r)Bg N Nz(x) C cl(0f (%) + Ns(X)) Vx € SNB(z,r).
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Thank you
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